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Abstract
A meet semilattice S is called directed above if for each a, b € S there exist d €S such that d > a,
d > b. In this paper we have introduced the notion of modular and dual standard elements in a directed
above meet semilattice and included several characterizations of these elements. We prove that an
element is dual standard if and only if it is both modular and dual distributive. We have also included a
number of characterizations of modular and standard filters of directed above meet semilattices.
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Introduction

In lattices, standard elements and ideals
have been studied extensively by [2]. Ramana et
al. [5] have studied them in joined semilattices
directed below. Many results of [5] have been
extended by Talukder & Noor in [6, 7]. In [6, 7]
the authors have also introduced the notion of
modular elements in joined semilattices. On the
other hand, [3] have studied the modular
elements very briefly in a general lattice.

In this paper we give a notion of modular
and dual standard elements of a meet semilattice
directed above.

We also include some characterizations of
modular and standard filters of a meet
semilattice.

A semilattice S is called a directed above
semilattice if for all a, b € S there exist
d €S such thatd>a,d >b.

A meet semilattice S is called a modular
semilattice if w > a A b and w < a, which implies
that there exist y € Ssuch thaty >bandy na=
w.

A meet semilattice S is called a distributive
semilattice if w > a A b, which implies that there
exist x> a,y>bin Ssuchthatw=xAYy.

Of course every (modular) distributive
semilattice is directed above.

1. Modular elements and modular filters.

By [6], an element m of a lattice L is
modular if for allx,y e Lwithy <x, x A(m v
Y =(xAmvy.

We define an element m of a meet
semilattice S as a modular element if y 2 m A x
with y £ x (X, vy € S), which implies the
existence of
m; > m such that y = mj A x.

It is very easy to see that the above two
definitions are equivalent in the case of a lattice.

Thus by [6], in a lattice we have the
following result:

Theoreml.1. An element m of a lattice is

modular if it has any of the following equivalent

properties.

(1) Forx,ye Lwithy<x,xA(mvy)=
xAm)vy

(i1) Forx<mvywithy<x(x,y € L)
implies the existence of m) < m such that
X=mVvy.

(iii) Fory>maxwithy<x(x,yeL)
implies the existence of m; 2 m such that
y =mAX.

By [1], an element d of a meet semilattice S
is called dual distributive if
X>dAaa,x2dAb(x a, be S), which implies
the existence of ¢ € S such thatc >a,c>band
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x>dAc.

We also know by [1] that any semilattice
with a dual distributive element is directed
above. But this is not true for a semilattice with
only a modular element. For example in the
meet semilattice S of Fig 1,

a b

0

S
Figure 1

0 is modular but S is not directed above.

Sy
Figure 2

Remark. If a and b are two modular elements of
a meet semilattice directed above, then a A b and
a v b (if they exist) are not necessarily modular.

For example, consider the lattices S; and S;
given below:

A routine calculation shows that a and b are
modular in both the lattices, but neither a A b in
S, nor a v b in S, is modular.

Clearly every element of a modular
semilattice is modular. Moreover, if every
element of a semilattice is modular then the
semilattice is modular.

A filter M of a meet semilattice S is called
modular if M is a modular element of the lattice
of filters D(S). By [4] D(S) is a lattice if and
only if S is directed above. So we will consider
here only the directed above meet semilattices.

Now we prove the following result:
Theorem 1.2. A filter M of a directed above
semilattice S is modular if and only if for all
principal filters Land J of S with J < L, TA(M v
D=(AM)Vv]

Proof. If M is modular, then the condition
obviously holds.

Conversely, suppose the given condition
holds. Let P and Q be any two filters of S with Q
cP.Let xePA(MvQ).Thenx € Pand x =
m A q for some m € M and q € Q. This implies
x € Pand x e Mv [q). Thus,x Aq € M v [q)
andsoxArgqexAa@AMv@)=(IxArg A
M) v [q). But x € P and q € Q < P implies x A
q € P. Therefore, x A q € (P A M) v Q, and so X
ePAM)vQ,ie. PAMVQ c(PAM)VQ.
The reverse inclusion is trivial. Hence, M is
modular.

