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ABSTRACT
Let R  be a commutative ring with non-zero identity. We define a proper submodule

Nof an R -module M to be quasi-primary if PMNrad R =):(  is a prime ideal of R. In
this case we also say that N is a P-quasi-primary submodule of M. A number of results
concerning quasi-primary submodules are given. For example, we show that over a Prüfer
domain of finite character R , every non-zero R-submodule of a module M is the intersection
of  finite number of  quasi-primary submodules with incomparable radicals.
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1. INTRODUCTION
In this paper all rings are commutative

rings with non-zero identity and all modules
are unital. Quasi-primary ideals in a
commutative ring have been introduced and
studied by L. Fuchs in [8] (also see [9]). An
ideal I of R is called quasi-primary if its radical
(we will denote it by rad(I)) is a prime ideal.
Here we study quasi-primary submodules of
a module. The primary and quasi-primary
submodules are different concepts. In fact,
every primary submodule is quasi-primary,
but a quasi-primary submodule need not be
primary (see Example 2.2). Various properties
of quasi-primary submodules of a module
are considered. For example, in Theorem 2.10,
we show that if N is a quasi-primary R-
submodule of a representable module M, then
M/N is secondary. In Theorem 3.4, we show
that over a Prüfer domain of finite character
R, if M is a finitely generated multiplication
R-module, then every non-zero submodule
of M is the product of finite number of
pairwise comaximal quasi-primary

submodules of  M. We also prove, in Theorem
3.5, if is a faithful multiplication module over
a commutative ring R, then every quasi-
primary submodule of M contained in a
prime submodule of M.

Now we define the concepts that we will
use. If R is a ring and N is a submodule of an
R-module M, the ideal }:{ NrMRr ⊆∈  will
be denoted by ):( MN R . Then ):0( MR  is
the annihilator of M, ann(M). An R-module
M is called a multiplication module if for each
submodule N of M, N=IM for some ideal I
of R. In this case we can take I = (N:R M).
For an R-module M, we define the ideal

∑ ∈
=

Mm R MRmM ):()(θ . So if N is a submodule
of M, then MMM )(θ=  and NMN )(θ=
(see [1]).

A proper submodule N of  M is primary
(resp. prime) if  for any Rr∈  and Mm∈  such
that Nrm∈ , either Nm∈  or NMr n ⊆  for
some n (resp. either Nm∈ or NrM ⊆ ). It is
easy to show that if  N is a primary submodule
of  M (resp. N is a prime submodule of  M)
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then the PNMnilrad =)/(  (resp. the
annihilator P′  of the module M/N) is a
prime ideal of  R, and N is said to be P-
primary submodule (resp. P′ -prime
submodule) of  M. So every prime is primary.

An R-module 0≠M  is called a
secondary module provided that for every
element Rr∈ , the R-endomorphism of M
produced by multiplication by r is either
surjective or nilpotent. This implies that

PMnilrad =)(  is a prime ideal of R, and M is
said to be P-secondary. A secondary
representation for an R-module M is an
expression for M as a finite sum of secondary
modules. If  such a representation exists, we
will say that M is representable. So whenever
an R-module M has a secondary
representation, then the set of attached primes
of  M, which is uniquely determined, is
denoted by att(M) (see [11]).

If R is a commutative ring and S is a
multiplicative subset of R then we denote by
RS the localization of  R with respect to S.

2. QUASI-PRIMARY SUBMODULES
We first recall that the definition of  quasi-

primary submodules of  a module over a
commutative ring R. A proper submodule N
of  an R-module M is said to be quasi-primary
if rad(N :R M) = P is a prime ideal of R.
In this case we also say that N is a P-quasi-
primary submodule of  M. Clearly, every
primary submodule (so prime submodule)
of  a module is quasi-primary, but a quasi-
primary submodule need not be primary
(see Example 2.2). Our starting point is the
following lemma:

Lemma 2.1 Every proper submodule of
a secondary module over a commutative ring
R is quasi-primary.

Proof. Assume that M is a P-secondary
R-module and let N be a non-zero submodule
of  M. Then M/N is P-secondary by [11,
Theorem 2.4]; hence rad(N :R M) = P, as
required. Ž

Let R be a commutative ring, M an R-
module and M an R-submodule of M. An
element Rr∈  is called prime to N if Nrm∈

( Mm∈ ) implies that Nm∈ . In this case,
NNrmMmrN M =∈∈= }:{):( . A submodule

N of M is called primal if the elements of  R
that are not prime to N form an ideal; this
ideal is always a prime ideal, called the adjoint
ideal P of  N. In this case we also say that N is
a P-primal submodule [6].

