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Abstract

In this article, a numerical study for fractional reaction-subdiffusion equations is introduced using a
class of finite difference methods. These methods are extensions of the weighted average methods for
ordinary (non-fractional) reaction-subdiffusion equations. A stability analysis of the proposed methods is
given by a recently proposed procedure similar to the standard John von Neumann stability analysis.
Simple and accurate stability criterion valid for different discretization schemes of the fractional
derivative, arbitrary weight factor, and arbitrary order of the fractional derivative, are given and checked
numerically. Numerical test examples, figures, and comparisons have been presented for clarity.

Keywords: Weighted average, finite difference approximations, fractional reaction-subdiffusion quation,
stability analysis

Introduction

In the last few years, there have been extensive studies of fractional order differential equations
(FDEs), due to their important applications in many vital areas of research, such as physics, medicine and
engineering. Moreover, fractional calculus studies can allow understanding of many fractal phenomena
which cannot be studied by ordinary means. There are many applications for FDESs; see [1-7]. The studied
models have received a great deal of attention, such as in the fields of viscoelastic materials [8], control
theory [9], advection and dispersion of solutes in natural porous or fractured media [1], and anomalous
diffusion. Due to the difficulties in claiming the exact solutions for FDEs, approximate and numerical
techniques are extensively used (see for example [10] and the references cited therein). Recently, several
numerical methods have been adapted to solve fractional differential equations, see [11-17] and the
references cited therein.

In this section, the definitions of Riemann-Liouville and the Griinwald-Letnikov fractional
derivatives which will be used later are given [18,19].

Definition 1: The Riemann-Liouville derivative of order ¢ of the function y(X) is defined by;

Dy = [0

, x>0, 1
C(n—a) dx" o (x—7)“ ™ X @

where N is the smallest integer exceeding & and I'(.) is the Gamma function. If & =M &N, then the

above definition coincides with the classical M —th derivative y™ ().

Definition 2: The Griinwald-Letnikov definition for the fractional derivatives of order & > 0 of the
function y(X) is defined by;

Walailak J Sci & Tech 2014; 11(4): 361-377.



Weighted Average FDM for Fractional Reaction-Subdiffusion Equation Nasser Hassen SWEILAM et al.

http://wjst.wu.ac.th

[
1 h
D“y(x)=|hin3h—aZWé“’y(X—hk), x>0, @

k=0

X X
where [H] means the integer part of E and Wﬁ“) are the normalized Griinwald weights which are

a
defined by W' = (—1)k£k)

The Grunwald-Letnikov definition (2) is simply a generalization of the ordinary discretization
formula for integer order derivatives. The Riemann-Liouville and the Griinwald-Letnikov approaches
coincide under relatively weak conditions; if y(X) is continuous and y’(X) is integrable in the interval
[0,x], then for every order O < <1 both the Riemann-Liouville (1) and the Griinwald-Letnikov

derivatives (2) exist and coincide for any value inside the interval [0, X]. This fact of fractional calculus

ensures the consistency of both definitions for most physical applications, where the functions are
expected to be sufficiently smooth [4,9].

Fractional reaction-subdiffusion equation
The standard meanfield model for the evolution of the concentrations a(x,t) and b(x,t) of A and

B particles is given by the reaction-diffusion equations;

o, )

aa(X,t) = Dya(xi) aa(x,t)b(xt), ®)
9 hxt) = D2 b(xt)— sa(xHb(x.1) @
at H axz 1 1 b 1

where D is the diffusion coefficient assumed in this paper to equal for species and & is the rate constant
for the bimolecular reaction.

