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Abstract

In this paper 1-distributive lattices which is a generalization of distributive lattices were
discussed. We give a characterization of 1-distributive lattices. The Separation Theorem for
the element 1 is proven. Normal lattices and comaximal lattices are also disscussed. It is
shown that the class of comaximal lattices is a subclass of normal lattices but not the
converse. The two classes are same if the lattices are 1-distributive.
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1. Introduction

Lattice theories play an important
role for the study of universal algebra. We
refer the reader to the monographs [2, 3] for
lattice theories. There are many research
works on modular and distributive lattices. A
lattice L is called distributive if for any
abcel,

an(bvc)=(anb)v(anc)
or equivalently,
av(bac)=(avb)a(avc).

Now a natural question is: when it is
possible to generalize the results of
distributive lattices for any lattices? In this
paper we generalize some results of
distributive lattices with (the largest element)
1. A lattice L with 1 is called 1-distributive if
forany a,b,celL,

avb=l=avc=av(bac)=1.
The pentagonal lattice Ps (see the diagram in

Figure 1) is 1-distributive but not
distributive. Thus, not every 1-distributive

lattice is a distributive lattice. The diamond
lattice M3 (see the diagram in Figure 1) is not
1-distributive.

N\
c [ A . Q
ub 4 ™
m\ // 1! C-/ Co \-'J b
/:’ ~ I
Ps 0 N Ms

Fig.1.The pentagonal lattice Ps and the
diamond lattice M3,

In Section 2, we study 1-distributive
lattices. Like as distributive lattices we give a
characterization of 1-distributive lattices. We
also prove a separation theorem for the
element 1.

In [1] Cornish has introduced normal lattices
in presence of distributivity. In Section 3, we
generalize a part of his result. We study the
class of normal lattices in general. We also
study the class of comaximal lattices. We
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show that the class of comaximal lattices is a
proper subclass of the class of normal
lattices. We also show that these two classes
are equivalent in 1-distributive lattices.

2. 1-distributive Lattices.

There are very few works on 1-
distributive  lattices. For  1-distributive
lattices, we refer the reader to [4].

By the definition, clearly we have the
following results.

Lemma 2.1.
(a) Every distributive lattice with 1 is
1-distributive.
(b) Every sublattice with the 1 of a
1-distributive lattice is 1-distributive.

Thus, the class of distributive lattices
with 1 is a proper subclass of 1-distributive
lattices. Another important subclass of
lattices is modular lattices. A lattice L is
called modular if for any a,b,ceL with

c<a implies
an(bvc)=(anb)vc

Now we have the following
characterization of 1-distributive lattices.

Theorem 2.2.
Let L be a modular lattice with 1. Then
the following are equivalent:

(a) L is 1-distributive;
(b) L contains no sublattice with the 1
isomorphic to either Mz or N given
in the Figure 2.

Proof.

(8)=(b). Let L be 1-distributive. By
the definition, the lattices M3 and N are not
1-distributive. By Lemma 2.1.(b) every

sublattice with 1 of a 1-distributive lattice is
1-distributive. Therefore, L has no sublattice

isomorphic to Mz or N.

Fig.2. Two modular but not 1-distributive
lattices.

(b)=(a). Let L be a modular lattice
with 1. Assume L is not 1-distributive. We
construct a sublattice with 1 of L which is
isomorphic to one of the lattices M3 or N
given by the diagrams in Figure 2. Since L is
not 1-distributive, there are non-comparable
elements d,e, f e Lsuch that

dve=l=dvfanddv(eaf)<l

Put
p=(dve)alevi)a(dvT)
g=(dAare)veaf)v(dnaf)

u=(dvgAap
v=(evg)Aap
w=(fvg)ap

r=dv(Eenanf)=dvaq
Then clearly, U,V,Ware non-comparable,
dvp=l dvg<l, evg=ev(daf)
and Q,U,v,W<p. Hence <U,V,W and
g<p.Now
uvv=(dva)rp)v(leva)Ap)
=(dva)v(evaap)ap
By modularity where (evVQ)AP<p
=(dvav(erpva)ap
By modularity where < p
=(dva)veap)vgap
=(dva)veap)ap
=(dvEeaf)vieadvi)ap
=(dvEeaf)ve)ap [-dvf=]]
=(dve)ap
=p [-dve=]]
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Similarly, VvVW=pand WvU=D.

Again
uav=(dva)Arp)A(eva)ap)
=(dva)a(eva)ap
=(dn(eva)va)ap
By modularity where g <ev(q
=(@da(evdaf)))vaap
=(dne)v(dAaf)vg)ap
By modularity where d A f <d
=qAp
=0,
Similarly, VAW=(Q and WAU=(.

Case 1. When p=1. Then
u=dvg=dv(eaf)=r.
Hence the set {Q,u,v,w,T}with the

operations of L forms a sublattice, say, A
with 1 of L (see the diagram in Figure 3)
which is isomorphic to Ms.

1
H‘Q>J i
U q

Figure 3.

