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ABSTRACT 

 Heat transfer enhancement in a two-dimensional inclined lid-driven triangular 

enclosure utilizing cu-water nanofluids is investigated for various relevant parameters. A 

model is developed to analyze heat transfer performance of nanofluids inside an enclosure 

taking into account the force convection parameter, namely Reynolds number, Re. The 

transport equations are solved numerically using the Galerkin finite element method. 

Comparisons with previously published work on the basis of special cases are performed and 

found to be in excellent agreement. Results are obtained for a wide range of parameters such 

as the Richardson number, Ri, and Reynolds number, Re. Copper-water nanofluids are used 

with Prandtl number, Pr = 6.2 and Reynolds number, Re is varied from 100 to 500. The 

streamlines, isotherm plots and the variation of the average Nusselt number at the hot surface 

as well as average fluid temperature in the enclosure are offered and discussed in detailed. It is 

observed that the force convection parameter strongly influenced the fluid flow and heat 

transfer in the enclosure at the considered three convective regimes. Furthermore, the 

variation of the average Nusselt number at the heated surface is found to increase when Re 

increases and average fluid temperature in the cavity decreases with the raise of Re. 

Keywords: Nanofluids; Triangular enclosure; Finite element method; Solid volume fraction. 
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1. Introduction 
Nanotechnology is considered by 

many to be one of the significant forces that 

drive the next major industrial revolution of 

the present century. It represents the most 

relevant technological cutting edge currently 

being explored. It aims at manipulating the 

structure of the matter at the molecular level 

with the goal for innovation in virtually 

every industry and public endeavor 

including biological sciences, physical 

sciences, the environment and national 

security.  

Numerous studies on nanofluids are 

being conducted by talented and studious 

thermal scientists and engineers all over the 

world, and they have made scientific 

breakthroughs not only in discovering 

unpredicted thermal properties of 

nanofluids, but also in proposing new 

mechanisms behind the enhanced thermal 

properties of nanofluids and thus identifying 

unusual opportunities to develop them as 

next generation coolants for computers and 

safe coolants for nuclear reactors. Various 

cooling applications of nanofluids include 

Silicon Mirror Cooling, electronics cooling, 

vehicle cooling, transformer cooling and so 

on. Nanofluid technology can help to 

develop better oils and lubricants. 

Nanofluids are now being developed for 

medical applications, including cancer 

therapy and safer surgery by cooling.  

An enormous amount of research 

interest has been sparked intheir prospective 

applications of practical problems [1-3]. 

Phenomena of natural convection in a 

triangular enclosure are conducted in the 

literature [4-8]. Chen and Cheng [9] 

numerically investigated the effects of lid 

oscillation on the periodic flow pattern and 

convection heat transfer in a triangular 

cavity. Natural convection heat transfer in a 

triangular enclosure with flush mounted 

heater on the wall [10] and the protruding 

heaters [11] have been examined. Koca et 

al. [12] examined the effect of Prandtl 

number on natural convection heat transfer 

and fluid flow in triangular enclosures with 

localized heating. Basak et al. [13] 

investigated the effects of uniform and non-

uniform heating of inclined walls on natural 

convection flows within an isosceles 

triangular enclosure using a penalty finite 

element method with bi-quadratic elements.  

The fluids that usually have been 

used for heat transfer applications, namely 

water, mineral oils and ethylene glycol have 

a rather low thermal conductivity and do not 

meet the rising demand as an efficient heat 

transfer agent. In order to make up for the 

growing demands of modern technology, it 

is very important to develop new types of 

fluids that will be more effective in terms of 

heat exchange performance. Such new types 

of fluids are nanofluids, which are new sort 

of heat transfer fluids containing a small 

quantity of nanosized particles that are 

uniformly and stably suspended in a liquid. 

It is worth noting that these nanofluids 

coming have a very high thermal 

conductivity which can meet the 

intensifying demand as an efficient heat 

transfer agent. Numerous researchers have 

started showing interest in the study of heat 

transfer characteristics of these nanofluids 

in recent years. But a clear illustration about 

the heat transfer through these nanofluids is 

yet to emerge.  

