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Abstract
This paper extends the fourth order time-split finite-difference methods, namely the locally

one-dimensional (LOD) method and the alternating direction implicit (ADI) method for solving
the three-dimensional time-dependent heat equation. The numerical solutions are compared with
the analytic ones.
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[. Introduction
Finite difference methods (FDMs) have

been widely used for a few decades in
teaching and modeling |,21. In this
research, we will study the new splitting
FDM in [3] by B.J. Noye and K.J. Hayman and
use it to apply to three-dimensional time-
dependent heat equations subject to a
constant coefficient cr, and cr, which is

expressed in the general form as:

u 1  :  c L r u x x * c l y u y y '

0 < x < L , 0 < y < 8 , O < t < T .  ( l )

The ADI method is conditionally stable while
the LOD method needs the condition 0 < s* < 2/3

and 0 < s, < 2/3 for stability. The ADI method

has advantages over the LOD method.
We will extend these methods with the

three-dimensional time-dependent heat equation,
which is expressed in the form :

u ,  = 0 ( u . *  + u y y  +  u , , ) , 0 <  x  < A ,  o <  y <  B

O < z < C , 0 < t < T  ( 2 )

With the initial condition :

u(x, y, z,o)= r(", y, t), o < x < A , 0 < y < B ,

O < z < C , 0 < t < T  ( 3 )

and Dirichlet boundary conditions which are
expressed in the following form :

u (o , y , z , t )=c ,  ( y , z ) ,  0<  y<  8 ,0  <  z<  C ,0  <  t  <  T

u ( 4 y , z , t ) = c r ( y , z ) ,  0 < y < e  , 0 < z <  c , 0 <  t < T

u (x ,o , z , t ) -G , ( x , r ) ,  o<x  <A ,o  <  z  <  C ,o  <  t  <  T

u (x ,B ,z , t )=co ( * , t ) ,  0<x<A ,0  <  z  <  C ,0  <  t  <  T

u (x , y ,o , t ) :G . ( x , v ) ,  0<x<A ,0  <  y  <  B .o<  t  <  T

u(x,y,c , t ) -cu(* ,y) ,  o< y< n,0 < y < B,0 < t  < T (4)

where cr is the thermal diffusivity .

2. The LOD Vlethod
In order to solve the equation (2) by using

the new LOD method we split this equation into
three one-dimensional  heat  equat ions.

I rlu a-u

3 a  d x '
^ )

l  au a-u
- - _ u - . . . . . -
1 A  A r '

- )
I  dr c-u

3 at 6z'

(s)

(6)
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Each ofthese equations is then solved one third
of the time step used for the complete three-
dimensional equation. First of all we introduce

some basic notation. Let Ui:.* denote an

approximat ion of  funct ion u(* .y . r . r ) .  We use

the FDM to approximate its values at gridpoint
(ia',34y, tlz, nat)for
j : | ,2 , . . .J ,k :1,2, . . .K and n: | ,2 , . . .N.  The gr id
spacing Ax, Ay, Az and time step size At are

computed by Lx= All, AV=4J, Az=ClK,

AI=T/N , where [lK and N are integers. We

can compute the grid Fourier numbers in x, y
and z directions by using the following formulas
:

s.=crly'(a.r)'� , sr-ctly'(ay)2 and s, = c^ll'f (^z)'� ,

respectively.

Next, we shall now show that the formula used
in solving equation (5) is :

ui:i.iJ' : *(or^ - r)(ul ,.,.u * ui,, ,.u ), , J . ^  
12

- 
?,r 

-:s^ )(u;'-, , u * ui-,.,., )
t t  . \  _*  
rP-ss,  

+os i lUi ,u  (8)

where i  =2,3, . . .  , l -2  for  a l l  1=6,1,2, . . . ,J  and

k:0,1,2,..., K . The problem of finding values of

uii{3 which can not be derived by using (8)

can be overcome by using a re-arrangement of
the unconditionally stable inverted version of
the equation (8), which is obtained by setting At
for-A t in(8). Putting i=3 andre-arranging
gives :

ui;l l '  = #:+*1u;,1i. '- ul;l; ')' . r .^  (6s*  + 1,1 '  , . ; .

