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Abstract
A meet semilattice S is called directed above if foreach a, b e S there exist d eS such that d> a,

d > b. In this paper we have introduced the notion of modular and dual standard elements in a directed
above meet semilattice and included several characterizations of these elements. We prove that an
element is dual standard if and only if it is both modular and dual distributive. We have also included a
number of characterizations of modular and standard filters of directed above meet semilattices.
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Introduction
In lattices, standard elements and ideals

have been studied extensively by l2].Ramana et
al. [5] have studied them in joined semilattices
directed below. Many results of [5] have been
extended by Talukder & Noor in 16,7l.In [6, 7]
the authors have also introduced the notion of
modular elements in joined semilattices. On the
other hand, t3l have studied the modular
elements very briefly in a general lattice.

In this paper we give a notion of modular
and dual standard elements of a meet semilattice
directed above.
We also include some characterizations of
modular and standard filters of a meet
semilattice.

A semilattice S is called a directed above
semilattice if for all a, b e S there exist
d e S s u c h t h a t d > a , d > b .

A meet semilattice S is called a modular
semilattice ifw > a n b and w < a, which implies
that there exist y e S such that y 2 b and y n a :

w.
A meet semilattice S is called a distributive

semilattice if w > a n b, which implies that there
exist x > a,y > b in S such that w : x n y.

Of course every (modular) distributive
semilattice is directed above.

1. Modular elements and modular filters.
By [6], an element m of a lattice L is

m o d u l a r  i f  f o r a l l x , y  e  L w i t h y < x , x n ( m v
y ) :  ( x , r  m)  v  y .

We define an element m of a meet
semilattice S as a modular element if y > m n x
with y < x (x, y € S), which implies the
existence of
rflr ) m such that ]: m1 A x.
It is very easy to see that the above two
definitions are equivalent in the case ofa lattice.

Thus by [6], in a lattice we have the
following result:
Theoreml.l. An element m of a lattice is
modular if it has any of the following equivalent
properties.
( D  F o r x , y  e L w i t h y ( x , x n ( m v y ) :

( x ^ m ) v y
( i i )  F o r x <  m v y w i t h  y < x ( x ,  y  €  L )

implies the existence of m1! m such that
x :  m t v  ] .

( i i i )  F o r y > m n x w i t h  y < x ( x , y  €  L )
implies the existence of m1 ) m such that

| : m 1  A x .
By [1], an element d of a meet semilattice S

is called dual distributive if
X > d n a, x ) d rr b (x, a, be S), which implies
the existence ofc e S such that c ) a, c > b and



x > d n c .
We also know by [l] that any semilattice

with a dual distributive element is directed
above. But this is not true for a semilattice with

only a modular element. For example in the

meet semilattice S of Fig 1,

S

Figure I

0 is modular but S is not directed above.

a ^ b

S 1

a v b

Sz
Figure 2
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Remark. If a and b are two modular elements of

a meet semilattice directed above, then a n b and

a v b (if they exist) are not necessarily modular.
For example, consider the lattices 51 and 52

given below:
A routine calculation shows that a and b are

modular in both the lattices, but neither a n b in

S1 nor a v b in 52 is modular.
Clearly every element of a modular

semilattice is modular. Moreover, if every
element of a semilattice is modular then the

semilattice is modular.
A filter M of a meet semilattice S is called

modular if M is a modular element of the lattice

of filters D(S). By t4l D(S) is a lattice if and
only if S is directed above. So we will consider
here only the directed above meet semilattices.

Now we prove the following result:
Theorem 1.2. A filter M of a directed above

semilattice S is modular if and only if for all

principalfilters I and J ofS with J c I, I n (M v

J) :  (L l  M) v  J .
Proof. If M is modular, then the condition

obviously holds.
Conversely, suppose the given condition

holds. Let P and Q be any two filters of S with Q
c P.  Let  x  e P n (M v Q).  Thenx e P andx >

m n q for some m e M and q € Q. This implies

x e P and x e M v [q) .  Thus,x  ̂ q  € M v [q)
and so x ^ q € [*,. q) n (M v td) : ([x ^ q)  ̂

M) v [q). Butx e P and q € Q c P implies x n

q e P. Therefore, x n q e (P n M) v Q, and so x

e (P n M), ,  Q,  i .e .  P n (M v Q) c  (P n M) v Q'
The reverse inclusion is trivial. Hence, M is

modular.
Now, we give a charactetization of a

modular filter.
Theorem 1.3. A filter M of a directed above

meet semilattice S is modular if and only tf

x ) m n y with y > x,for some m e M (x, Y e

S), then there exists m1 € M such that

X = m 1  A ! .
Proof. Suppose M is modular and x > m ^ y

with y ) x, (x, y € S), for some m e M. Then x

e [x) n (M ., [y)) : (lx) n M) v [Y). This

implies x ) mr n y for Sorrl€ Ir11 ) x, mre M.