In order to generalize the reaction-diffusion problem to a reaction-subdiffusion problem, the
subdiffusive motion of the particles must be dealt with. Seki et al. [20] and Yuste et al. [21] replaced Egs.
(3) and (4) with a set of reaction-subdiffusion equations in which both the motion and the reaction terms
are affected by the subdiffusive character of the process;

2

%a(x,t) = DVok, %a(x,t)—ea(x,t)b(x,t), 5)

2
%b(x,t) =Dk, %b(x,t)—ea(x,t)b(x,t), 6)

where K, is the generalized diffusion coefficient and Dtl_“ is the Riemann-Liouville fractional partial

derivative of order 1— . The fractional reaction-subdiffusion Egs. (5) and (6) are decoupled, which is

equivalent to solve the following fractional reaction-subdiffusion equation;
2

%u(x,t) = Dﬁ‘“[ka%u(x,t)—eu(x,t)H f(x,t), 0<t<T, O<x<L, )
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where 0 < <1 and ¢ is a positive constant. The Dirichlet boundary conditions for this problem are
assumed as follows;

u(o,t) =g(t), u(L,t)=w(t), O0<t<T, (8)
with an initial condition;
u(x,0) =w(x), 0<x<L. 9)

In the last few years, many papers have studied the proposed model (7) - (9) [15,20-27]. The main
aim of this paper is to adapt the fractional weighted average finite difference method (FDM) to study this
model.

The plan of the paper is as follows; in section 3, some approximate formulae of the fractional
derivatives and numerical finite difference scheme are given. In section 4, a stability analysis and an
accuracy analysis of the presented method are given. In section 5, numerical studies for fractional
reaction-subdiffusion model problem are presented. The paper ends with some conclusions in section 6.

Weighted average scheme for the fractional reaction-subdiffusion equation

In this section, the weighted average finite difference method is used to obtain the discretization
finite difference formula of the reaction-subdiffusion Eq. (7). For some positive constant numbers M and

N, following notations At and AX are used at time-step length and space-step length, respectively. The
coordinates of the mesh points are X; = jJAX (j =0,1,...,N), and t, =mAt, (m=0,1,..,M)

L
and the values of the solution U(X,t) on these grid points are u(xj t)= u;.“ = U;", where AX = W )

T
and At = M . For more details on the discretization in fractional calculus, see [28,29].

In the first step, the ordinary differential operators are discretized as follows [17];

8_u| —6um+O(At)=u;n+l—_u;n+O(At) (10)
ot it T A '

and

% o ur, —2ut +uf

ylxj,tm:@xuj +0((Ax)*) === (AxJ)Z 2+ 0((A%)). (11)

In the second step, the Riemann-Liouville operator is discretized as follows;
D u(x D), =8 “uj +0((an)°®), (12)
i

where p is the order of the approximation which depends on the choice of Wélf”’) , and;
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(my i

A (At)l"z WU kh)_(At) 2, (13

k=

t [
where [A—”‘] means the integer part of — At . There are many choices of the weights Wk“) [9,28], so the

above formula is not unique. Denoting the generating function of the weights Wkﬂ) by w(z, ) ,ie;

w(z,B) = ZWf)zk.

If

w(z, B) = (1-2)”, (14)

then (12) gives the backward difference formula of the first order, which is called the Griinwald-Letnikov
formula. The coefficients Wﬁﬁ) can be evaluated by the following formula;

+1
W =a-L e, =1 @

For o =1 the operator Dtl"” becomes the identity operator, so that the consistency of Egs. (12) and (13)

requires W(()O) =1,and W =0 (from (15)) for K >1, which in turn means that w(z,0) =1.
Now, the finite difference scheme of the fractional reaction-subdiffusion Eq. (7) is obtained. In this study,
we take K, =& =1.