Case 2. When p#1. We have
u=(dvg)ap =(dv(Eeaf)ap
=rAP.
Thus, u<r. Now
rvp=dv(eaf)vp=1
rvv=(dv(eaf))v(evg Ap)
=dv(eaf)v(paqg)ve
=dvev(Eeaf)v(pag)
By modularity, where e< p=ev f
=], sincedve=1.
Similarly, rvw=1. Also
rav=>dvg)alevg)Ap
=(dveaf)alev(f Ad)Ap

=((ev(f Ad)Ad)v(Eeaf)ap
By modularity eA f <ev(f Ad)
=(dAre)v(fAd)v(EeaT)Ap
By modularity where f Ad <d
=qApP=q
Similarly, r AW=(Q.

Hence the set {g, U, v, W, p, r, with the
operations of L forms a sublattice, say, B
with 1 of L (see the diagram in Figure 4)
which is isomorphic to 2NV,

Fig.4.

Let L be a lattice. A non-empty
subset | of L is called an ideal of L if

(i) aeLl and bel with a<b implies
ael.

(i) a,b el implies avbel.
An ideal | of L is called a proper ideal if
| #L A minimal ideal | of L is a proper
ideal which does not contain any other
proper ideal, that is, if there is a proper ideal
J of L such that Jc I, then J=I. A
proper ideal P of L is called a prime ideal if
forany a,b €L suchthat aAbeP implies

either acPor beP.
Now we have the following
Separation Theorem for the element 1.

Theorem 2.3. Let L be a 1-distributive
lattice and | be an ideal of L such that 1& | .
Then there is a prime ideal P of L such that
| cPand1¢P.
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Proof. Let L be a 1-distributive lattice and
let | be an ideal of L such that [) N1 =¢.

Suppose
X ={J| Jisanidealof L containing |
and[l) nJ = ¢}
Then X satisfies all the conditions of the
Zorn's Lemma. Hence there is a maximal
element, say, M of .X. Now we show that M
is a prime ideal of L. If M is not prime, then
there are a,b e L\ M such that anbeM.
By the maximality of M, we have
le M v (a] and 1€ M v (b]. This implies
mva=1l=mvDbfor some meM. Thus
mv(anb)=1eM as L is 1-distributive,
which is a contradiction. Hence M is prime.

3. Normal and Comaximal Lattices

A lattice L is called a normal lattice
if every prime ideal of L contains a unique
minimal prime ideal. The pentagonal lattice
Ps (see the diagram in Figure 1) is a normal
lattice, because it has only two prime ideals
(b] and (c]which are also minimal prime

ideals.

Two ideals P and Q of a lattice L are
said to be comaximal if PvQ=L. A
lattice L with O is said to be a comaximal
lattice if any two minimal prime ideals of L
are comaximal. The pentagonal lattice 2Ps
(see the diagram in Figure 1) is comaximal,
because it has only two minimal prime ideals

(b] and (c]where (b]v(c]=L.

Theorem 3.1. Every comaximal lattice is
normal.

Proof. Let L be a comaximal lattice. If L is
not normal, then there is a prime ideal P of L
such that P contains two distinct minimal
prime ideals Q and R (say) of L. In this case
Qv R c P =L, which contradicts the fact

that L is comaximal. Thus L is normal.

.
The converse of the above theorem not
necessarily true. That is, not every normal
lattice is a comaximal lattice. For
counterexample, if we consider the lattice L
given by the following diagram (see Figure
5), then the ideals (a] and (b] are only the
prime ideals. This shows that every prime
ideal contains a unique minimal prime ideal.
Thus, L; is normal. But L is not comaximal
as (a]v (b] # L. Observe that the lattice L,

is not 1-distributive as it has a sublattice with
1 isomorphic to the diamond lattice M3,

1
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Fig.5. A normal but not comaximal lattice.

Now we have the following characterization
of comaximal lattices.

Theorem 3.2. Every 1-distributive normal
lattice is a comaximal lattice.

Proof. Let L be a 1-distributive normal
lattice. Suppose L is not comaximal. Then
there are two minimal distinct prime ideals P
and Q of L such that PvQ=L. Thus

1¢ Pv Q. Then by Theorem 2.3, there is a
prime ideal M containing P v Q. This shows

that L is not a normal lattice, a contradiction.
Hence L is a comaximal lattice.

4. References
[1] Cornish, W.H. Normal lattices, J.

Austral. Math. Soc., Vol. 14 pp., 200-
215, 1972



Vol.21, No.1, January-March 2016

Thammasat International Journal of Science and Technology

(2]

3]

[4]

Davey, B.A. and Priestley, H.A.,
Introduction to Lattices and Order,
Second edition, Cambridge University
Press, Cambridge, 2002.

G. Gr\"atzer, Lattice Theory: First
Concepts and Distributive Lattices,
Freeman, San Francisco, 1971.
Sultana R., Ali M.A., and Noor,
AS.A.,, Some Properties of O0-
Distributive and 1-Distributive
Lattices, Annals of Pure and Applied
Mathematics, Vol. 1, No. 2, pp. 168-
175, 2012.