_  o ( 2 * s r .  * o r i ) , , " . , ,

n ( 6 t 3 4  
" t  i t '

-u i . j . 'u ' * - r ! .u | . , .u .  (9)J' r 'a 
s^(6s* +l )

This gives values of uii l3 for all 1=9,1,2,...,1

and k = 0,!,2,...,K, because all the values on its
right hand side are known. The values of
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u|11,3u can be calculated by using a similar

formula obtained when replacing At by -At and
setting i = I - 3 in the equation (8) to obtain:

I  1n-r  3 8(2+3s* l { ,  ,n- r  r  q  l i . .  )" t  ' . i . t  -  
16_ +l )  \wt-2. j .k  -

i -7 ,2 , . . .1 ,
(2+5 r *  *6s l ) , , " . , , ,

t"(6ur a 11 
"'-'t'1 u

1 1n+tr3 ,  12-ui ' j iu *\tuu--,1--------.....-ui ' ' ,* 1lo)

for all j  :0,1,2,...,1 and k = 0,1,2,...,K. Similarly,

for computing values of uiii/t from the values

of uii[' in the y-sweep used in the second

stage, the formula used with j=2,3,4,...,J -2 for

each  i  =1 ,2 , . . . , 1 - l  and  k=1 ,2 , . . . ,K - l  i s  g i ven

b y :

uiii/3 = 
;(o', 

-r)(uiil4:-.ulil41-)

. ?h -:." )(u1;','a * ullil, 'n )
3  r / \  ' . r  r . ^

* l ( z - s r "  + o s 3 ) u i ; 1 3  ( u )
2 ,  

J  J /  r , J , ^

The formulas for computing the values Uiiu'�/3

and ui.l 'ttu are given as :

utii' = #f*(rll ' + uij,'u')
(6s, +1) ' ' ' ' '"

o(2 + ss, + 6sl  ) ,  ,n, :  r- 
1@ +l- 

"''' u

'  'n+2/3 12 - 'n+l/.1- ul;i '*,,fut;Iri5.i:' (12)

uii'� r, = !f]=+(ri;l,l- - ui;-'.1- )
(6s r+ l ) '  ' ' - " ' "

o(z+5s, +6sl1, ," . :  r-1G1*I)-'''' '' 'u

- ulj',:- *-r\u;1;1,1* (13)
sy\osy + I /

To compute the values of uiil from the values

of uij?/' in the z-sweep used in the third stage,
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the formula used with k=2,3,4,...,K-2 for each
i=1 ,2 ,3 , . . . , 1 -  I  and  j=1 ,2 ,3 , . . . , J - l  i s  :

uiil = fiG,, 
-r)(ulili,. uil1t;1

* ! {z - 2,,) (,ui;n . uiili, )
.:(r-s,, * o,l)uiii/ ' (r4)

Similarly, the formula for computing values of

uiil is given by :

ultil = iu,'t ir),(ul;;. u1;1)' �1r1r 
8(2 + 3s, ) 

'  ", "

/  . \
,  3[2+5s, +6sj i ,-=--=.-_.Ji;.1

4s,\2+3s,)

ul,.l ---J--u;l;' ( rs)"J'J 
2s.\2+ 3s.) 

"J't

At the end of the complete procedure
involving heat distribution in x, y and z

directions, the known boundary values Uiil are

used. We include the values on the right hand
side of equation ( I 5), which all values are

known. The values of uiit , are found by

using a similar equation as in equation (16).

I  1 n + l  -  
( 6 t ,  *  l )  1 , , n , ,  

'  i
u i . j .K  I  R{?*  1 .  l \ - i . j .K  

*  U l l l . i . -o l

: (z+sr,  +6r j) ,  ,n-,'  
4 i , i2;r ;" ' ' i ' *  t

- u i t t . -  3 .  
, u i j . i ' ,  1 r 6 )- r ' r 'K {  

2s, (2+:s,1

We will determine the von Neumann
stability [], which is applied to the problem (8).

F i rs t  le t  U i ,0 , ,  =.n. i l3  b 'h. i0  b 'heiB b h .  Then we

substitute it in the equation (8), to yield ;

I

r " : ^ i 0 p k ^ r B q k ^ i P r k
s !

i .  (0, - -  t  )  (E"" 'P (P 2 lk. iP qk.iP rk

t 2 '

*pn" i0 {n+2 lk " ipq t " i9 rk )  *  
r . ,  ( , *J r -  )' 5 !  