To achieve this aim, Eq. (7) is evaluated at the points of the grid (XJ , m)

[u, 06 1) = B U () + DU D), = F(xt,). (16)

Then, in the above Eq.(16), the first order time-derivative is replaced by the forward difference formula
(10) and the second order space-derivative by the three-point centered formula (11) with respect to the

weighed average formula (12) at the times t, and t,;;

SUT —[ASE S UM + (1= A)ET IS UM S — F(x,,,) =T, (17)

XJ XX

with 4 €[0,1] being the weight factor. ij is the resulting truncation error. The standard difference
formula is given by;

SUT ~[AE S U7 + (1= 2SS, U7 T+ 5D — (x t,) =0, (19

XX j

Now, by substituting from the difference operators given by (10), (11) and (13) in Eq.(18), the following
scheme can be obtained.

m+l + (1+ 2¢)U m+1 w m+l R (19)

j+l
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where
$=(1-2)S, s‘:%, S = (At)“, (20)
and

R=UT+S) AW ™ + (1- WS U 20 +u S

mr=0 (21)
(1-a)p § m-r  —

-S> WU — (A f(x;.t,), j=1,2,..,N-1

r=0

Eqg. (19) is the fractional weighted average finite difference scheme considered in this paper. Fortunately,

Eq. (19) is a tridiagonal system that can be solved using the Thomas algorithm [29]. In the case of A =1

and g:l the backward Euler fractional quadrature method and the Crank-Nicholson fractional
2

quadrature methods are available, respectively, which have been studied, e.g., in ([30], [31]), but at

A =0 the scheme is called fully implicit.
Now, to study the solvability of the proposed finite difference method, let;

U° = [w(x,), W(X,),....w(x,_ )] ,and U™ =[U",U,..,.U".]", m=0,1,...M,

respectively. Therefore, the explicit difference approximation scheme (19)-(21) can be written in matrix
form:

AU ™ =p™, (22)
where

[(1+29) —¢ 0 ]

-9 (1+2¢) -¢
A: .. .. ..
-¢ (1+2¢) —¢
-¢  (1+2¢9) —¢

- 0 -

and b" = R.

Theorem 1 The difference Eq. (22) is uniquely solvable.

Proof Because ¢ > 0, then the coefficient matrix of the difference equation (22) is a strictly diagonally
dominant matrix. Therefore A is a nonsingular matrix; this proves Theorem 1.

Lemma 1 The coefficients W, *, (k = 0,1,...) satisfy;

OW“=Lw“=a-1;w“<0,k=23,..;
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@ D W, “=1;vneN", =>7 w <L

Proof See [2].

Lemma 2

R = i PO

Proof See [2].

Stability analysis
In this section, the John von Neumann method is used to study the stability analysis of the weighted

average scheme (19). In this study the source term (i.e., f(X,t) =0) is neglected.

igjAx

Proposition 1 Assuming that U;“ =& e then

[1+4(1-2)S sin” (" )]§m+1+SZW(1 Ve —m

(23)
+ 4 sin? (L;X)Z[/Iwﬁ“” - WEDE, =0
r=0
Proof By using (21), Eq. (19) can be written in the following form
w m+1 + (1+ 2¢)U m+1 ¢LJ ;Til — U m Szwﬁl—a)u ;n—r
r=0 (24)

_ m
+ S TAWE D + (A= 2)wWE DU -0 +U ]
r=0
In the fractional John von Neumann stability procedure, the stability of the fractional WAM is
decided by putting U] = £ "% Inserting this expression into the weighted average difference
scheme (24), the following is obtained.

m
- ¢§m+le L + (1+ 2¢)§m+le e %mﬂe s _ é:me = S Z[ﬂ’wgl_a)
r=0 (25)

+ (1 ﬂ)W(l a)][e iq( j-1)Ax 2e iqjAx +e |q(J+1)A><]§ Wﬁl_a)éjm,re iqux’
r=0

substituting by ¢ = (1—A)S and dividing (25) by e ™ results in;
-(1- ﬂ)s_rfmﬂe*i%x +(1+2(1- ﬂu)S_)fm+l (1- i)sfmﬂ pliaax _ £

=S TAWS D + (- AW e ™™ —2+e")E | + stvfl-%Wr =0

r+l
r=0 r=0

(26)
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Using the known Euler’s formula €'’ = cos @ +isin @in Eq.(26) we obtain;

[1+2(1-2)S —2(1- A)S cos(gAX)]E,., — &, —S Zm:[;twfl-a)
= 27
r+1

+ (1= )WV [-2+ 2¢08(qAX)]E, ., + SO WEDE | =0
r=0

Under some simplifications, the above equation (27) can be written in the required form (23). This
completes the proof of the proposition.