Now, we give a characterization of a
modular filter.

Theorem 1.3. A filter M of a directed above
meet semilattice S is modular if and only if
X=mAywithy 2 X, for somemeM(X,y €
S), then there exists m € M such that
X=myAYy.

Proof. Suppose M is modular and x > m Ay
withy > x, (x, y € S), for some m € M. Then x
e [x) A M v [y)=(x) A M)V [y This
implies x > m; A y for some m; > x, me M.
Since m;>xandy > x, m;Ay=x and hence,
X=mAYy.

Conversely, let the given condition holds.
Suppose x e IAM v ) withJ < 1, I, J are
filters of S. Then x € [ and x > m A j for some m
eM,jeJ. Then x AjZmAj. Sincej =X Aj
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and m € M by the given condition x Aj =my A
j for some mje M. Now, x e landj e Jc
implies x A j € 1. Also, m;2>x A j implies mje
I. Thus, m; € I A M. Therefore, X Aj €
IaM)v ] and xe(IAM) v]. Hence,
IAMv ) c(dAM)v ] The reverse inclusion
is trivial. Therefore, M is modular.

The following result immediately follows
from the above theorem.

Theorem 1.4. An element m of a directed
above semilattice S is modular if and only if [m)
is a modular filter of S.

Now we give another characterization of
modular filters.

Theorem1.5. A filter M of a directed above
semilattice S is modular if and only if
0={xy) € SxSlxAm=yAam=xAyfor
some m € M} is a congruence.

Proof. First suppose M is modular. It will be
shown that 8 = yy. Clearly, 8 < ym Now, let
x =y (ym). Then x A m =y A m for some
m € M. This impliesx 2y Am,andsox Ay 2y
A m. Since M is modular, by Theorem 1.3, there
exists mye M such thatx Ay =y A m;.
Similarly, x A y =y A m, for some m, € M.
Thus, X Ay =X Am A m =y Am A my, and
m; A my € M. Hence, x = y(8). Therefore,
0 = yy and so 6 is a congruence.

Conversely, let 8 be a congruence. Let
x2mAay with y>x,(x,y € S) for some
me M. Obviously, yam=y(6). Also,
XA(yaAm)=xAm=yAm=(yAm)Am
implies that X =y A m (0). Then by transitivity,
x =y(0). So x Ay=x Am =y A m for some
m;e M, that is x =y A m, which implies that M
is modular by Theorem 1.3.

Thus we have the following corollary:
Corollary 1.6. An element m of a directed
above semilattice S is modular if and only if
0={(x,y) € SxSlX/\m1=y/\m[:)(/\yfor
some m,; > m} is a congruence.

According to [3], an element m of a lattice

Lis modularifa<b,anm=bAamandavm=
b v m imply that a = b. It is easy to show that
this definition of modularity is equivalent to our
definition. With the help of this definition we
prove the following result which concludes the
section.
Theorem 1.7. Let F be an arbitrary filter and
M be a modular filter of a directed above
semilattice S. If F v M and F A M are both
principal, then F itself is principal.

Proof. Let F v M =[a)and F A M = [b). Then
a>mna fforsomeme M, feF. SincefeF
c [a), f = a. Hence by Theorem 1.3, a=m; A f
for some m;e M.Thus, [a) = [m;) v [f) c M
v[HcMv[fAab)cMv F = [a). Therefore,
MvI=Myv[fAb) Again,[b)=MAF2M
A [fA D) 2 M A [b) = [b).Therefore, M A F =M
A [f A b). Since [f A b)  F, by the definition of
modularity, F = [f A b).

2. Dual Standard elements and Standard
filters

An element s of S is called a dual standard
if x = s At(x,t e S) which implies the existence
of 5,25, t;2t(s t; € S) suchthat x=s; A t;.

Now we give some properties of dual
standard elements.

Lemma 2.1. Every dual standard element of S is
a dual distributive element of S.

Proof. Let s be a dual standard element of S.
Suppose x 2s naand x 2s Ab(x,a, b e S),
Since s is dual standard, there exist s;>s,a;>a
such that x =s; A a; (s, a1€ S), Nowa; >2x =5
A b. This implies a; = s, A by (b}, 52 € S), s 25,
b; > b. Therefore x = s; A s; A by > s A by, where
b; > a; > a, b; = b. Hence s is a dual distributive
element of S.