Example 2.2 Let R be a local Dedekind
domain with maximal ideal P = RP. Set

)/( PREE = and ):0( n
En PA =  ( 1≥n ). Then E

is a 0-secondary R-module, so nA  is -quasi-
primary by Lemma 2.1 for every positive
integer n, but it is not primary and primal
([7, p. 324] and [6]).

Lemma 2.3 Let M be a module over a
commutative ring R. If N is both P-primal
submodule and P-quasi-primary submodule
of  M, then N is primary.

Proof. Assume that Nrm∈  and Nm∉
where Rr∈ , Mm∈ , so r is not prime to

):( MNradP R= , as required.     Ž
Theorem 2.4 Let R be an integral domain,

M an R-module and N a 0-primal submodule
of  M. Then N is 0-quasi-primary. In particular,
N is 0-primary.

Proof. Let ):( MNa R∈ . Then there is an
element ):( aNm M∈  such that Nm∉  since
N is primal, so a is not prime to N ; hence
0=a . Therefore, 0):( =MN R . It follows that

0):( =MNrad R  is prime, so N  is 0-quasi-
primary. Finally, N  is 0-primary by Lemma
2.3.

Theorem 2.5 Assume that M is a module
over a commutative ring R and let N, K be
P-quasi-primary and Q -quasi-primary
submodules of  M respectively.

Then  is quasi-primary if  and only
if either QP ⊆  or PQ ⊆ .

Proof. Suppose first that  is a P′ -
quasi-primary submodule of M. As

, we get Let Pr ′∈ . Then
for some  positive integer n,

; hence . It follows that
either QP ⊆  or PQ ⊆ . Conversely, suppose
that QP ⊆  and  where

Rba ∈, . Then for some
positive integer m, so either QPa ⊆∈  or
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QPb ⊆∈ ; hence either Aa∈  or Ab∈ . The
case PQ ⊆  is similar.    Ž

Let mNNKN ,...,,, 1  be submodules of an
R-module M. We say that N and K are
comaximal (resp. incomparable radicals) when

MKN =+ (resp. when ):( MNrad R  and
):( MKrad R  are not comparable); also we say

that the  submodules mNN ,...,1  are pairwise
comaximal if and only if MNN ji =+  whenever

mji ≤≤ ,1  and ji ≠ .
Proposition 2.6 Let M be a module over

a commutative ring R. Then the following
hold:

(i) If  R is a valuation domain, then every
proper submodule of  M is quasi-primary.

(ii) If R is a Prüfer domain and KN ,  are
quasi-primary submodules of  M with
incomparable radicals, then KNM += .

Proof.  (i) Let N be a proper submodule
of  M. Then ):( MN R  is a quasi-primary
ideal of R by [9, Lemma 5.4], as required.

(ii) By hypothesis, ):( MN R  and ):( MK R

are quasi-primary ideals of  R with incom-
parable radicals, so RMKMN RR =+ ):():(   by
[9, Lemma 5.5]. It follows that MNM R += ):((

KNMMKMMNMMK RRR +⊆+= ):():()):( ,
as needed.   Ž

Let M be an R-module. The idealization
of R and M is the commutative ring with
identity MRMR ⊕=)(  with addition ),( 11 mr +

),(),( 212122 mmrrmr ++=  and multiplication
),(),)(,( 1221212211 mrmrrrmrmr += . Note that

M⊕0  is an ideal of )(MR  satisfying
0)0( 2 =⊕M  and that the structure of  M⊕0

as )(MR -module (i.e., an ideal of )(MR  is
essentially the same as the R-module structure
of M. Moreover, an ideal J of )(MR  is a prime
ideal if and only if MPJ ⊕=  for some
prime ideal P of R. A good reference for the
basic facts about idealization is [10, sec. 25].

Proposition 2.7 Let I be a quasi-primary
ideal of a commutative ring R and let M be an
R-module. Then NI ⊕  is a quasi-primary
ideal of  )(MR  for every submodule N of  M
satisfying NIM ⊆ .

Proof. Assume that I is a P-quasi-primary
ideal of R. Then by [10, Theorem 25.1 (5)],

MPMIradNIrad ⊕=⊕=⊕ )()(  is a prime
ideal of MR⊕ . Thus NI ⊕  is a )( MP⊕
-quasi-primary ideal of  )(MR .   Ž

Theorem 2.8 Let P be a prime ideal of
a commutative ring R, M an R-module and
K an R-submodule M. Then there exists
a bijective correspondence between the
P-quasi-primary R-submodules of  M/K and
the P-quasi-primary R-submodules of  M
containing K.

