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ABSTRACT

In this work, the authors studied the Fekete-Szegd problems for certain classes of
analytic functions associated with petal type domain and modified sigmoid function. The
initial coefficient bounds have been obtained and discussed the relevant connection to Fekete-
Szegd inequalities. The results give birth to some corollaries.
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1. Introduction

Let A be the class of function f(z)
analytic in  the open unit disc
D = {z:]z| < 1} and of the form
f(2) =z + X7, arz®. (11)

normalized by f(0) = f'(0) — 1 = 0. Recall
that, S < A is the univalent function which
has the starlike and convex functions as its

subclasses which satisfies Re (zj: z ()z)) >0

and Re (1 L7 (z)) > 0. The usual classes
7' (2)

of functions aforementioned have been used

to define various subclasses of analytic

functions by many scholars and their

interesting results can not be ignored.

Two functions f and g are said to
be subordinate to each other, written as
f < g, if there exists a schwartz function w
such that

f(2) = g(w(2)

where w(0) = 0 and |w(z)] < 1 forz € D.
Let P denote the class of analytic functions
such that p(0) =1 and p < g zeD
(see [1]).

Goodman [2] initiated the concept
of conic domain to generalize a convex
function which generated the first parabolic
region as an image domain of analytic
functions. He introduced and studied the
class of uniformly convex functions which
satisfy

(1.2)

F'@)
F')

Ma and Minda [3] gave a characterization
of the class UCV which satisfy

0N )
W‘Re(” f’(Z)) @ |

UCVzRe(l—I—(z—‘P) )>0, ZYeD.

z €D,

The characterization gave birth to the first
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parabolic characterization of the class UCV
which satisfy
QO={w>|w—1]} (1.3)

and (1.3) was later generalized by Kanas
and Wisniowska [4, 5] to

QO ={w > klo— 1],k = 0}.

The Qi represents the right half plane for
k =0, hyperbola for k € (0,1), parabolic
for k = 1 and elliptic regions for k > 1.

Many researchers have worked
tirelessly on generalized conic domains and
their results are too voluminous to discuss
(see for example [6], [7] and so on).

Moreover, the petal type region
Q[AB],-1=B<A=1 was also
generalized from (1.3) to

0(AB) = {utiv:[(B - 1)(u +v%) - 2(4B- D+ (42- 1))
> (20400407 + 24 +B+C)u-2(4+ 1) +4A
_B 1 2]
by Noor aznvd Malik [8].

Recently, Murugusundaramoorthy et al. [9]
studied the Fekete-Szegd problems for
space of logistic sigmoid functions based on
guasi-subordination  for the  classes
Sq(a, @), My(a, @) and L, (a, ®) in which
interpretations satisfy

zf'(2) 27" (2)

7@ @ 1<,@(z) - 1, (1.4)
_tay (1)
iy
4 9)-1
(1.5)
and
2f') a (9 1-a
(m) (“m) -
14,9()-1
(1.6)

where @ = 0, ®(z) is the logistic sigmoid
function and the results obtained are added



S.0. Olatunji and H. Dutta | Science & Technology Asia | Vol. 24 No. 4 October-December 2019

to literature.
A function p(2) is said to be in the

class UP[A, B]; if and only if
(020

(B+2))-(B-1) eheds
L
(1.7
o 2 1+z
wherep =1 +— (log 1_\5) , z€D.
Varying A=1 and B=-1 “in

(1.7),” one may obtain the classes of
functions studied by Goodman [1] and
Kanas [10].

Also, the classes ST[A,B] and
UCV[A,B] are uniformly Janowski starlike
and convex functions satisfies

(B-1)= (B- ﬂ -A 1
R = -1 1.8
( ) )5'+1)z’r z‘— (4+1) ( )
and
[y ) By (e
R SN > |—ZLE (1.9)
B+ —(a+1) e

See Noor and Malik [8]. Setting A = 1
and B=-1 (1.8) and (1.9) obtains the
classes of functions studied by Goodman [2]
and Ronning [11].