Thus by [1, Theorem 1] a meet semilattice
possessing a dual standard element is of course
directed above. So in this section we will
always assume the meet semilattices S is
directed above.

Theorem 2.2. Let s € S be a dual standard
element. If a v s exists for some a € S, thenav's
is a dual standard in [a).

Proof. Here, s is dual standard. Suppose a v s
exists, thena v s € [a). Letx € [a)and x2>(av
s) A t,t € [a). Now x > s A t. Since s is dual
standard in S, x = s; A t; for some s; > s, t; > t.
Then s;>x > a implies s; > s v a. Therefore,
X=8 At 8 2sva,t >t Hence, av s is dual
standard in [a).

Theorem 2.3. Let s, s> € S be dual standard,
then s; A s, Is dual standard.

Proof. Let x > (s; A $) At =15, A (52 A t). Since
s, is dual standard, there exist a>s;,b>s; A t
such that x =a A b. Now b >s, At. Since s, is
dual standard, there exist ¢ >s; d >t such thatb
=cnd. Sox=(anc)adwherea; > s;c2s,,
d>t Thatis,anc>8 AS;,d=t Hences As,
is dual standard.
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A filter F of a meet semilattice S is called

standard if F is a standard element of D(S).
Theorem 2.4. An element s of S is dual
standard if and only if [s) is a standard filter
of S.
Proof. Suppose s is dual standard. Then [a) A
Ovin=[rlsa)y=lavsat)=[avs)
A@avt=[avs)v@avt)=(a)als)v(a)
A [t). Therefore [s) is standard.

Conversely, suppose [s) is standard. Let x >
s At then [X) c [s A t) = [s) v [t). So,
=) A(s)Vv[D)=Ux)A[s) v (X)A[D)as
[s) is standard.

Thus, x € ([x) A [5) v ([X) A [t), which
implies x >a Ab>x wherea € [X) A[s), b €
[X) A [t). Therefore, x =aAnb,a>s,b>tands
is dual standard.

Now we give a characterization of standard
filters.

Theorem 2.5. A filter T of S is standard if and
only if, x 2t A~ a for somet € T (x,a € S)
implies the existence of tie T and a; > a such
that X =t A ay.

Proof. Suppose T is standard and let x 2t A a
forsomete T(x,a€ S). Thenx € [x) A (T v
[a)) = ([x) A T) v ([x) A [a)). This implies x 2 t;
Aa forsome t;>2x,t € Tanda;>x, a2 a.
Now t; > x and a; > x imply t; A a; > x, which
implies x =1t; A a,witht; € T and a, 2 a.

Conversely, let the given condition hold
andletx € IA(T v ) forany I, J € D(S). Then
xeland x>t Ajforsomete Tandj e J.
Then there exist tje T and j, > j such that x =t,
Ajr.Since ;> x, ji12xandx e Lxe IAT) v
A J). This implies T is standard.

Following result gives characterizations for
standard ideals in meet semilattices directed
above.

Theorem 2.6. For a filter T of S, the following

conditions are equivalent.

(1) T is a standard filter

(i) For any filter 1, TvI={t A ilt e T,
iel}

(iii) For any principal filter I, T v 1= {t A 1 |t
eT,iel} ’

(iv) Foranyx,y € S,[x) A (T v [y)=({x)A
T v ([x) A [y)

Proof. (i) = (ii). Suppose T is standard and x

TvIThenx>tAiforsomete Tandi el

Since T is standard, so by Theorem 2.5, there

exist t; € T, iy = 1 such that x = t; A i;, Thus (ii)
holds.

(ii) = (iii) is obvious.

(iii) = (iv). Suppose (iii) holds and p € [x) A (T
v[y). Thenp>xandp=tAy; forsomete T,
yie [y). Nowt>p2xandy, 2 p2ximpliest €
[xX) A Tand yje [x) Aly). Thusp € ((x) A T) v
([x) A [y)) and hence (iv) holds.

