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Let G be 2 monoid with identity ¢, and let R be a G-graded commutative ring. Here we
study the graded prime submodules of a G-graded R-module. A number of results concerning

of these class of submodules are given.
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1. INTRODUCTION

Several authors have extended the notion
of prime ideals to modules (see [1] and [2],
for example). Let R be a G-graded commuta-
tive ring and M a graded R-module. In this
paper we introduce the concepts of graded
prime submodules of M and give some of
their basic properties. However, the prime and
graded prime are different concepts.

Before we state some results, let us
introduce some notations and terminologies.
Let G be an arbitrary monoid with identity e.
By a G-graded commutative ring we mean a
commutative ring R with non-zero identity
together with a direct sum decomposition (as
an additive group) R=@ _ R with the
property that R, R, C R,, fora]l g,he G.We
denote this by G(R) Also, we write
h(R) = UgeG R,. The summands R, are called
homogeneous components and elements of
these summands are called homogeneous
elements. If ae R,
uniquely as decag where a, is the
component of @ in R, . In this case, R, is a
subring of Rand 1, € R,.

Let R be a graded ring and M an K-
module. We say that M is a G-graded R-
module if there exists a family of subgroups
M, },ec of M such that M =@ .M, (as

then 4 can be written

geCG

abelian groups), and R,M, € M, for all
g.he G, here R,M, denotes the additive
subgroup of M consisting of all finite sums
of elements 7,5, with r, € R, and 5, € M.
Also, we write h(M) = U M IEM=®, .M,
is a graded module, then M is an R -module
forallge G.Let M = @£EGM be a graded
R-module and N a submodule of M. For g
€ G, let N,=N[\M,. Then N is a graded
submodule of Mif N =@ __; N, . In this case,
N, is called the g—component of Nforge G.
Moreover M/N becomes a G- graded
module with g-component (M/N),
(M, +N)/N for g€ G. Clearly, 0 is a graded
submodule of M. An ideal I of G(R) is said
to be graded prime ideal if [#R and whenever
abe I, we have a € I or b € I where a,b €
h(R).

2. THE RESULTS
Our starting point is the following lemma:

Lemma 2.1. Let R be a G-graded ring, and M,N
be graded R-modules. Then (N : M) = {r € R:
M < N}is a graded ideal of G(R).

Proof. Since &, ., (N:; M), c(N:, M) is
trivial, we will prove the reverse inclusion. Let
a= Zah € (N 1z M). Itis enough to show that

heG



a,M c N for all / € G. Without loss of
generality we may assume that a= L a,
where a, 20 forall i=12,...,m and a, =0
tor all he {h,...h,}. As ae(N:, M), we
obtain Z[:la , M = N . It suffices to show that
foreach, a, me N forany m€ M. Since Mis
a graded module, we can assume that
m= Z';:lmg/ with m, #0 for all /. Now we
show that a, m, € N for all . Since for each
J am, € N and N is a graded module, we
obtain a,m, € NﬂM ., &N. Thus
a,M < N for all i=12,..,m, as required. °

Definition 2.2. Let K be a G-graded ring, M
a graded R-module, N a graded submodule
of Mandge G.

(i) We say that M is a g-torsion-free R -
module whenever a € R and m € M with am
= 0 implies that either 2 = 0 or 2 = =0.

(i) We say that M is a graded torsion-
free R-module whenever 2 € A(R) and » €
M with am = 0 implies that either 7 = 0 ot a
=0.

(iii) We say that N is a g-pure submodule
of the R-module M if for each v € R,
aN, =N ﬂaM

(iv) We say that N is a graded pure
submodule of M if for each 4 € H(R),
aN =N ﬂ aM .

(v) We say that N is a g-prime submodule
of the R -module 1fN # M ; and whenever 4
€ R and e M, with am e N , then either 7
eNorae(Nu o M,). ‘

(Vl) We say that N is a graded prime
submodule of M if N # M and whenever «
€ H(K)and me h(M) with am € N, then either
m€ Nora€ (N: M.

Lemma 2.3. Let R be a G-graded ring, M a
graded R-modnle and N a graded submodule of M.
(1) If N is a graded prime submodule of M,
zéeﬂ N, is a gprime submodnle of M, for every g €
(i) If M is a graded torsion-free R-module, then
M, is a g-torsion-free R -module for every g € G.
(i2i) If N is a graded pure submodule of a graded
torsion-free R-module M, then N, is a g-pure

submodule of M, for every g € G.
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Proof. (i) Suppose that N is a graded prime
submodule of M. For g € G, assume that aw
€ N,c Nwherea€ R and » € M, Since N
is graded prime it gives either » € Norae
(N: M).1f me N, thenme N.If ae (N:
M), then aM < aM C ‘N. Hence
ae (N, M,). So Ngrs a prime submodule
of ]\/[g

(i) This part is obvious.