The convective heat transfer feature 

of nanofluids is influenced by the thermo-

physical properties of the base fluid and 

nano particles. Khanafer et al. [14] made a 

numerical model to find out natural 

convection heat transfer in nanofluids. They 

studied the effect of suspended 

nanoparticles on the buoyancy-driven heat 

transfer process and found that in any given 

Grashof number, heat transfer in the 

enclosure increased with the volumetric 

fraction of the copper nanoparticles in 

water. Jou and Tzeng [15] investigated the 

heat transfer enhancement utilizing 

nanofluids in a two-dimensional enclosure 
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for different relevant parameters. Tiwari and 

Das [16] studied numerically the heat 

transfer augmentation in a lid-driven square 

cavity filled with nanofluids. The authors 

observed that both the Richardson number 

and the direction of the moving walls affect 

the fluid flow and heat transfer in the cavity. 

A numerical model was presented to 

analyze the transport mechanism of mixed 

convection in a lid-driven enclosure packed 

with nanofluids by Muthtamilselvan et al. 

[17]. Ghasemi and Aminossadati [18] 

examined mixed convection heat transfer in 

a lid-driven triangular enclosure filled with 

a water–Al2O3 nanofluid. The authors 

showed that the addition of Al2O3 

nanoparticles enhances the heat transfer rate 

for different values of Richardson number 

and for each direction of the sliding wall 

motion. A parametric study on mixed 

convection flow in a lid-driven inclined 

square enclosure filled with water-Al2O3 

nanofluid was performed by Nada and 

Chamkha [19]. Mansour et al. [20] 

performed a numerical simulation on mixed 

convection flow in a square lid-driven 

cavity partially heated from below using 

nanofluid. Eastman et al. [21] conducted 

pure copper nanoparticles size of less than 

10 nm and achieved 40% increase in 

thermal conductivity for only 0.3% volume 

fraction of the solid dispersed in ethylene 

glycol. The particle size effect and potential 

of nanofluids with smaller particles are 

presented in their results. Corcione [22] 

analyzed theoretically the heat transfer 

features of buoyancy-driven nanofluids 

inside rectangular enclosures differentially 

heated at the vertical walls. An experimental 

investigation of flow and heat transfer 

characteristics for copper-water based 

nanofluids through a straight tube with a 

constant heat flux at the wall was studied by 

Xuan and Li [23]. Their results demonstrate 

that the nanofluids give substantial 

enhancement of heat transfer rate compared 

to pure water. Talebi et al. [24] numerically 

studied mixed convection flows in a square 

lid-driven cavity utilizing nanofluid. Tzeng 

et al. [25] investigated the effect of 

nanofluids when used as engine coolants. 

CuO and Al2O3 and antifoam were 

individually mixed with automatic 

transmission oil.  

Karim et al. [26] examined the 

unsteady mixed convection heat transfer 

characteristics of an Ag–water nanofluid 

confined within a lid-driven square cavity. 

The authors concluded that the heat transfer 

rate enhanced to 90% from the heated 

surface due to increase of  Grashof number 

(Gr) from 105 to 107 at sinusoidal frequency 

N =1 and τ = 1. 

To investigate the potential of Al2O3-

water nanofluid, a volume of fluid (VOF) 

model has been studied to improve the 

productivity of a single slope solar still by 

Rashid et al. [27]. The results indicated that 

the solar still productivity increases with an 

increase in the solid volume nanoparticles 

fraction. Since the solid volume fraction 

increases in the range of 0%–5% then the 

productivity increases about 25%. Rahman 

et al. [28] examined the impacts of carbon 

nano tube (CNT)–water nanofluids in a 

square enclosure with non-isothermal 

heating for superior Rayleigh numbers. 