Proposition 2 Assuming in proposition 1 that &_., =n&,, then the scheme will be stable as long as:

1-4Ssin’ (qu)Z[/IWfl‘“) + (1= W =D Wy
_175 r=0 =0 < ;L (28)

14+4(1- )8 sin2<q;‘x)

Proof The stability of the scheme (23) is determined by the behavior of & . In the John von Neumann
method, the stability analysis is carried out using the amplification factor 77 defined by

§m+1 = ném (29)

Of course, 77 depends on M. But, for the moment, assume that, as in [30], 77 is independent of time.
Then, inserting this expression (29) into Eq. (23), one gets;

[1+4(1-2)S smz(q—)]77§ +SdWEIyTE — g

r=0

qAX (30)
+4S sin*(—— )Z[ﬂW O+ Q=AW 0T, =

dividing Eq. (30) by &, to obtain the following formula of 77 ;

r+l

77 = r=0 — AX r=0 . (31)
1+4(1- 1)S sinz(qT)

1-4S sin® (qu)Z[ﬂWfl'“) F A=Wl =8 Wy

The scheme will be stable as long as |77]|<1 using Eq. (31), which completes the proof of
proposition 2 and (28).
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= AX
Proposition 3 Assuming in proposition 2 that 7 = S sinz(qT) and that;

2-SD> W (-1)"
r=0

L, = - , (32)
HEA-D- 2D w1+ ()" - Awe )
r=1
then the scheme will be stable when
w<L,. (33)
Proof. By considering the time-independent limit value 7 = —1 and since;
= . »,0AX
1+4(1-A)S sin (T) > 0, then from Eq. (28) we have;
~1-4- DS sin (2 <1-48sin (LT3 1) Taw )+ (1- 2w )
. r=0 (34)
—-S>w (1),
r=0

From the above inequality (34),
—2-4(1-21)S sin?(ﬂ) +SDW I (-1) " +4S. sinz(ﬂ)Z[zw (e

2 r=0 2 r=0 (35)

+(1-2w 371(-1)" <0.
. . —Cc -2 qAX ..

Using the assumption that ¥ = S sin (T) , from (35) it is found that;
—2-4(1- )y +SD W (1) + 4y D AW + (1- )W 1(-1) " <O. (36)

r=0 r=0

We can write Eq. (36) in the following form;

m+1

—2-4(1-A)w+S iwﬁl-‘” ()" +4p[(1- zx)i(—l) WED L A+ (D) (- AwEP1<0. 37)
r=0 r=1

Using the assumption from Egs. (32) - (33) in (37), one finds that the mode is stable when y < L. This
ends the proof of the proposition.

Theorem 2 The fractional weighted average finite difference scheme derived in (19) is stable at

0<A< % under the following stability criterion;
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1, 42A-12°

=2 38
S 1-S27“ (%)
Proof Since L, dependson m, L tends towards its limit value;
L=1limL,. (39)
In this limit (39), the stability condition is;
2-SD> W (-1)"

< _ =0 , (40)

A{A-DI1- 2D w1+ lim (-1)" Q- A)wi}

r=1 m—o0
but from Eq. (14) with z = —1 one sees that Z:O: 0(—1)rwfl’“) =2 so that;
1-o

L= L @)

4{(22-1)[2—- 2“1+ lim (-1)" (1~ W&}

AX & AX
and by replacing Sinz(qT) by its highest value, so w —>S as sinz(qT)—ﬂ and

liMmoe (D)™ (1= )W =0, then from (40)-(41), it is found that the sufficient condition for the

m+1
presented method is stable, and this completes the proof of Eq.(38) and theorem 2.