(i) Assume that N is a graded pure
submodule of M and let € R and g€ G.
Since aN, c N ﬂaM is trlvlal we will
prove the reverse inclusion. Take any
ame NgﬂaMg where m» € M. We can
assume that a7 # 0. Then am € Nﬁ aM =aN
since N is a graded pure submodule.
Therefore, am = at for some ¢ € N; hence »
= #since M is g-torsion-free by (ii). Thus am
€ aN, as requrred .

g ‘R,

Proposition 2.4. Let R be a G-graded ring, M a
graded torsion-free R-module and N a proper graded
submodule of M. Then IN is a graded pure submodule
of M if and only if, it is graded prime in M with (N
S M) = 0.

Proof. Assume that N is a graded pure
submodule of M and let 7 € N with r &
(N: M), where r€ H(R) and 7 € h(M). Then
rme NﬂrM—rN so rm = rn for some
homogeneous element 7 of IN. It follows that
m = n € N since M is graded torsion-free.
Suppose thata € (N: M) with a# 0. Without
loss of generality assume a = Z’ilao
a, #0 forall7=1.2,. ,nandg forall g ¢
{g1, wg ). As N#M, there is a homogeneous
element 7 of M such that » ¢ N and
a,m €N forallz— 1,2,...,2 smcelea
graded submodule. Since for every /,
a,m € NﬂaglM:aglN , there exists a
homogeneous element 4 of N such that
a,m =a,b. Thus m, = b € N since M is
graded torsron free, which is a contradiction.
So (N: M)=0.

Conversely, assume that N is graded
prime in M with (N': M)=0 and let « € A(R).
It is enough to show that aM ﬂ N caN.Let
axe aMﬂN where x € M. We can assume

where
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that ax # 0. There are non-zero homogeneous
elements x,...x, of M such that
ax, ,...,ax, € N since Nis graded submodule.
So N graded prime and a« # 0 gives
X, 5oX, € N. Hence x € N, which is
required. .

Let R be a G-graded ring and M a graded
R-module. We say that R is a graded integral
domain whenever 4,0 € h(R) with ab = 0
implies that either 2 = 0 or 4 = 0. If Ris a
graded ring and M is a graded R-module, the
subset T(M) of M is defined by T(M) = {m €
M : =0 for some 0 # re HR)}

Clearly, R is an integral domain if and
only if R is a graded integral domain, so if R
is a graded integral domain, then T(M) is a
submodule of M.

Proposition 2.5. Let R be a G-graded ring, M a
graded R-module and P a graded ideal of G(R).
Then the following hold:

(1) If R is a graded integral domain, then T(M)
is a graded submodule of M.

(iz) If R is a graded integral domain and T(M)
# M, then T(M) is a graded prime submodule of M.

(i7i) Let R be an overring of S such that S is a
G-graded ring. Then every graded prime ideal P of
R 75 a graded prime submodule of S-module R with
(P: R) = PNS.

(iv) R/P is a graded integral domain if and
only if P is a graded prime ideal of G(R).

Proof.

@) It is enough to show that T'(M)=
@ (TM)NM,). Clearly, ©, . (T(M)
NM,) cT(M). Let m—z m,eT(M).
Our goal is to show that 7z € T(]\/.I) for allge
G. Without loss of generahty assume
m= Z m, where m, #0 foralli=1,..n
and 7, —Oforallgé 128 }- Since m €
Tw), there exists a non-zero element r€ h(R)
such that mz = 0, so we get rm, =...=rm,
=0. Hence m, € T(M) for all z as needed

(i) Let am e T(M) with a & (T(M) : . M),
whete 2 € A(R) and m € h(M). Then a € R,
and » € M, for some gh € G. Since am E
TM), there exists a non-zero element b of
h(R), say b € R, such that abm = 0. 1f am = 0,

then 7 € T(M). So suppose that am# 0. As R
is a graded integral domain, we get 0 # ab €
R, < H(R). Hence 7 € T(M). Thus T(M) is
graded prime.

(iii) Let ab € P whete a € h(S) and b €
h(R). Then either z€ Por b€ Psince Pisa
graded prime ideal of G(R). If « € P, then
€ (P: ;R). Otherwise, b € P. Hence P is a
prime submodule. Finally, the equality (P: (R)
= PNS'is clear.

(iv) The proof is completely straight-
forward. .

Lemma 2.6. Let R be a G-graded ring, M a
graded R-module, N a graded submodule of M and g
€ G. Then the following assertions are equivalent.

(i) N, is a prime submodnle of M ;

(i) If whenever IB C N with T ﬂﬂ ideal of R,

and B a submodule of M, implies that
IC(NgRM)orBCN )
Proof. (i) = (ii) Suppose that N is a prime
submodule of M, Let IBC N, with x € B -
N We want to prove that / C (N, 5 M,).
LetaEIThenaxEN soae (N, : M)
since is prime.

(if) = (i) Suppose that ¢y € N, where c€
R and ye M, TakeI=Rc¢and B=Ry. Then
IBCN SO eltherBCN or [c(N,:x M,)
by (ii). Flence citherye N orce(N,:, M,).
So N, is prime. .

g 'R,

Proposition 2.7. Let R be a G-graded ring, M a
graded R-module, N a graded prime submodule of
M and g € G. Then the following hold:

(@) (N, iz M) is a prime ideal of R .

