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Abstract 

Electrospinning is a popular technique to produce structures in the form of nanofibers. These 
nanofibers can be used for many applications such as filtration composites, insulator and energy storage. 
The technique is based on the electrostatic force that acts on the polymeric solution. However, during the 
electrospinning process the liquid jet shows unstable behavior. This problem causes the random formation 
of nanofibers. This article focuses on the mathematical models to describe the dynamics behavior of the 
fluid jet in the electrospinning process. There are a lot of different parameters in the model. Variation in 
these parameters results in a change in jet behaviors. This brief review is a summary of the authors’ recent 
work. The Reneker’s model and Wu’s model are used to describe the dynamics behavior of the jet used in 
electrospinning. 
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Introduction 

Electrospinning is a process for fabricating 
nanofibers from a polymeric solution or melt using 
strong electrical field energy as seen in Figure 1. 
Electrospun nanofibres have interesting properties 
such as high-specific surface area, high porosity, 
high absorption capacity, all of which are useful 
properties for applications. Thus, there are many 
potential applications of fibers in a variety of areas 
like composites, biotechnology, environmental 
engineering, defense, optics and electronics that 
have been discovered [1-17]. The process of 
electrospinning involves three stages that 
correspond to the electrospun jet behavior. The 
first stage is the formation of a Taylor cone. Next 
is the formation of a straight jet. The last stage 
after moving to a specific position of its path, a 
bending instability usually occurs farther 
downstream. Therefore, there are many research 
groups that theoretically study fiber formation. 
Two main models have emerged to describe the jet 
behavior during electrospinning. The stable jet is 
considered as a slender model, proposed by Spivak 

et al. [18,19], Hohman et al. [20,21] and Feng 
[22,23]. The second jet model, called the 
instability model, is studied by Reneker et al. 
[24,25] and Theron et al. [26]. Spivak et al. 
[17,18] developed an electrohydrodynamic model 
of steady state electrospinning in a single jet 
regime, and considered power-law fluid behavior. 
Governing equations consist of mass balance, 
linear momentum balance, and electric charge 
balance. Hohman et al. [20,21] later proposed a 
model that the interaction of the surface charges in 
the jet with the external applied electric field plays 
an important role in the jet development. However, 
only Newtonian fluids were considered. 

In the instability model, the jet is considered 
to consist of a series of discrete elements (charged 
beads) connected by dumbbell elements [24-27]. 
This model was improved and expanded by Wu et 
al. [28]. They proposed a very effective method 
called magneto-electrospinning to control the 
instability phenomena in electrospinning. This 
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model later was numerically studied by Xu et al. 
[29]. 

In this paper, the mathematical model of only 
the instability stage is reviewed. The governing 
equations are thus based upon the Reneker et al. 
[24] and Wu et al. [28] models. 
 
Electrospinning process 

A schematic diagram of the electrospinning 
process is shown in Figure 1. Many previous 
researchers have used an apparatus similar to the 
one given in Figure 1 [24,26,29-30]. The 
apparatus has three major components: a high 
voltage power supply, a spinneret (which is a 
metallic needle) and collector plate (a grounded 
conductor). In the system, a high voltage power 
supply is connected to an electrode immersed in 
the reservoir and a collector plate located some 
distance for supplying the electric potential 
between the two. As the electric potential slowly 
increases to several kV (kilovolts), the drop begins 
to change shape and looks more like a cone known 
as a Taylor cone. When the potential has reached a 
critical value, a liquid jet is extracted from the 
nozzle and accelerated towards a grounded 
collecting substrate. 
 
Governing parameters 

To understand the mathematical model, first 
the effects of these parameters on morphology and 
diameter of electrospun nanofibres will be 
presented. There are three parameters which can be 
manipulated in the electrospinning. These are 
solution properties, processing conditions and 
ambient parameters. The solution properties are 
the type of polymer and solvent, polymer 
molecular weight, viscosity (or concentration), 
surface tension, elasticity and electrical 
conductivity. The processing conditions are the 

feed rate of the polymer solution, the spinneret to 
collector separation distance, the inner diameter of 
the needle, the type of collector and the strength of 
the applied voltage. The ambient parameters are 
temperature and humidity. Many experimental 
studies have reported these parameters [30-41]. 
For instance, Son et al. [31] reported that, the 
average diameter of poly(ethylene oxide) (PEO) 
nanofibres decrease with increasing PEO solution 
conductivity and solvent polarity. They also 
revealed that, the average diameter of cellulose 
acetate (CA) nanofibres was not significantly 
changed by changing operating parameters, but 
increases by increasing CA solution concentration 
[32]. Fong et al. [33] observed the formation of 
electrospun beaded nanofibers. They found that the 
solution viscosity, net charge density carried by 
the electrospinning jet and surface tension of the 
solution are the main factors. Wannatong et al. 
[34] showed that, in electrospinning of polystyrene 
(PS) solutions, at first the fibre diameters slightly 
decrease with increasing applied voltage, and then 
increase with a further increase in the applied 
voltage. Vrieze et al. [39] studied the role of 
temperature and humidity on electrospinning. They 
reported that increasing ambient humidity 
decreases the diameter of polyethylene oxide 
(PEO) and finally results in beaded fibres. Wang et 
al. [40] reported that, the temperature affects the 
cone/jet/fiber morphologies as well as the 
birefringence and crystallinity of the collected 
PAN fibers. In recently reported work, Wu et al. 
[28] proposed an electrospinning system for 
controlling stability of the electrospun fiber by 
applying a magnetic field. Later, Xu et al. [29] 
analyzed numerically the effect of the magnetic 
field on electrospinning. When they applied a 
magnetic field in the electrospinning they found 
that the problem of bending instability can be 
completely overcome. 
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Figure 1 Schematic diagram of the electrospinning process. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
     