1
Remark For §<ﬂ,£1 the stability condition (19) can be satisfied under specific values of

5= A"
(&)

Numerical results
In this section, the proposed method is tested by considering the following numerical examples.
Example 1 Consider the initial-boundary value problem of fractional reaction-subdiffusion equation type

with a non-homogeneous term;

2
%u(x,t):Dtl‘“[%u(x,t)—u(x,t)]Jr(1+a)ext“, O0<x<l1, O<t<T, (42)
X
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with the following boundary conditions u(0,t) =t**, u(1,t) =et*?, 0<t<T, and the initial
condition u(x,0)=0, 0<x<1.
The exact solution of this problem is u(X,t) = e*t*™*.

The behavior of the analytical solution and the numerical solution of the proposed fractional
reaction-subdiffusion Eq. (42) by means of the weighted average FDM with different values of A, « ,
At, AXand final time T are presented in Figures 1 - 5.

09

Exact Solution
#  MNumerical Solution

uxt)

0.2 1 1 1 1 1 1 1 1 1

Figure 1 The behavior of the exact solution and the numerical solution of (42) by means of the proposed

method at A =0 for & = 0.8, szi, At:i,andT:O.S
40 20
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28 T T T T T T
Exact Solution

26 #  Numerical Solution 7

Figure 2 The behavior of the exact solution and the numerical solution of (42) by means of the proposed
1 1

methodat A =0.5 for « = 0.3, Ax=—, At=—,and T =1.
60 70

Exact Solution
#  MNumerical Solution

Figure 3 The behavior of the exact solution and the numerical solution of (42) by means of the proposed
1 1

methodat A =1for a =05, Ax=— At=— ,and T =2.
60 20
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2 T T T T T T T T T
% MNumerical Solution at o=0.75
18F ©  Numerical Solution at =0.85 H
#*  Numerical Solution at o=0.95
16} ¥
® ¢ ¥
1.4} ® o
* 9
P * g ¥
=12t el .
= Nl ¥
* ] 53
1 ® g s
® L
w1 0. ¥
oaf oo ¥ .
% X ¥
* g ¥
e X o] ¥
D.BES g ® -
04 1 1 1 1 1 1 1 1 1
0 0.1 02 03 04 05 0B 07 08 08 1

Figure 4 The behavior of the numerical solution of (42) by means of the proposed method at A =0.5,
1

AX=—, At = i cand T = 0.5, with different values of ¢ .
20 20

1.8 T T T T
QO Mumerical Solution at T=0.2
18 +  Numerical Solution at T=0.4 ]
®  Mumerical Solution at T=0.6
Joi] == -MNumerical Solution at T=0.8 |
12} i
: % k' 3
= T 5 "
=
= ®
Z ost X _
®
% ¥
6 ®
B ® 4
06 ) = %
® ¥
D4 * X * . & oW W e
B % € Y
gy, e oW e S ’ i
: o O
booO0OO00OCOQ o0 0000 o o Q
U 1 1 1 1 1 1 1 1

1
0 o1 02 03 04 05 06 07 08 09 1
X

Figure 5 The behavior of the numerical solution of (42) by means of the proposed method at A =0.5,

AX = i At = i . a =0.7, with different values of T .
40 40
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Example 2 Consider the following initial-boundary problem of the fractional reaction-subdiffusion
equation:

u,(x,t) = D [u,, (x,t) —u(x, t)]+ f (x,1), (43)
on a finite domain 0 < X <1, with 0<t<T, 0 < <1 and the following source term;

t(TCR2+a))+ (7° +1)t
r2+ea)

f(x,t)= 2( ]sin(zzx)

under the boundary conditions u(0,t) = u(1,t) =0, and the initial condition u(x,0) =0.
The exact solution of Eq. (43) in this case is U(X,t) =t sin(zx).