Proof. Let N be a submodule of M with
NK ⊆ . Since )/:/():( KMKNradMNrad RR = ,

we get N is a P-quasi-primary submodule of
M if  and only if  N/K is a P-quasi-primary
submodule of M/K.    Ž

We continue our program of  studying
quasi-primary submodules of  a fraction
module. Let R be a commutative ring, M an
R-module and S a multiplicatively closed set
in R. If B is a submodule of MS, define

where SMMv →:  is the natural
homomorphism. Clearly, is a submodule
of M.

Theorem 2.9 Let  be a multiplicatively
closed subset of a commutative ring R, P

a prime ideal of R and M an R-module.
Then the following hold:

(i) If  B is a Q-quasi-primary submodule
of  MS, then  is a -quasi-primary
submodule of M.

(ii) If M is finitely generated,  φ
and N is a P-quasi-primary submodule of  M,
then MS is a PS-quasi-primary submodule of
MS.

Proof. (i) As  is a prime ideal of R,
it suffices to show that 
If  for some positive integer t,
then for every SMsm ∈/  we have Ι MBmr t ∈ ,
so Bmr t ∈1/)( ; hence we have Bsmr t ∈)/()1/( .
Therefore, QMBradr SRS

=∈ ):(1/ , so .
Conversely, if  , then Qr ∈1/ , so for
every Mm∈ , Bmr k ∈)1/()1/(  for some
positive integer k . This implies that

; hence  as
required.

(ii) By [12, Theorem 5.32], PS is a prime
ideal of RS and by [12, Lemma 9.12 and Lemma
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5.31] we have SRSRS MNradMNrad
s

== ):():(

SSR PMNrad =)):(( , as needed.  Ž
Theorem 2.10 is a generalization of [4,

Theorem 2.2]
Theorem 2.10 Assume that M is a

module over a commutative ring R and let
∑ =

= n

i iMM
1 be a minimal secondary representation

of M with },...,,{)( 21 nPPPMAtt = . Let  be a P-
quasi-primary submodule of  M. Then the
following hold:

(i)
for some I ( ni ≤≤1 ).

(ii)  M/N is P-secondary.
Proof. We claim that for each ni ≤≤1 ,

either NMi ⊆  or iPP ⊆ . Otherwise, NMi ⊄  and
iPP ⊄  for some i. Take iPPa −∈ . Then there

exists a positive integer k such that
NMaMaM k

i
k

i ⊆⊆=  which is a contradiction.
It follows from Lemma 2.1 that if NMi ⊄
for some i, then  is a Pi-quasi-
primary submodule of  Mi (otherwise

 Moreover, we have:

By the above considerations, if  NMi ⊄
and NM j ⊄  for some ji ≠ , then 
hence ji PPP ==  which is a contradiction.
Therefore, without loss of  generality, we can
assume that NMi ⊄  for some i, so iPP =  and

NM j ⊆ ( niij ,...1,1,...,2,1 +−= ). Then MM + 21

NMMM nii ⊆+++++ +− ...... 11  and

(ii) Since M = N + Mi, we have
,  as needed.   Ž

Corollary 2.11 Let  be a commutative ring
M,  a representable R-module and N a P-
primary R-submodule of  M. Then the
following hold:

(i) N is representable.
(ii)  M / N is P-secondary.
Proof.  This follows from [4, Lemma

2.1] and Theorem 2.10.    Ž

3.  MULTIPLICATION MODULES
The aim of this section is to study some

properties of  quasi-primary submodules of  a
multiplication module.

Let M be an R-module and N be a
submodule of M such that N = IM for some
ideal I of R. Then we say that I is a
presentation ideal of  N. It possible that for a
submodule N no such presentation exist. For
example, assume that M is a vector space over
an arbitrary field F with 2dim ≥MF  and let N
be a proper subspace of M such that 0≠N .
Then M is of finite length (so M is artinian
and noetherian), but M is not multiplication
and N has not any presentation. Clearly, every
submodule of M has a presentation ideal if
and only if M is a multiplication module.

Let N and K be submodules of a
multiplication R-module M with MIN 1=  and

MIK 2=  for some ideals 1I  and 2I  of R. The
product of N and K is denoted by NK and
defined by MIINK 21= . Then by [2, theorem
3.4], the product of N and K is independent
of presentation of N and K. Moreover, for

Mba ∈, , by ab , we mean the product of Ra
and Rb . Clearly, NK  is a submodule of  M
and .