Alam [29] made a numerical study on 

natural convective heat transfer of Cobalt-

kerosene nanofluid inside a quarter-circular 

enclosure with uniform and non-uniform 

heated bottom wall. Weheibi et al [30] 

conducted a numerical simulation on natural 

convection heat transfer in a trapezoidal 

enclosure filled with nanoparticles. Uddin et 

al. [31] used Nonhomogeneous Dynamic 

Model to analyze the natural convective 

heat transfer in homocentric annuli 

containing nanofluids with oriented 

magnetic field. Billah et al. [32] studied heat 

transfer enhancement of copper-water 

nanofluids in an inclined lid-driven 

triangular enclosure. Billah et al. [33] 

examined numerically the heat transfer 
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enhancement of nanofluids in a lid-driven 

triangular enclosure having a discrete 

heater. Later on, Billah et. al. [34] 

performed a numerical study on unsteady 

buoyancy-driven heat transfer enhancement 

of nanofluids in an inclined triangular 

enclosure. 

Due to the rapid development of 

computer and computational techniques, 

finite element methods have provided an 

alternative in dealing with the mixed 

convection heat transfer in enclosures using 

nanofluids. To the best knowledge of the 

authors, little attention has been paid to 

investigate the heat transfer characteristics 

of the nanofluids contained in an inclined 

lid-driven triangular enclosure in forced 

convection flows. Hence, in this paper the 

effects of forced convection parameter, 

Reynolds Number, Re in an inclined lid-

driven triangular enclosure filled with Cu-

water nanofluid is investigated numerically. 

 

2.  Mathematical Model 

The physical model under current 

study with the system of coordinates is 

sketched in Fig. 1. The problem deals with a 

steady two-dimensional flow of nanofluid 

contained in an inclined lid-driven 

triangular enclosure. The length of the base 

wall and height of the sliding wall of the 

enclosure are denoted by L and H, 

respectively. In addition, the sliding wall of 

the cavity is kept adiabatic and allowed to 

move from bottom to top at a constant speed 

V0. Moreover, it is assumed that the 

temperature (Th) of the bottom wall is higher 

than the temperature (Tc) of the right 

inclined wall. The free space in the 

enclosure is filled with copper water 

nanofluids. The nanofluid in the enclosure is 

Newtonian, incompressible and laminar. 

The nanoparticles are assumed to have 

uniform shape and size. It is considered that 

thermal equilibrium exists between the base 

fluid and nanoparticles, and no slip occurs 

between the two media.  

The thermo-physical properties [23] of the 

nanofluid are listed in Table 1. The 

physical properties of the nanofluid are 

considered to be constant except the 

density variation in the body force term of 

the momentum equation which is satisfied 

by the Boussinesq’s approximation. Under 

the above assumptions, the system of 

equations governing the two-dimensional 

motion of a nanofluid is as follows: 
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The effective density nf  of the nanofluid 

is defined by 

 1nf f s         (5) 

where δ is the solid volume fraction of 

nanoparticles.  
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In addition, the thermal diffusivity 

nf  of the nanofluid can be expressed as: 
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The heat capacitance of nanofluids can be 

defined as: 

      1p p p
nf f s

c c c        (7) 

In addition,  
nf

  is the thermal 

expansion coefficient of the nanofluid and it 

can be determined by 

      1
nf f s

        (8) 

Moreover, nf  is the dynamic viscosity of 

the nanofluid introduced by Brikman [30] as  
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The effective thermal conductivity of 

nanofluid was intoduced by Kanafer et al. 

[14] as: 
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where ks is the thermal conductivity of the 

nanoparticles and kf is the thermal 

conductivity of base fluid. 

Introducing the following dimensionless 

variables  
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the governing equations may be written in 

the dimensionless form as 

0
U V

X Y
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Fig. 1. Schematic of the problem with the domain and boundary conditions. 
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The nondimensional numbers that 

appear in equations (13)-(15) are as follows: 

Reynolds number 0 f
Re V L  , Prandtl 

number f fPr   and Richardson 

number 2ReRi Gr , where 

  3 2
f h c fGr g T T L    is the Grashof 

number and 0Re fV L  is the Reynolds 

number. 

The appropriate boundary conditions 

for the governing equations are  

on the bottom wall: 0, 1U V     

on the left inclined wall: 0, 1, 0U V
N


  


 

on the right inclined wall: 0, 0U V     

where N is the non-dimensional distances 

either X or Y direction acting normal to the 

surface. 