The relevant connection to Fekete-
Szeg0 inequalities is a way of maximizing
the non-linear functional |as — Aa?| for
various subclasses of univalent function
theory. See [12], [13], [14] [15], [16], [17],
[18] and so on.

We recall the definition and
properties of a sigmoid function as a special
function that deals with an information
process inspired by the way a nervous
system such as the brain processes
information. It contains large numbers of
highly interconnected processing elements
(neurones) working together to solve a
specific problem. It has application in real
analysis, topology, differential equations,
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algebra and so on. Special functions can be
trained by example and categorized into
three classes of functions namely, sigmoid,
ramp and threshold functions. The familiar
function among all these is the sigmoid;
because of its gradient descendent learning
algorithm, it can be evaluated in different
ways but majorly by truncated series
expansion.

A sigmoid function of the form

h(z) = (1.10)

1+e—z

is differentiable and has the following
characteristics:

(i) it outputs real numbers between 0 and 1
(ii) it maps a very large output domain to a
small range of inputs

(iii) it never loses information because it is a
one-to-one function and

(iv) it increases monotonically.

The characteristics aforementioned are very
useful in geometric function theory.

Fadipe et al. [19] modified h(z) in
(1.10) to

@(z) =

(1.11)

1+e—z

which has a series expansion of the form

?(z) = 2h(z) =
o 1 -npr ™
1+Zm— (2”31 (Zn: (n!) Zn)
5
1+——£+%+

(1.12)

Some properties were proved; see
details in [9], [20], [21], [22] and so on.

Motivated by earlier works by
Goodman [2], Fadipe et al. [19], Olatunji
[20] and Malik et al. [23], in this work, the
authors aim is to obtain the Fekete-Szeg6
inequalities for certain classes of analytic
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functions associated with petal type domain
and modified sigmoid function. The results
are new and give birth to some corollaries.

For the purpose of the main results,
the following definitions are

Definition 1.1: A function f € 4 is said to

be in the class

US*[®,a,ABl,-1=B<A=1, if and
@ Y i@

only if
((5—1) —(A—l})
R T = =
zf'(z), z°f"(z)
@)= (a4
(A-1)
-1

zf'z), 2°f"z)

f'z, 2=
B-1)|AL 2 2L

fiz) f(=)
(B+1) Z;Egj' raZ ;{ Ez’:(lz:' (A+1)

(1.13)
and a = 0.

Definition 1.2: A function f € 4 is said to

be in the class
UM[®,a,4,B],-1=B<A=1, if and
only if
R((B 1){(1 -a) ;; (1+ﬂ,—)] (4-1)

(B+1){(1 ) (f' ( 9ic ]] (4+1)
00 Draf 1 )] -o-
(B+1){(1 a)z;(f' ( ‘T]] (A+1)

(1.14)

and a = 0.

Definition 1.3: A function f € A is said to

be in the class
UM[®,a,4,B],-1=B<A=1, if and
only if

@E-|(L2) (4L 2) |-
R B—1 [( @ (1+ f:EZ' ) _ ] A—-1 -

(B+1) (Zj‘:(iz.l ( Z}{ (iz.l) ] (a+1)
vl B
(B+1) (%} (1+z;:éiz') B ] (4+1)

(1.15)
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and a = 0.
2. Main Results

Theorem 2.1: Let p€UP[®, A B],
—-1=B<A=<1 and of the form
p(z) =1+ X5, pnz™ Then ,denoting the
coefficients of z,z%,2°3 by
p1, P2, PslESpectively, the absolute values of

the coefficients are bounded as such

A—B
Ip1] = —-,
(A—B)(B+1) , (A-B)+2(B+1)
|p2| = T 12972 1
(A-B)(B+1)?  (B+1)2
lpal =——+" <+
13[(A-B)+2(B+1)]
180m2
(2.1)
Proof. For @€ P and of the form
?(z) =
—_1ym —_1yn m
1+ Xm-1 (2r31 (2%0:1 (mj Zn)
, consider
_ 1+w(z)
@) = ooy (2.2)

where w(z) is such that w(0) =0 and
|w(z)| < 1. It follows easily that

D(z)-1_z z? z°
w(z) = ®(z)+1 4 16 192
5z4
-
(2.3)
Now, if

P(z) =1+ Rz + Ryz% + Ryz3+. ..,
then from (2.3), one may obtain

p0(@) = 1+ Rw(z)+ Ry(w(2))’ + Ry(w(z))*+
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16 184
where R, = ;,Rg = and R; = Py
see [10]. Using these, the series reduces to
~ 2z z2 1328
Plw@) =1+ - ——-— (2.4)