 
 

(a)                           (b) 
 
Figure 2 The schematic of the computational model. The jet is supposed to be composed of a series of 
electrically charged beads. (a) Charged bead moves downward to the collector. (b) Location of i, i+1 and 
i-1 bead. 
 
 
Mathematical model 

A schematic diagram of the electrospinning 
process is shown in Figure 1 [24]. The apparatus 
has three major components: a high voltage power 

supply, a spinneret (which is a metallic needle) and 
collector plate (a grounded conductor). The 
notations presented in this article are provided in 
Table 1. 
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Table 1 Symbols employed and their definitions. 
 

Symbol Definition Units (in cgs) 
q charge (g1/2cm3/2)/s 
a cross-section radius cm 
ao initial cross-section radius cm 
γ surface tension of the solution g/s2 
m mass g 
Vo voltage (g1/2cm1/2)/s 
G elastic modulus g/(cm s2) 
σ stress g/(cm s2) 
ω frequency of the perturbation s2 
l  length of the ideal rectilinear jet cm 
L length scale cm 
t time s 
µ viscosity g/(cm s) 
h distance from pendent drop to grounded collector cm 

 
 

To describe the jet behavior, Reneker et al.’s 
model is employed. The model treats the jet as a 
series of beads connected together by viscoelastic 
dumbbells as shown in Figure 2. Each bead has a 
mass m and possesses a charge e. According to 
Newton’s second law, each bead is acted on by 
Coulomb forces, electric field, viscoelastic, and 
surface tension forces. So, the equation of motion 
of the beads is 

 

 

2

i C E ve sf2

1r (F F F F ),d
dt m

= + + +
            (1) 

 
where m is the mass of the bead, CF  is the 
Coulombic force interaction between the i -th bead 
and the rest of the beads in the system, EF  is the 
electric field force imposed on bead i created by 
the potential difference between the capillary tip 
and the collector plate, veF  is the viscoelastic force 

acting on bead i, and sfF  is the surface tension 
force acting on bead i. The Coulombic force is 

2

C 3
1

ˆ ˆ ˆF [( )i+( ) j+( )k],
N

i j i j i j
j ij
j i

e x x y y z z
R=

≠

= − − −∑
   (2) 

where ˆ ˆi, j  and k̂  are the unit vectors along the x, 
y, and z axes, respectively, and

1
2 2 2 2[( ) ( ) ( ) ] .ij i j i j i jR x x y y z z= − + − + −          (3) 

 
The electric field force is 
 

0
E

ˆF k,Ve
h

= −
           (4) 

 
Where 0V is the electric voltage, and h  is distance 
between the pendent drop and the collector. The 
viscoelastic force is 
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where 1,i iσ −  is the stress which pulls the bead of i  

back to 1i − , while , 1i iσ +  is the stress which pulls 

the bead i  forward to 1i + . These stresses can be 
calculated by integrating the following equation, 
 

, 1
, 1 , 1

, 1

1 ,i i
i i i i

i i

d d GG l
dt l dt
σ

σ
µ

+
+ +

+

= −          (6)
  

1,
1, 1,

1,

1 ,i i
i i i i

i i

d d GG l
dt l dt
σ

σ
µ

−
− −

−

= −             (7) 

where t  is time, G , µ , and l  are the connector 
element elastic modulus, viscosity, and length, 

respectively. 
, 1i i

d l
dt +

 is the rate of strain of bead i  

and  1i + , while 
1,i i

d l
dt −

  is the rate of strain of bead 

i and 1i −   . The rate of strains are calculated by 
using the following equation, 

 

, 1 1 1 1 1 1
, 1

1 1 1 1

1 [( ) ( ) ( )

( ) ( ) ( ) ]

i i i i i i i i i i i
i i

i i i i i i i i i

d l x x x x x x y y y
dt l

y y y z z z z z z

+ + + + + +
+

+ + + +

= − × + − + × + − ×

+ − + × + − × + − + ×

  

  

              (8)

 

 

1, 1 1 1 1
1,

1 1 1 1 1

1 [( ) ( ) ( )

( ) ( ) ( ) ]

i i i i i i i i i i i
i i

i i i i i i i i i

d l x x x x x x y y y
dt l

y y y z z z z z z

− − − − −
−
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+ − + × + − × + − + ×
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                               (9) 

 
The filament radii 1,i ia −  and , 1i ia +  can be 

calculated from mass conservation and neglecting 
the solution evaporation, 

 

, 1
, 1

,i i o
i i

La a
l+

+

=                     (10) 

1,
1,
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i i

La a
l−
−
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where 
2

2
0

4eL
a Gπ

=  is defined as the length scale 

and 0a  is the initial jet diameter at t=0,
 1,i il −

 and 

, 1i il +
 are the segment length. These distances are 

given by the following equation. 
 