The behavior of the exact solution and the numerical solution of the proposed fractional reaction-
subdiffusion Eq. (43) by means of the fractional weighted average FDM with different values of 4, &,
At, AX, and final time T are presented in Figures 6 - 9.

2:5 3
C  Excat Solution

#  MNumerical Solution

Figure 6 The behavior of the exact solution and the numerical solution of (43) by means of the proposed

method at A =0 for & = 0.5, AXZi, At=i,andT:2.
70 60
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0.045 T T T T T T
O Ewxcat Solution

0.04 #  MNumerical Solution

0035
0031
0025

002

u(x t)

)

0015+ g % 4
iy [
@dﬁ fb@
0.01F @@ @@ i
& %
0.005 - 4 @&
& &
Dg 1 1 1 1 1 1 1 1 1 %
0 0.1 02 03 04 05 06 07 08 08 1

X

Figure 7 The behavior of the exact solution and the numerical solution of (43) by means of the proposed

method at A = 0.5 for « = 0.2, Ax=i, At=i,andT =0.2.
60 20

-4

¥ 10
1.2 T T T T T T
O Excat Solution
*  Numerical Solution
1+ -
08 B
2]
®® %
f&@ ®®
Z06f @ % 1
= P @
& ®
®® ®®
0.4+ @ @ B
& ]
® ]
@$ $@
02F & &
& &
& L]
Dé@ 1 1 1 1 1 1 1 1 1 @
0 0.1 0.2 03 04 05 06 07 08 08

Figure 8 The behavior of the exact solution and the numerical solution of (43) by means of the proposed
1 1

methodat A =1for  =0.9, Ax=—, At=—,and T =0.01.
50 150
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264

¥ 10
3 T T
*
*
2+ * i
* *
1| i
*
= R *
= U%***** ek ** ** * ¥ +
= * 4 4 * G T * 4
+
*
Ak q
*
22 A
*
% ¥
_3 1 1 1 1 1 1 1 1 1
0 0.1 02 03 04 05 06 07 08 09 1

X

Figure 9 The behavior of the numerical solution of the proposed problem (43) by means of the proposed

method for A =1, o =0.4, szi, At:i,and T=1.
40 100

From the previous figure, it can be seen that the numerical solution is unstable, since the stability

condition (38) is not satisfied.
Tables 1 and 2 show the magnitude of the maximum error between the numerical solution and the

exact solution obtained by using the fractional weighted average FDM discussed above at A =0 and
A = 0.5 respectively, with different values of AX, At and the final time T .

Table 1 The maximum error with different values of AX, At at A =0, «=0.5and T =0.2.

AX At Maximum error

1 1 0.00687
10 20

1 1 0.00411
20 40

1 1 0.00404
50 40

1 1 0.00385
50 70

1 1 0.00384
100 70
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Table 2 The maximum error with different values of AX, At at A =05, «=0.3and T =0.1.

AX At Maximum error
1 1 0.02385
20 10

1 1 0.00808
20 30

1 1 0.00805
40 30

1 1 0.00071
50 70

1 1 0.00021
80 60

Conclusions

This paper presents a class of numerical methods for solving fractional reaction-subdiffusion
equations. This class of method is very close to the weighted average finite difference method. Special
attention is given to study the stability of the fractional weighted average FDM. To execute this aim John
von Neumann stability analysis is used. From the theoretical study it can be concluded that this procedure
is suitable for the fractional finite weighted average FDM, and leads to very good predictions for the
stability bounds. The stability of the fractional finite weighted average FDM presented depends strongly

on the value of the weighting parameter 4. Numerical solutions and exact solutions of the proposed
problem are compared, and the derived stability condition is checked numerically. From this comparison,
it can be concluded that the numerical solutions are in excellent agreement with the exact solutions. All
computations in this paper are run using Matlab programming.
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