Since p EUP[®,A,B], so from relations
(1.2), (1.7) and (2.4), one may have

A+ Dpwl=) —Aa—1)

PE =B+ DpwE) — (B — D
. (A-B)z [(A-B)(B+1)
=1+ w2 _( T + 5
(A-B)+2(B+1) (A-B)(B+1)
1%1‘[2 ) ( 6 +
(B+1) 13[(A-B)+2(B+1)]\ 3
6wt 180m2 )Z ton
(2.5)
If p(z)=1+4)0_1 pnz™, then equating
coefficients of z and z2, to obtain
A—B
pL="— (2.6)
(A-B)(B+1) (A—-B)+2(B+1)
P2 == T e (2.7)
_ (A-B)(B+1)?  (B+1)?
pPs =~ 6 T T emt
13[(A-B)+2(B+1)]
180m2
(2.8)

WhICh completes the proof of Theorem 2.1.

Theorem 2.2: Let feUS*[®,a A B]
—1=<=B<A=1az=0and of the form
(1.1). Then, denoting the coefficients of
z,z%,z> by  p.,p,, psrespectively, the
absolute values of the coefficients are

bounded as such

‘a a ‘ (A-B) (A-B)
37 Haz 2H2(1+3aj|(1+2ajn2
(B+1) _ (A-B)+2(B+1) _

2 12(A—B)
2(A—B)(1+3aj,u|

(1+2a)?m?

(2.9
for a real number p.

Proof. If
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fEUS*[®,0,ABl,-1<B<A<

1

and a = 0 then it follows from (1.2), (1.7)
and (1.13)

zf' (@) 221" (2

@ T e

_ (at1)p(e(z))—(A-1)
(B+1)p(w(2))-(B-1Y

(2.10)

where w(z) is such that w(0) =0 and
|w(z)| < 1. The right hand side of (2.10)
gets its series form from (2.5) and reduces
to

zf'(2)
f(2)
((A—B] (B+1)

d

22"z _ (A-B)z
@ it m
(A—Bj+2(B+1j) 5

2 md

((A—Bj(:‘Hlj + (B+tj +
m 6T

13[(A—138j0+22(3+1j])23+m

n

(2.11)

If f=z+Yr,ap(a)z®, then the left

hand side of (2.10) gives

zf'(2) 21z _
) W =1+ (1 + 2“)0‘,22 +

[2(1 +3a)a; — (1 + 2a)ai]z?+..

(2.12)

From (2.11), (2.12) and comparison of
coefficients of z and z2 we get

A—E
@ = G (2.13)
and
2(1+ 3a)as — (1 + 2a)as =
(A—B)(B+1) (A—-B)+2(B+1)
N T N (12m2
(2.14)
This implies, by using (2.13)
__(A-B) (A-B) (B+1)
a3 T om?(1+3a) ln? (1+2a) - onz
(A—Bj+2(B+1j]
12(A—B)
(2.15)

which completes the proof of Theorem 2.2.
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Theorem 2.3: Let feUM[D, a4 B]
—1<B<A=<1az=0and of the form
(1.1). Then, denoting the coefficients of
z,z%,z° by  p.,p,, psrespectively, the
absolute values of the coefficients are
bounded as such

las — pa3| <

(4-B) |(4-B)(1+3a) (B+1)

2r2(142a) | (1+a)2n?
(A-B)+2(B+1) .

12(A—E)
|

2(A-B)(1+2a) 1
for a real number u.

w2

(1+a)2m?