1
2 2 2 2

, 1 1 1 1[( ) ( ) ( ) ] ,i i i i i i i il x x y y z z+ + + += − + − + −                   (12) 
 

1
2 2 2 2

1, 1 1 1[( ) ( ) ( ) ] .i i i i i i i il x x y y z z− − − −= − + − + −                  (13) 
 
and the surface tension force is 
 

2

sf 1
2 2 2

( ) ˆ ˆF ( sign( )i sign( ) j],
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where α  is the surface tension coefficient,  iK  is 
the curvature of jet segment of 1i −  and 1i + .  The 
average jet radius is defined as follows:  
 

2
, 1 1,2 ( )

( ) ,
4

i i i i
avg

a a
a + −+

=               (15) 

 
The meaning of “sign” in Eq. (14) is as follows: 

( )








<−
=
>

=
,0if,1
,0if,0
,0if,1

xsign
x
x
x

        (16) 

 
By substituting Eq. (2), Eq. (4), Eq. (5) and 

Eq. (14) into Eq. (1), it can be rewritten separately 
in terms of the x, y and z directions as follows, 
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and 
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1 [ ( ) ( ) ( ).
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i i i i i i i i
i i j i i i i
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Additionally, in the calculation the air drag 

force and gravity force are neglected. As both 
space and time are dependent perturbations. 
Therefore the development of whipping instability 
occurs. To model this, a single perturbation is 
added by inserting an initial bead of i by 

 
310 sin( ),ix L tω−=  

 
310 cos( ),iy L tω−=                                          (20) 

 
where ω is the perturbation frequency. 
 
 Recently, Wu et al. [28] proposed a very 
effective method called magneto-electrospinning 
to control the instability phenomena in 
electrospinning. In this new method a magnetic 
field is applied in the process, as shown in Figure 
3.  
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Figure 3 Schematic diagram of the magneto-electrospinning process [28]. (a) Magnetic field in the 
electrospinning process, (b) The result of magnetic field in an electrospun jet and (c) Ampere force in the 
electronic jet when a magnetic field is applied. 
 
 

In addition the current numerical model has 
been studied by Xu et al. [29]. They defined the 
equation of motion as follows: 

2

i C E ve cap B2

1r (F F F F F ),d
dt m

= + + + +
    

       
   (21) 

where FB


 is defined as 

B
ˆ ˆF i j,i idy dxqB qB

dt dt
= +

                      (22) 

where B  is the magnetic induction. 
 

According to the mathematical model 
described above, the jet simulation proceeds as 
follows [28]: first of all, at t = 0, the initial 
whipping jet includes two beads, bead 1 and bead 

2. The distance 1,2l  is set to be a small distance, 
say, h/50000. Other initial conditions, including 
the stresses 1,i iσ −  and , 1i iσ + , and the initial 

velocity of the bead i, ird
dt


, are set to be zero. For 

a given time t when the last bead is pulled out of 
the pendent drop the new bead say, i N= , is 
added at the upper end of the jet. While the 
distance

 
between this bead and the pendent drop 

becomes long enough, say, 
25000

h , a new bead of  

1i N= +  is inserted at a small distance, 
50000

h , 
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from the previous one. At the same time a small 
perturbation is added to its x and y coordinates, 
defined in Eq. (20). Eventually, by numerically 
solving of Eq. (17) - Eq. (19) the configuration of 
the jet in evolutionary time is obtained. 
 According to the mathematical model 
presented above, the electrospun jet is considered 
to be a series of discrete charged beads connected 
by a viscoelastic spring. A major advantage of this 
model is that the discretization of the jet allows the 
trajectory of the bending instability to be followed 
as it develops. The trajectories appeared from this 
model are similar in character to those observed 
experimentally [24]. Another interesting model, 
called the continuum-type model, is also used to 
analyze the jet profile [17-22]. In this model the jet 
momentum equation (including a term for the 
electrical force on the jet), jet continuity equation 
and electric field equation are coupled together. 
The onset of the whipping instability in this 
analysis is allowed to be examined under the 
assumption that the fluids are Newtonian. 
Recently, He et al. [42] suggested that at the 
nanoscale there is the nano-effect arising similar to 
that in the quantum world. A new theory so should 
be developed link both Newtonian mechanics and 
quantum mechanics. They advised that the new 
theory might incorporate El Naschie’s E-infinite 
theory [43-45]. 
 
Conclusions 

This article has reviewed the mathematical 
models for developing the electrospinning process. 
The Reneker and Wu’s two-part models are used 
to describe the dynamics behavior of the 
electrospun jet. The forces acting on the jet in the 
Reneker’s model are Coulombic, electric field, 
viscoelastic and surface tension forces. The result 
of the bending instability phenomenon, the 
magnetic field so is applied to control instability 
which was proposed by Wu’s model. 
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