The average Nusselt number at the 

heated surface of the cavity may be 

expressed as 

1

0

nf
av

f

k
Nu dX

k Y


 


                            (16) 

and average fluid temperature in the 

enclosure may be defined as 

/av dV V                                          (17) 

Table 1. Thermophysical properties of 

water and copper [23]. 

Property water Copper 

cp 4179 385 

Ρ 997.1 8933 

K 0.613 401 

Β 2.1× 10-4 1.67×10-5 

 

The fluid motion is displayed using 

the stream function  obtained from 

velocity components U and V. The 

relationships between stream function and 

velocity components for two dimensional 

flows can be expressed as: 

,U V
Y X

  
  
                (18) 

 

3.  Solution Procedure 

3.1  Numerical Scheme  

The Galerkin finite element method is 

used to solve the non-dimensional 

governing equations along with boundary 

conditions. The advantages of the finite 

element method (FEM) are its ability to deal 

with the complex 2D or 3D domains and it 

has higher accuracy and rapid convergence.  

Another benefit of it is that of the specific 

mode to deduce the equations for each 

element which are then assembled. 

Therefore, the addition of new elements by 

refinement of the existing ones is not a 

major problem. The computational domains 
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with irregular geometries by a collection of 

finite elements make the method a valuable 

practical tool for the solution of the 

boundary value problems arising in various 

fields of engineering.  For the other 

methods, the mesh refinement is a major 

task and could involve the rewriting of the 

program. But for all the methods used for 

the discrete analogue of the initial 

equations, the obtained system of 

simultaneous equations must be solved. 

That is why, the present work emphasizes 

the use of FEM to solve flow and heat 

transfer problems.The equation of 

continuity has been used as a constraint due 

to mass conservation and this restriction 

may be used to find the pressure 

distribution. Penalty finite element method 

[28] is used to solve Eqs. (13) - (15), where 

the pressure P is eliminated by a penalty 

constraint γ and the incompressibility 

criteria given by Eq. (12) results in  

U V
P

X Y


  
   

  
              (19) 

The continuity equation is automatically 

fulfilled for large values of γ.  

The momentum equations  reduce to 
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Expanding the velocity components 

(U, V), and temperature (θ) using basis set 

 N

kk 1
  as  

 

 

 

1

1

1

, ,

, ,and

,

N

k k

k

N

k k

k

N

k k

k

U U X Y V

V X Y

X Y 







 

 

 







             (22) 

Then the Galerkin finite element method 

yields the subsequent nonlinear residual 

equations for Eqs. (15), (20) and (21) 

respectively, at nodes of the internal domain 

Ω: 
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Three points Gaussian quadrature is 

used to evaluate the integrals in the residual  

equations. The non-linear residual equations 

(Eqs. (23) – (25)) are solved using Newton–

Raphson method to determine the 

coefficients of the expansions in Eq. (22). 

The convergence of solutions is assumed 

when the relative error for each variable 

between consecutive iterations is recorded 

below the convergence criterion ε such 

that 1 410n n    , where n is number of 

iteration and   is the general dependent 

variable. 

3.2 Grid independence study 

A grid refinement study has been 

done for Re = 100, Ri = 1,  = 60 and δ = 

0.04 in an inclined lid-driven triangular 

enclosure. Five different non-uniform grid 

systems are examined with the following 

number of elements within the resolution 

field: 1486, 2808, 3490, 4894 and 5588. The 

numerical design is carried out for highly 

precise key in the average Nusselt number 

(Nuav) for the aforesaid elements to develop 

an understanding of the grid fineness as 

shown in Fig. 2(a). The scale of Nuav for 

4894 elements shows a little difference from 

the results obtained for the other elements. 

Hence a grid size of 4894 elements is found 

to meet the requirements of both the grid 

independency study and the computational 

time limits. 