(2.16)

Proof. If

fEUM[P,a,ABl,-1<B<A<

1

and a = 0 then it follows from (1.2), (1.7)
and (1.14)

zf"' (2)
'@

_ N2 (@
(1-a) @ +o:(1+
(A+1)p(w(z))-(A-1)
(B+1D)p(w(2))-(B-1)

(2.17)
where w(z) is such that «(0) =0 and
|lw(z)| < 1. The right hand side of (2.17)
gets its series form from (2.5) and reduces

to

zf'(z) zf"(z)
(1- a)—f(z) +a (1 +—f’(z) )
14 (A:)z _ ((A—BT}[‘EB+1) +

(A-B)+2(B+1)\ 5 (A-B)(B+1)?
12m2 )z ( 6 +

2
Gy )2+

13[(A-B)+2(B+1)]
18072

(2.18)

If f=z+Y%, ar(a)zF, then the left
hand side of (2.18) gives
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o\ 2@ zf" (@) _
(1 a)—f(zj +a(1 +—f’(zj)

1+ (1 +a)az+ [2(1 + 2a)az —
(1+ 3a)a3]z%+...
(2.19)

From (2.18) and (2.19), comparison of
coefficients of z and z2 gives

_ _(A-B)
T (+a)m?

(2.20)

az
and
2(1+ 2a)as — (1 + 3a)as =

_ (A-B)(B+1) (A-B)+2(B+1)
1212

i

(2.21)

This implies, by using (2.20)

. 1 (A-B)?(1+3a)
T omz(a+za) L m2(i+a)? B
(A-B)(B+1) (A—B)+2(B+1j]

2 12

, (2.22)

as

which completes the proof of Theorem 2.3.

Theorem 2.4:. Let feUL[®, a4, B)],
—1=B<A=1a=0and of the form
(1.1). Then, denoting the coefficients of
z,z%,z° by  pi,p., parespectively, the
absolute values of the coefficients are
bounded as such
las — na3| <

(A-B) |(4-B)[3(4—3a)-(2-a)®]
4% (3-2a) | (2—a)?m?
2(B+1) (A-B)+2(B+1)

7 6(a-B)
4(A—B)(3—2aj,u|

(2—a)?m?

w2

, (2.23)
for a real number L.

Proof. If
feUL[®aAB],-1=B<A<1 and
a = 0 then it follows from (1.2), (1.7) and
(1.15)
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21’ @)\* 2”@\ _
(f(ZJ ) (1+ f’(ZJ) B
(A+D)p(w(2)-(4-1)
(B+1)p(w(2)—(B—1)

(2.24)
where w(z) is such that w(0) =0 and
|w(z)| < 1. The right hand side of (2.24)
gets its series form from (2.4) and reduces
to

' @\"
(%) (1
=1+ &0z

T
(A-B)+2(B+1)

1272
(B+1)?
6t

Zf’f(ZJ)l_a
7@

(
)z~ (

13[(A-B)+2(B+1)]
18072

(A—Bj£B+ 1) T
T

(A-B)(B+1)?
N

)z3+...

(2.25)

If f=z+Yr,ac(a)zk, then the left
hand side of (2.24) gives
27" @) * 2" (@) _
( 7@ ) (1 +1f’(2} ) =1+
(2 —a)ayz +E[((2 —a)? —3(4—
3a))a2 + 4(3 — 2a)az]z? + -

(2.26)

From (2.25) and (2.26), comparison of

coefficients of z and z2 gives
_ _(a-B)
T (z-a)m?

a (2.27)

and
[ - a)? - 3(4—3a))aZ +

4(3 - 2a)ag) = - E22ED
(A-B)+2(B+1)
(12m?