Lemma 3.1 Let R be a commutative ring,
M a multiplication R-module and IMN =  an
R-submodule of M. Then N is a P-quasi-
primary submodule of  M if  and only if  I is a
P-quasi-primary ideal of  R.

Proof. The proof is clear since
PIradMNrad R == )():( .    Ž

Theorem 3.2 Let R be a commutative
ring, M a multiplication R-module and

kNNN ,...,, 21  be R-submodules of M. Then the
following hold:

(i) If  kNNN ,...,, 21  are P-quasi-primary
submodules of M, then kNNN ...21  is a P-quasi-
primary submodule of  M.

(ii) If  kNNN ...21  is a P-quasi-primary
submodule of  M, then iN  is P-quasi-primary
for some ki ≤≤1 .

Proof. (i) There are ideals kIII ,...,, 21  of R
such that MIN ii =  for every ki ≤≤1 , so

MIIINNN kk ...... 2121 = . By Lemma 3.1, every iI
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is P-quasi-primary, so kIII ...21  is a P-quasi-
primary ideal of R. Now the assertion follows
from Lemma 3.1.

(ii) Let MIIINNN kk ...... 2121 =  be P-quasi-
primary where MIN ii =  for every ki ≤≤1 .
Then kIII ...21  is a P-quasi-primary ideal of  R
by Lemma 3.1. As

Ι Ι Ι PIradIradIradIIIrad kk == )(...)()()...( 2121 , we
get PIrad j =)(  for some j ; hence jN  is P-
quasi-primary by Lemma 3.1.   Ž

Lemma 3.3 Let R be a commutative ring,
M a non-zero finitely generated multiplication
R-module and kNNN ,...,, 21  pairwise comaximal
R-submodules of M. Then the following hold:

(i)
(ii)  and kN  are comaxi-

mal.
(iii) .
Proof. (i) Clearly,  By

hypothesis, MNN =+ 21 , so by [3, Theorem
1.6] we have

and the proof
is complete.

(ii) Set Ι 1

1

−

=
=

k

i iNN . We claim that MNN k =+ .
Otherwise, there exists a maximal submodule
K of M such that KNN k ⊆+  by [3, Theorem
2.5], so KNk ⊆  and KN ⊆ ; by [5, Lemma 2.2],
there is a positive integer j  with 11 −≤≤ kj
such that KN j ⊆  (since every maximal
submodule is prime), so KNNM kj ⊆+=  which
is a contradiction.

(iii) This follows from (i) and (ii) by
induction on n .    Ž

An integral domain R is said to be finite
character if  every non-zero element is
contained but in a finite number of maximal
ideals.

Theorem 3.4 Let M be a multiplication
module over a Prüfer  domain of finite
character. Then the following hold:

(i) Every non-zero submodule of  M is
the intersection of finite number of quasi-
primary submodules with incomparable
radicals.

(ii) If M is finitely generated, then every
non-zero submodule of M is the product of

finite number of pairwise comaximal quasi-
primary submodules of  M.

Proof. (i) Let N be a non-zero submodule
of M. Then there exists anon-zero ideal I of
R such that IMN = . By [9, Theorem 5.6],
we can write  where iI  is iP -
quasi-primary for every ki ≤≤1  and where
the ideals iP  are incomparable. Therefore,

 by
[3, Theorem 1.6]. Now the result follows from
Lemma 3.1.

(ii) By Proposition 2.6, quasi-primary
submodules whose radicals are incomparable
are comaximal. For comaximal submodules of
a finitely generated multiplication module,
intersection equals product by Lemma 3.3.
Now the assertion follows from (i).   Ž

Theorem 3.5 Let M be a faithful
multiplication module over a commutative ring
R. Then every quasi-primary submodule of
M is contained in a prime submodule of M.

Proof. Let N be a P-quasi-primary
submodule of M. Then we can write

PMMMNN R ⊆= ):( . By [3, Corollary 2.11], it
is enough to show that MPM ≠ . First, we
show that PM ⊄)(θ . Assume that  PM ⊆)(θ
and let Mm∈ . Then we have

RmPmPRmRmMRm ⊆=⊆= )(θ , so pmm =
for some Pp∈ . As N is P-quasi-primary, there
exists a positive integer t such that NMpt ⊆ ;
hence Nmpm t ∈= . It follows that NM =
which is a contradiction. Next, suppose that

RMMPM == . Then by [1, Theorem 1.5],
; hence PM ⊆)(θ ,

which is a contradiction, as required.   Ž
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