 

 

 

 

 

 

 

 

 
Fig. 2(a). Grid independency study for Re = 100, 

Ri = 1,  = 60 and δ = 0.04. 
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3.3 Code validation  

In order to check the accuracy of the 

numerical technique employed for the 

solution of the considered problem, the 

present numerical code was validated with 

the published work of Yesiloz and Aydin 

[35]. The physical problem studied by 

Yesiloz and Aydin [35] was steady laminar 

natural convection inside a water-filled right 

triangular enclosure heated from below and  

cooled from sidewall while the remaining 

wall, i. e. the hypotenuse was adiabatic. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The comparison of the results 

obtained by the present numerical code with 

those of Yesiloz and Aydin [35] with 

respect to streamlines and isotherms is 

shown in Fig. 2(b). The computed results 

are in very good agreement with the Yesiloz 

and Aydin [35] solution. This validation 

boosts the confidence in the numerical 

outcome of the present study. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Yesiloz and Aydin [35] Present study 

Fig. 2(b). Comparison of streamlines and isotherms between Yesiloz and Aydin [35] (left) and the 

present work (right) for 
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Fig. 3. Streamlines for different values of Reynolds number Re and Richardson number Ri, 

while δ = 0.04 and  = 60o. 
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4.  Results and discussion 

The present numerical study is carried 

out for copper-water nanofluids as working 

fluid with Prandtl number of 6.2. In this 

analysis, we investigate the effects of 

Reynolds number (Re), and Richardson 

number (Ri). Here, the effect of Reynolds 

number is investigated in the range of 100 to 

500, while the δ and tilt angle  are kept 

fixed at 0.04 and 60, respectively.  

It is worth noting that the value of Ri is 

varied from 0.1 to 10 by changing Grashof 

number Gr to cover the forced convection 

dominated region, pure mixed convection 

and free convection dominated region. 

Moreover, the results of this study are 

presented in terms of streamlines and 

isotherms. Furthermore, the heat transfer 

effectiveness of the enclosure is displayed in 

terms of average Nusselt number Nuav and 

the dimensionless average temperature of 

the cavity av. 

4.1 Flow and Thermal Fields 

The effect of Reynolds Number Re 

and Ri on the fluid flow and temperature 

distribution in the cavity are illustrated in 

Figs. 3 and 4 by plotting the streamlines and 

isotherms for Re = 100, 200, 300 and 500 

and various Ri (0, 1 and 10), while δ = 0.04 

and  = 60o. 

The basic flow structure in the absence of 

natural convection effect is presented in the 

left bottom corner of Fig. 3 at Re = 100. It is 

seen clearly that for Ri = 0.1 and low 

Reynolds number (Re = 100), the forced 

convection plays a dominant role, and the 

recirculation flow is mostly generated only 

by the moving lid.The fluid flow in a two 

dimensional lid-driven triangular enclosure 

is characterized by a main circulating cell 

(major cell) near the vicinity of the sliding 

left surface in the enclosure developed by 

the lid and a weaker anticlockwise rotating 

cell close to the right bottom corner for all 

values of Re. As can easily be seen from the 

left column of Fig. 3, the key cell is created 

by the lid exhausting the neighboring fluid. 

Though the flow strength of the key cell is 

identical, the size of the key cell is affected 

for all values of Re.  

Moreover, it is found from the 

streamlines that the size of the anticlockwise 

rotating cell is escalating very moderately 

when Re is increased. With an increment in 

Re at Ri = 1, buoyancy driven vortex 

becomes stronger than the vortex due to the 

moving lid. Finally, for Ri = 10 and 

different values of Re (= 100, 200, 300 and 

500) the flow patterns are characterized by 

two asymmetrical vortices that occupy the 

entire cavity as reflected in the right column 

of  Fig. 3. It seems that the mechanical 

effect generated by the moving lid is 

dominated by the buoyancy forces. 

The isotherm patterns for different 

Reynolds number and Richardson number at 

δ = 0.04 are described in Fig. 4. From the 

left column of this figure, it is seen that the 

isotherms for different values of Re at Ri = 

0.1 are clustered near the heated surface of 

the enclosure, which indicates a steep 

temperature gradient along the horizontal 

direction in this region. Moreover, in the 

remaining area of the cavity, the 

temperature gradients are very small due to  

the mechanically-driven circulations. It is 

also noticed that the thermal layer near the 

hot surface becomes moderately thin with 

increasing Re. Also, at Ri = 1 the thermal 

layer near the hot surface becomes thin and 

wavy isotherms are observed for higher Re, 

which indicates the steeper thermal gradient 

becomes stronger with escalating Re. 