(2.28)

This implies, by using (2.27)
az =
(A-B)
42 (3—-2a)
2(B+1) (A-B)+2(B+1)
 6(4-B)

[(A—Bj [B(4-3a)-(2-®)?]
(2—a)?m?

|

T2

(2.29)

which completes the proof of Theorem 2.4.
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Taking A =1 and B = —1 in Theorem 2.1
to obtain

Corollary 2.1: Let p€UP[®1,-1],
—1 =B < A= 1and of  the form
p(z) =1+ Y5, ppz™. Then, denoting the
coefficients of z,z2%,2°3 by
p1, P2, PslESpectively, the absolute values of
the coefficients are bounded as such

2
|p1 =3

|p2| = 62’

and
13

9or?’

lps| =

Setting A= 1 and B = —1 in Theorem 2.2
obtains

Corollary 2.2: Let freUus'[®a1,—1]
—1=<=B<A<1az=0and of the form
(1.1). Then, denoting the coefficients of
z,z%,z> by  p.,p,, psrespectively, the
absolute values of the coefficients are

bounded as such

1 | 2
m2(1+3a) | (1+2a)m2

2
‘ag - ‘u,az‘ =
1
12

4(1+3a)u
(1+2a)?m?

»

for a real number L.

Putting @ = 0 in Corollary 2.2, one may
have

Corollary 23: Let reUs*[®0,1,—1]
—1=<B<A<1la=0and of the form
(1.1). Then, denoting the coefficients of
z,z%,z° by  py,pspsrespectively, the
absolute values of the coefficients are
bounded as such

12

2
‘ag - ,uaz‘ =
for a real number p.

Taking @ = 1 in Corollary 2.2 gets
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Corollary 2.4: Let feus*[®1,1,—1]
—1=B<A=1az=0and of the form
(1.1). Then, denoting the coefficients of
z,z%,z3 by  p,,p,, psrespectively, the
absolute values of the coefficients are
bounded as such

‘ag ,u,az‘ 4;12 a2 12 omZl
for a real number u.

2 1 16u

Inserting A=1 and B = —1 in Theorem
2.3 we obtain

Corollary 25: Let feum[®ea1,—1]
—1<B<A<1,a=0and of the form
(1.1). Then, denoting the coefficients of
z,z%,z3> by pi,p2 parespectively, the
absolute values of the coefficients are
bounded as such

2
‘ag - ‘uaz‘ =
1 4(1+2a)p
12 (1+a)2m2l’

1 |2(1+3aj _
m2(1+2a) |(1-a)2m2

for a real number u.
Putting @ = 0 in Corollary 2.5 we get

Corollary 2.6: Let feum[®,01,—1],
—-1=B<A=1a=0and of the form
(1.1). Then, denoting the coefficients of
z,z%,z° by  pi,p,, psrespectively, the
absolute values of the coefficients are
bounded as such

2 1
‘aa - P:az‘ =3
for a real number p.

Setting @ = 1 in Corollary 2.5, one may
have

Corollary 2.7: Let feum[o1,1,-1],
—1=B<A=1la=0and of the form
(1.1). Then, denoting the coefficients of
z,z%,z> by  pi,p. psrespectively, the
absolute values of the coefficients are
bounded as such

af| <
‘ 'u' 2 3?-[2

for a real number L.

Putting A =1 and B = —1 in Theorem 2.4
we get

Corollary 2.8: Let feuvs[d,a1,-1],
—-1=B<A=1la=0and of the form
(1.1). Then, denoting the coefficients of
z,z%,z%> by  pi,p., parespectively, the
absolute values of the coefficients are
bounded as such

las — pa3| <

1 [2[3(4-30)-(2-0)*] 1
an2(3-2a)l  (2-a)?n? 6
8(3—2a)u
(2—a)?m?

for a real number L.
Taking @ = 0 in Corollary 2.8 to obtain

Corollary 2.9: Let feUL[®,01,—1],
—1=<B<A<1la=0and of the form
(1.1). Then, denoting the coefficients of
z,z%,z° by  pi,p., parespectively, the
absolute values of the coefficients are
bounded as such

‘a3 P:az‘ 6112 2 & w2l
for a real number L.

4 1 6p

Inserting « = 1 in Corollary 2.8, one may
have

Corollary 2.10: Let revUL[®,1,1,-1],
—-1=B<A=1la=0and of the form
(1). Then, denoting the coefficients of
z,z%,z% by  p.,p,, psrespectively, the
absolute values of the coefficients are
bounded as such

‘G'B JU'G'Z‘ 2?.[2
for a real number L.

4 1 8u

2 6 w2l
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