(@) (N : (M) is a graded prime ideal of G(R).

Proof. (i) By Lemma 2.3, N is a prime
submodule ofM so (N, i M J#E R, Let
abe (N, :px M ) whereabe R, Then abM
C N, If bz‘e N, for every ‘e M, then
be (Ng R M,). So suppose that there is an
element 7 € M such that bn ¢ N As abn €
Nandbné N we get a€ (N, 1, M), as
needed

(i) As N is a graded prime submodule
of M, we get (N: M) # R. Letcde (N: M)



where ¢d € H(R). Then cdM — N.If AM C N,
then 4 € (IN: M). So suppose that there exists
m € Msuch that dm ¢ N. As Mis a graded R-
module, there is an element b € G such that
dm, & N. Since cdm € N and N is a graded
submodule, we have cdm, € N. Since N is
graded prime gives ¢ € (N : M) since dm, ¢
N, as required. a

Lemma 2.8. Let R be a G-graded ring and M a
graded R-module. Assume that N and K are graded
submodules of M with K < N. Then N is a graded
prime submodule of M if and only if N/K is a
graded prime submodule of the R-module M/ K.

Proof. Let N be a graded prime submodule
of M. Then N/K# M/K. To show that N/K
is a prime submodule of M/K, let a(m+K) €
N/K whete a € h(R) and m + K € h(M/K),
so m € (M) and am € N. Since, N is graded
prime it gives either » + K€ (M/K) ot a €
(N: M) = (N/K: ;M/K). Similarly, we can
prove that if N/Kis graded prime, then N is
graded prime. O

Theorem 2.9. Lez R be a G-graded ring and M
a graded R-module. Assume that A and B are graded
submodules of M with A + B #M. Then A + B is
a graded prime submodule of M.

Proof. Since (4 + B)/B = B/(ANB), we
obtain .4 + B is a graded prime submodule
of M by Lemma 2.8. U

Theorem 2.10. Let R be a G-graded ring, M a
graded R-module and N a graded prime submodule
of N with (N : M) = P. Then there is a one-to-one
correspondence between graded prime submodules of
the R/P-module M/N and the graded prime
submodules of M containing N.

Proof. Let K be a graded prime submodule
of M containing N. Since K# M and P= (IN
: M) € (K: M), we get that K/Nis a proper
R/P-submodule of M/N. Let (a+P)(m+N)
=am+ N € K/N for a € h(R) and m € h(M).
Then K being graded prime gives either # €
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Mor aM c K Hence either » + N € K/Nor
(a+P)(M/N) c K/N. Therefore, K/N is a
grjded prime submodule of M/N.
Conversely, let K/N be a graded prime
submodule of M/N. To show that Kis a
graded prime submodule of M, we suppose
that &2 € K where b € h(R) and # € A(M).
Then (b+P)(++N) = b++N € K/N. So K/N
being graded prime gives either # € K or £M
c K as required. O

Theotem 2.11. ez R be a G-graded ring, M a
graded R-module, N a graded submodnle of M and g
. Then the following hold:
¢ ) N, is a prime submodule of M, if and only
M ¢) =P, isaprime zdea/ofR and M,/
N, isa g sorsion free R /P -module.
(i) Nis a graded przme submodule of M if and

if (N : M) = P is a graded prime ideal of
G{R) and M/ N is a graded torsion-free R/ P-module.

Proof. (i) First suppose that N is a prime
submodule of M. Then by Proposmon 2.7
() P, is a prime ideal of R, and M/N, is an
R/P, Prmodule. If (a+P)(m+Ng) N, where
a€ RandmeM thenam € N, So either
€ N, ora € P. Hence m+N, = N oratP =
P, Therefore ‘M /N, is a <g—torsxon-free R /
P-module. Conversely, let P, be a prime ideal
of R, and let M /N, be a gtorsion-free R /
P&» odule. Since P, =(N, R, M,)£R, N,
# M, To show that Ng is a prime submodule
of M, assume that bt € N forbeR,t1e M,
So (+P)(F+N) = b++N, = N, Hence either
bePotre N and the proof is complete.
(11) Let Nbea graded prime submodule
of M. Then by Proposition 2.7(ii), Pis a graded
ptime ideal of G(R) and M/N is an R/P-
module. Suppose that (p+P)(n+IN) = N where
p+HP € h(R/P) and nt+N € H(M/N). Then pn
€ N for some p € h(R), n € H(M). Therefore,
N being graded prime gives either p+P = P
ot/ n+N = N. Hence M/N is graded torsion-
free. Conversely, assume that P is a graded
ptime ideal of G(R) and let M/N be a graded
torsion-free R/P-module. Clearly, N2M. To
see that N is graded prime, assume that am €
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N where a € h(R) and » € H(M). Then
(a+P)(m+N) = N. So cither a€ Porme N.
Thus N is graded prime. .
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