S i n c e  m 1  > x a n d Y ) X ,  m r  ̂ Y > x  a n d  h e n c e ,

x : m 1  A ] .
Conversely, let the given condition holds.

Suppose x e I n (M v J) with J g I, I, J are

filters of S. Then x e I and x > m n j for some m

€  M, j  e  J .  Then  x  ^ j  >  m  n j .  S ince j  >  ^  r . j



and m e M by the given condition x nj : m' n
j  f o r someml€  M.  Now,  x  e  I  and j  e  Jg  I

implies x n j e L Also, rrlr ) x n j implies m1 e

I. Thus, m1 e I n M. Therefore, xnj e
( I n M ) v J  a n d  x e ( I n M ) v J .  H e n c e ,

I n (M v J) c (I n M) v J. The reverse inclusion
is trivial. Therefore, M is modular.

The following result immediately follows
from the above theorem.
Theorem 1.4. An element m o.f a directed
above semilattice S is modular if and only if fm)
is a modularfilter oJ S.

Now we give another characterization of
modular filters.
Theoreml.S. A filter M of a directed above
semilattice S ,s modular if and only tf

0  :  { (x ,  y)  e S x Slx n m :  y  ^  m-_�  x  r ' ,y  for
somem e M) ts a congruence.
Proof. First suppose M is modular. It will be

shown that 0 - ryy. Clearly, 0 c yv Now, let
x = y (VM). Then x n m - y ^ m for some
m e M. This implies x ) y ^ m, and so x ^ y > y

n m. Since M is modular, by Theorem 1.3, there

exists m1e M such that x n y : Y ̂  mr.

Similarly, x ^ y : y n mz for some m2 € M.

Thus, x A y: x A rrl l  A mz: Y A lrt l A m2, and
1rI1 A 1n2 e M. Hence, x = y(0). Therefore,
0 : V" and so 0 is a congruence.

Conversely, let 0 be a congnrence. Let

x ) m n y  w i t h  y > x , ( x , y € S )  f o r  s o m e

m e M. Obviously, y,r m = y (0). Also,
x ^ (y ^ m) : x n m : y ^ m : (y n m) n m

implies that x = y n m (0). Then by transitivity,
x = y(0). So x n y: x ^ mr - y n ml for some
m1€ M, that is x: y n rtr, which implies that M
is modular by Theorem 1.3.

Thus we have the following corollary:
Corollary 1.6. An element m of a directed
above semilattice S is modular if and only f
0  :  { ( * , y )  e  S  x  S l x n m r  : y A  r n 1 : X  n y f o r

Soflt€ lIll > m) ts a congruence.
According to [3], an element m of a lattice

L is modular ifa < b, a n m : b n m and a v m :

b v m imply that a : b. It is easy to show that
this definition of modularity is equivalent to our
definition. With the help of this definition we
prove the following result which concludes the
section.
Theorem 1.7. Let F be an arbitrary filter and
M be a modular filter of a directed above
semilattice S. fF v M and F n M are both
principal, then F itself is principal.
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Proof. Let F v M: [a) and F n M: [b). Then

a ) m n ffor some m e M, f e F. Since f e F

c [a), f > a. Hence by Theorem 1.3, a: m1 A f

for  some m1e M.Thus,  [a) :  [m' )  v  [0 g M

v [f) c M v [f n b) c M v F : [a). Therefore,

M v I :  M v [ f  n  b) .  Again,  tb) :  M n F = M

n [fn b) r M n [b) : [b).Therefore, M n F : M

n [f n b). Since [f r b) c F, by the definition of
modu la r i t y ,F : [ f nb ) .

2. Dual Standard elements and Standard

filters
An element s of S is called a dual standard

ifx > s n t (x, t e S) which implies the existence
ofs l  )  s ,  t r  > t  (s1. t l  e  S)  such that  x :  s1 A t1

Now we give some properties of dual
standard elements.
Lemma 2.1. Every dual standard element of S is
a dual distributive element of S.
Proof. Let s be a dual standard element of S.