Furthermore, as Ri increases to 10 the 

thermal layer near the hot surface become 

very thin and the thermal spot is developed 

between the two rotating cells. 
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Fig. 4. Isotherms for different values of Reynolds number Re and Richardson number Ri, while δ 

= 0.04 and  = 60o. 
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 4.2  Heat Transfer 

The average Nusselt number at the 

heat source is plotted as a function of 

Richardson number for a particular 

Reynolds number is as shown in Fig. 5. Fig. 

5 presents a very illustrative picture of how 

the heat is transferred in accordance with Re 

and Ri. Keeping Re constant, the average 

Nusselt number at the heated surface 

increases gradually with increasing value of 

Ri. Also, the average Nusselt number at the 

heated surface is found to increase as Re 

increases at fixed Ri. These results are 

probable because nanoparticles increase 

heat absorbing capacity of the base fluid. 

Therefore, it can be concluded that more 

heat transfer from the heat source is 

expected in the case of a large parameter 

value of Re or Ri. One can notice that the 

values of Nu are lower for the pure mixed 

convection (Ri = 1), when compared with 

that for the other values of Ri. Nevertheless, 

the values of Nuav are always maximum for 

the higher value of Re (= 500).  

 

 

 

 

 

 

 

 

 

 

 

 
Fig.5. Effect of Reynolds number Re on average 

Nusselt number at the heated surface in the 

cavity,while δ = 0.04 and  = 60o. 

 

The effect of Reynolds number Re on 

average fluid temperature θav in the cavity is 

revealed in the Fig. 6. From this figure, it 

can clearly be seen that the value of θav 

decreases promptly with the raise of Ri for 

all considered Reynolds number. 

 

 

 

 

 

 

 

 

 
Fig. 6. Effect of Reynolds number Re on average 

fluid temperature in the cavity, while δ = 0.04 

and  = 60o. 

 

5. Conclusion 

Mixed convection in a lid-driven 

inclined triangular enclosure filled with 

nanofluids is studied numerically. Results 

for various parametric conditions are 

presented and discussed. From the above 

study, the following conclusions are made: 

 Forced convection parameter Re has 

a great significant effect on the 

streamlines and isotherms field. 

Buoyancy-induced vortex in the 

streamlines increased and thermal 

layer near the heated surface become 

thin and concentrated with 

increasing Re. Besides, the heat 

transfer increased by nearly 23.45% 

at Ri =1 but it increased by almost 

30.83% at Ri =10 as Reincreases 

from100 to 500.  

 The average Nusselt numbers at the 

heated surface is always upper and 

the average temperature in the cavity 

is inferior for the large value of Re.  
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 Nanofluids are capable to modify the 

flow pattern. 

 

Nomenclatures 
cp Specific heat at constant pressure 

g gravitational acceleration (ms-2) 

H enclosure height (m) 

k thermal conductivity (Wm-1K-1) 

L length of the cavity (m) 

Nu Nusselt number 

p dimensional pressure (Nm-2) 

P dimensionless pressure 

Pr Prandtl number 

Re Reynolds number 

Ri Richardson number 

T temperature (K) 

u horizontal velocity component (ms-1) 

U dimensionless horizontal velocity 

component 

v vertical velocity component (ms-1) 

V dimensionless vertical velocity 

component 

V0 lid velocity (ms-1) 

V  cavity volume (m3) 

x horizontal coordinate (m) 

X dimensionless horizontal coordinate 

y vertical coordínate (m) 

Y dimensionless vertical coordinate 

Greek symbols 

α thermal diffusivity (m2s-1)  

β thermal expansion coefficient (K-1) 

 solid volume fraction 

μ dynamic viscosity (kg m-1s-1) 

ν kinematic viscosity (m2s-1) 

θ non-dimensional temperature 

 density (kg m-3) 

ψ Streamfunction 

 tilt angle, degree (0) 

 penalty parameter 

Subscripts 

av Average 

h Hot 

c Cold 

f Fluid 

nf Nanofluid 

s Solid nanoparticle 
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