(iv) = (i) . Suppose (iv) holds and x 2 t A a for
somet e T(x,aeS) Thenx €T v [a), and so
X) =) A(TVv[@)=(x)AT) v(x)Al[a).
Then x >p A q forsomep € T, q = a withp,q 2
x. This implies x =p A qand p € T, q 2 a.
Hence by Theorem 2.5, T is standard.

Theorem 2.7. Let [ be an arbitrary filter and T
a standard filter of S. If 1v Tand1 AT are
both principal, then 1 itself is principal.

Proof. Let v T=[a)and I A T=[b). Thena=t
Ax(te T, x el). Weclaimthat I =[x A b).
Indeed, [2)=[t) vx)c Tv[x)cTv[xab)c
TvI=]a),so TvI=Tv[x ADb).Further, [b) =
TAIDTA[xAD)DTA[b)=[b)andso T Al
=T A [x A b). Since T is standard, by [7,
Theorem 1], I =[x A b).

The following theorem gives a
characterization of standard filters in terms of a
congruence.

Theorem 2.8. A filter T of S is standard if and
only if

0={xy)e S><S|X/\t=y/\t=X/\yfor
some te T}is a congruence relation and
(x, y)e 0, z > y,which implies that there exists w
> X, z such that (w, z) € 8.

Proof. Let T be a standard filter. It will be
shown that 6 = {(x,y) € SxS|xnat =y atfor
some t € T} (= Or) so that 8 is a congruence
relation. Clearly 6 < 61. So let (x, y) € 01 so
thatx At=y A tand hence x € [x) N ([y) v T)
=[x) N [y) v ([x) N T). Thus there exist y, 2 y,
X, t; € T, t; 2 x such that x > y, A t; and hence x
=y; A t;. By a similar argument there exist x; =
X,t,e€ T suchthat y=x,At,, Therefore x
AYV=YIAL AXx AL sothatx Ay=XAtiAaL=
yAtyatand ty Aty €T. Thus (x, y) € 0. Let (x,
y)e Oandz>ysothatx At=y At for somet
e Tandhencez>zAt2yant=xat. Thusze
[2) N ([x)v T)=([z) n[x) Vv ([z) " T) so that z
> x At where x; 22, Xx,t;> 2t € T and hence
z=X;At;. Thus z A t; = X; A t; so that (z, x;) €
GT =0,



Thammasat Int. J. Sc. Tech., Vol. 12, No. 4, October-December 2007

Conversely let x e AN (T v B)sothatx e
Aandx>tAbforsomet e Tandb e B. Since
(t A b, b) e 0, there exists w > x, b such that (w,
x) e 0. Hence w A tj=x Aty =w A x =X for
some t €T. Thus T is standard.

Thus we have the following corollary.
Corollary 2.9. An element t € S is dual
standard if and only if 6= {(x,y) € S x S| x A
tt =y At =X AYy for somet zt}isa
congruence relation and (x, y)e 0. z 2 y implies
that there exists w > X, z such that (w, z) € 0.
Finally we include the following
characterization of dual standard elements.
Theorem 2.10. An element s of S is dual
standard, if and only if,

(1) s is dual distributive
and (i) s is modular.
Proof. Suppose s is dual standard. Then (i)
holds by Lemma 2.1.
For (ii), let y 2 s A x with y < x. Since s is dual
standard, so y = s; A x; for some s, > s, X; > x (5,
x1€S). Thusy=XAYy=XASAX =S AKX
Therefore S is modular.

Conversely, suppose (i) and (ii) hold and let
y2sAx(X,y €8). Sincey >2s Ayand s is dual
distributive, there exists t € S with t > x, y such
that y > s A t. Then by modularity of s, there
exists s; 2 s such that y = s| A t. This implies that
s is dual standard in S.

Thus we have the following results:
Corollary 2.11. In a modular semilattice, every
dual distributive element is dual standard.
Corollary 2.12. A filter of a semilattice is
standard if and only if it is both modular and
distributive.

Conclusion

In this paper we have proved that a filter in
a directed above meet semilattice is standard if
and only if it is both modular and distributive.
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