Suppose x ) s n a and x > s zr b (x, a, b e S),

Since s is dual standard, there exist sr ) s, s' ) 4

such that X: s1 A o1 (S1, a1 € S) Now &1 ) x ) s

n b. This implies &r : sz n b1 (b1, s2 e S), s2 ) s,

b1 > b. Therefore x : S1 A 32 A br > s ̂  b1, where

br > ar > a, br > b. Hence s is a dual distributive
element of S.

Thus by [, Theorem l] a meet semilattice
possessing a dual standard element is of course
directed above. So in this section we will
always assume the meet semilattices S is
directed above.
Theorem 2.2. Let s e S be a dual standard
element. Ifa v s exists for some a e S, then a v s
is a dual standard infa).
Proof. Here, s is dual standard. Suppose a v s

exists,then av s € [a). Letx e [a) and x > (a v

s) n t, t e [a). Now x > s n t. Since s is dual

standard in S, x : sl A t1 for some s1 > s, t1 ) t.

Then s1 ) 1) a implies Sr ) s v a. Therefore,

X -  51 A t1.51 )  5 v  a,  t l  )  t .  Hence,  a v  s  is  dual
standard in [a).
Theorem 2.3. Let s1, 52 € S be dual standard,
then s1 n s2 is dual standard.
Proof. Let x > (sr n s2) n t: s1 n (s2 n t). Since

sq is dual standard, there exist a ) sr, b ) su n t

such thatx : a n b. Now b > s2 n t. Since s2 is

dual standard, there exist c > s2.d > t such that b
: c  n d .  S o x : ( a n c ) n d w h e r e a r  >  S 1 . c )  s 2 ,

d > t. That is, a n c 2 s1 n s2, d ) t. Hence sr n sz
is dual standard.
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A filter F of a meet semilattice S is called
standard if F is a standard element of D(S).
Theorem 2.4. An element s o/ S is dual
standard if and only f [s) ls a standard filter
of s.
Proof. Suppose s is dual standard. Then [a) n
( [s)  v  [ t ) ) :  [a)  n [s  n t ; :  [a  v  (s  ̂  0) :  [ (a v  s)
n (a v t): [(a v s) v [(a v t): ([a) n [s)) v ([a)
n [t)). Therefore [s) is standard.

Conversely, suppose [s) is standard. Let x >

s n t, then [x) c [s n t) : [s) v [t). So,

lx): [x) n ([s) v tt)): (t*) n [s)) v ([x) n [t)) as

[s) is standard.
Thus, x e ([x) a [s)) v ([x) n [t)), which

implies x ) a n b > x where a e [x) n [s), b e

[x) n [t). Therefore, x : a n b, a ) s, b > t and s
is dual standard.

Now we give a characterization of standard
filters.
Theorem 2.5. Afilter T o/S rs standard if and
only f, x > t zr afor some t e T (x, a e S)
implies the existence of \e T and a1 > a such
that  x :  t1  A a1.
Proof. Suppose T is standard and let x > t n a
for some t e T (x, a e S). Then x e [x) n (T v

ta)) : (tx) n T) v ([x) n [a)). This implies x > t1
n al for Some tr ) x, tr e T and a1) x, 4t ) 3.
Now tl > x and a1 > x imply t1 A o1 ) x, which
implies x = tr n a1 with t1 e T and ar > a.

Conversely, let the given condition hold
and let x e I n (T v J) for any I, J e D(S). Then
x e I  and x )  t  n j  for  some t  e T andj  e J .
Then there exist tre T and j1> j such that x: t1
nj1 Since t r  > x ,  j r  > x  andx e I ,  x  e ( l  n  T)  v  ( I
n J). This implies T is standard.

Following result gives characterizations for
standard ideals in meet semilattices directed
above.
Theorem 2.6. For a filter T of S, the following
conditions are equivalent'.
(D Tisastandardfi lter
(i i) For anyfi lter I, T v I : {t n i l t e T,

i e I )
(i i i) For anyprincipalfi l ter I, T v I: {tn i l t

e T . i e l )
(iv) For any x, y e S, [x) n (T v [y)) : ([x) n

T ) v ( [ x ) n [ y ) .
Proof. (i) + (ii). Suppose T is standard and x e
T v I. Then x ) t n i for some t e T and i e I.
Since T is standard, so by Theorem 2.5, there

exist t1 e T, ir > i such that x : t1 A i1. Thus (ii)
holds.
(ii) + (iii) is obvious.
(iii) + (iv). Suppose (iii) holds and p e [x) n (T

v [y)). Then p > x and p : t ^ y1 for some t e T,
yre [y). Now t> p > x and yr ) p ) x implies t e