, -  
- 3 ' -  

e J x l

(6.eig (o-r )t" io,qk"ip.rk + f 
nsi9 (p+r)t. ip.qt" l0,rr< 

)

*  L ( Z  - 5 s .  +  6 s 3  ) e " . ' p  
p k  e i p  r k  e i P  r l

2 '  
( r 7 )

Canceling all common terms, by dividing (17)

with g n " ig Pk . iP'ak " io,rk 
, we get :

a i  = - ,u . .  - , ) ( .  ' ' u ' * . ' ' eu )
' 1 2

*  
2 t *  ( 2 - r s "  ) ( e  r 0 k  * . i g o ) * ] ( z - s s .  + o s i )
3  2 '  

( r 8 )

Then using
e i p k  +  e  

i l l k
=  c o s  F k ,

amplification factor is :

q} - .- (or,- - r)cos2 
B,k+ $€-IJcosB,k

. )
t  -  / q  +  h s

+  
"  " *  " " *

3

where 9r = mn im e I and

condition is :

1 6 1 . 1

(1e)

I
le t  E3 =G,  the

(20)

This is required for stability. For all positive
values of s, we obtain that FDE (8) is stable

over the interval [4]. Similarly, we obtain that
the FDEs are stable over all su and s, in the

interval (o,z1l]. Thus this method is stable, in
the von Neumann sense. for :

0 < s . , s ' s ,  < 2 / 3 .

3. The ADI Method
In order to solve the problem (2) by the

new ADI method, we use a three stage
procedure. The first stage to use in the
z-direction sweep is :

1e' ,  - r )u i i l  ,  -4( t+3s,)ui i i  * (o ' ,  - r )u i iL.r
-  - r , ( u i  r . , r  r * U i  r , . r , . r - U i . , . , u - ,  * u i , , . , . u  , )
- t r ( U i ,  r , r  r + U i r  1 , 1 * 1  + U l ; * r , r , * U l , r ' , * * , )

(2r)
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-+."(Ui, .1,0 + ui i , . : ,*)  -4rr(ui j , ,u * Uirr , ,u)
t t l  , \

+ [2s ,  +2s ,  - l l (U i i . u  ,+4U j ' , u  +  U i ] i . r  t )  ( 22 \

The second stage in the next time step, the
formula in the y-direction sweep is :

(0., -r)uii-',0 -+(r +rs,)uii; *ft', -r)u1ii,u

= - r, bi]l,-,,* + uili],.r,r * Ulll',-,,* * uiil,.,,u )
- r.(uif ',u-, + Uiilr,r.*r + uiiir.r-r * uiii,.*.')
-+..(uiil,.,. * ui.il,,o) +.,(uiiL-, * uiil.,)
+ (zs. + 2s, - t)(uiil,,k + 4u|il * uiil,.u ) Q3)

Finally, the formula to use in the x-direction
sweep is :

(6'- r)ui_i]'* -+(+:s,)uiii +(es. -r)u;'j,r,.*

= - r, (ui-i'i-,,u + Ui-i'i.,,u * uli'i-,,* * uii,';.,., )
- r, (u i-i'i. * -, + U ilr2i. r * r * u i.i'i, *, * u ii,1i, * -, )
- +,,(uii1,u * uiii,* ) - 4s,(uiii, * uiii.,)
+ (2s, + 2s, - rXull'r,- + 4ulii * uii,'i.* ) e4)

In order to show the stability of the ADI
method, we replace Ui,o,. = 6n"i9 nk.ip'qk.ip'tk

into(22) and then divide byqn.i(p p+B q+p'r)k

We ge t :

(or, - t[("-io t '  +.iB k 
)-+(t + :., )q

- - r. t"-'u 
t ("-io. r + eiB, k 

)+ eiB k (" io, t * "io. t ))
-.r{"-n u("'0, t'*si0.k)+eiF' k(Cp' k 

*.'B,u)}

-4\ 
t. 

ip k +eip, k 
,| 

-+rr{. +r't *"io' I }

+(x^ +x, -r){++e io,r *. 'P u 
} es)

Using  e  i0  k  +e i l l  k  =  2cosp i  k ,  fo r  i  =1 ,2 ,3 ,  to

obtain :

4s, (cos B,k cos B,k )
z(6s, - l)cos B,k - (4 + 12s,)

4s,  (cos Brk cos B,k)
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(2. .  + zs, _� t)(+ + 2 cos Brk)) (:26)
2 ( 6 s ,  -  l ) c o s  B r k  -  ( +  +  t z s , )

We then apply

a ,  = s i n 2 [ , i - 1 . 2 . j  a n d' 2

obtain :

c o s B k = 1 - 2 s i n t  ! ! ,

put €: \, in (26) to

'lr

;
f(zq -=i-

,  -3Xl-
- 12a3s.