[x) n T and y1e [x) n [y). Thus p e ([x) n T) v
([x) ^ ty)) and hence (iv) holds.
(iv) = (i) . Suppose (iv) holds and x > t n a for
some t e T (x, a e S). Then x eT v [a), and so

[x): [x) n (T v ta)): (tx) r. T) v ([x) n [a)).
Then x ) p n q for some p € T, q ) a with p, q >

x. This implies x : p ^ q and p € T, q ) 4.
Hence by Theorem 2.5, T is standard.
Theorem 2.7. Let 1 be an arbilrary filter and T
a standard filter of S. If I v T and I n T are
both principal, thenl itself is principal.
Proof. Let I v T: [u) and I n T: tb). Then a: t
n x (t e T, x e I). We claim that I: [x n b).
Indeed, [a) : [t) v [x) s T v [x) c T v [x n b) c
T v I: [a), so T v l: T v [x n b). Further, [b):
T n I :: T n [x ^ b) ] T n [b) : [b) and so T n I
: T n [x n b). Since T is standard, by 17,
T h e o r e m l l , I : [ x n b ) .

The following theorem gives a
characterization of standard filters in terms of a
congruence.
Theorem 2.8. A filter T of S is standard if and
onlv if

I

0  :  { ( x ,  y )  €  S  x  S l x  n  t  :  y  n  t :  x  n y f o r
some t e T) ls a congruence relation and
(x, y)e 0, z > y,which implies that there exists w
) x , z s u c h t h a t ( w , z )  e 0 .
Proof. Let T be a standard filter. It will be
shownthat0 :  { (* ,  y)  e S x S lx  ^  t  :y  n t  for
some t € T) (: 01) so that 0 is a congruence
relation. Clearly 0 g 0t. So let (x, y) e 01 so
that x n t : y n t and hence x e [x) n ([y) v T)
: [x) n [y)) v ([x) n T). Thus there exist yr ) y,

x, tr € T, tr ) x such that x > Yr n tr and hence x
: yr n tr. By a similar argument there exist xr >

x, t2 e T such that ]: x1 A t2. Therefore x
A Y : Y r A t l  A  X |  n t z  s o  t h a t x  / \ y : x  A t l A  t 2 :
y ^ tr ̂  t2 and t1 n t2 eT. Thus (x, y) e 0. Let (x,
y )  e  0  a n d z >  y s o t h a t x n t : y n t f o r s o m e t
e T and hence z> z n t> y ^ t: x n t. Thus z e

[z) n ([x) v T): ([z) n [x)) v ([z) n T) so that z
) xr n tr where x1 ) z, x, \2 z, \ e T and hence
Z:X1 A t1.  Thus z nt1-*  x1 A t1 So that  (2,  x1)  e
0 r :  0 .



Conversely let x e A n (T v B) so that x e
A and x > tn b for some t e T andb e B. Since
(t n b, b) e 0, there exists w > x, b such that (w,

x) e 0. Hence w n tl : x n tl : w n x : x for
some t eT. Thus T is standard.

Thus we have the following corollary.
Corollary 2.9. An element t e S is dual
standard ifand onlyy' e : {(x, y) e S t S I x n
tr : y n tr : x ^ y for some t1 > t\ is a
congruence relation and (x, y)e 0. z> y implies
that there exists w ) x, z such that (w, z) e 0.
Finally we include the following
c,haracterization of dual standard elements.
Theorem 2.10. An element s o/ S is dual
standard, if and only if,

(i) s is duol distributive
ctnd (ii) s is modular.

Proof. Suppose s is dual standard. Then (i)
holds by Lemma 2. l .
For (ii), let y > s n x with y < x. Since s is dual
standard, so ;r: s1 n xl for sorrl€ s1 ) s, x1 ) x (s1,
x1e S). Thus y : x zr y : x n sl A Xr : s1 A X.
Therefore S is modular.

Conversely, suppose (i) and (ii) hold and let
y > s ̂  x (x, y e S). Since y ) s n y and s is dual
distributive, there exists t e S with t > x, y such
that y > s n t. Then by modularity of s, there
exists s1 > s such that y : sr n t. This implies that
s is dual standard in S.

Thus we have the following results:
Corollary 2.11. In a modular semilattice, every
dual distributive element is dual standard.
Corollary 2.12. A filter of a semilattice is
standard if and only if it is both modular and
distributive.
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Conclusion
In this paper we have proved that a filter in

a directed above meet semilattice is standard if
and only if it is both modular and distributive.
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