v
a 7

) \ 2 a

t-
Using
(24) y

€" =J. l

1 6a, Xa,s* + ars,
- ) 4 q ^ <  + ) ( ) q-  "  J " 7  - \ - -

+(a,s" + arsr)'l
+ \ t a 3 - J l  )

l2a

f
t l

3

-3)l

the same argument together with (23) and
ields :

(24 -  16ar)(a,s,  + a,s, )+ 2(za,  - : ) ]

@l
_ |  lzu r-  3)( t  -  +(a,s,  *  u,r ,  )) ' i

l-:rttrTt _lrl

(27)

(28)

(2e)

E ^  = {(z+ - t ou, )(u,r , + ars.)+ 2(2a,
- ) 4 a . <  + 1 b " .  - Z \-  - l " x  - \ - - l  ' l

_ 3 ) [-l

_J-l r]3 S ,rtIt S . ,

;,
4(a

;(
l -

l S t

,  r /: / \
ẑa

(2u,

L e t  s : S * : S y : s ,  w h i c h  y i e l d s :

U =  C ' C . C .  =

[ ( z a ,  - r ) ( r  - 4 ( a ,  *  a ,  ! ) l
I  - l ra , ,  - ( ra r_ : - l

f ( 2 a ,  - 3 X l  - 4 ( a ,  + a , ! ) l' i-.r'�t 
l

, { ( 2 a r - 3 } ( l - 4 ( a r * a r b ) 1 .  ( i o )
|  -  l 2 a , s  r  ( 2 a ,  - 3 )  )

- @
( - t r -  cosB ,k  -8s ,  cos  B rk )' @

The condition (20) is also required for stability.
In order to find the values of s which satisfy the
condition in r20t, we sudstituteG=1,(u(, into

t20r  This y ie lds:

l€^€, €,1 = le, , le, l  le,1 .  r  (3 r )
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(  0 , k  )
l s t n . - l =- t  )  )\ - /

(zrin' o,r - r'Ju - a(a, - a )s)
\ z )

,

Let us consider the case 16-1. t, lBrl< t ana

l€,1< t wttictt satisfy (31).

We will show the values of s which
satisfy the condition lE,l.l . Consider

i a '  = 5 1 n 2 T , ; = 1 . 2 . 3  w h e r e  F i  - m n : m e l  . l f' 2

k e I we then obtain , n' 0'k - 6 and
2

,in: -Pik = 1 . We now consider the values of l,
2

|  ( z u ,  - 3 ) ( t  -  + ( a ,  *  u ,  h ) lw n e n  K e l .  l n e n  i # )
|  -  12a,s + (2a,  -  3 . )  )

can be expressed as a function of .in$ as :
z

tzssin'  P)k, (r t" '  e!  -z)

Its extreme value of e.iri"!t ') occurs at- ' \  
2 )

. in  9 'k  =0.  we now subsr i tu te th is  value in to
2

equation (32) to obtain equation (33).

€, f  . in  ! r !  I  =  t '  -  4(a,  -  a ,  )s) .  ( i i )- - \  2 )

Hence the condit ion l r .  [ r ,"  ! . ! ) l  =
l - ' l  2  ) l

l ( t*+G' +uzF)<l is required for stabi l i ty.

This condition requires that 0<s<---?-=.
2\a,  + at  )

Choosing the minimum value of :z 
I 

r we
2\a, + ar)

obtain 0<s<114. Combining all the results

leads to the conclusion that 0< s<114.

Similarly, applying the above procedure
with 6* in (23) and [, in Q\, we obtain that

0 < s <ll4 . Hence the FDEs (22)-(24) are
stable over the interval (0,t1+l This shows that

the method is conditionally stable in the three-
dimensional problem.
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4. Numerical Test
We will use the LOD method and the ADI

Method for solving the following equation :

ut = d(u*^ +urr+urr) ,

0<x<0.J0<y <0.2,0<z<0.7 (34)

Subject to the initial conditions:

u(x, y, z,o)= 36s ,
0  <  x  <  0 . 2 , 0 < y  < 0 . 2 , 0  <  z  <  0 . 1  ( 3 5 )

and the boundary conditions are :

u(0. y. z. t) = u(0.2. y. z. t) = u(x.o.z. r) =o

=u(x.0.2.2. t )=u(x.y.0. r )=u(x.v.o. r . t )  
(36)

when cr : 1.01183x l0-6 m2/s . The analytic

solut ion of  th is  problem is  :

1 (zp+ t )nx )u(x.  y .  z .  t )  -  I I ' lo , ro, , , r0, , ' , r , . , , . 'n [=f f  . ) tp=0q=0r=0

.  ( ( zq - t kv )  .  f ( 2 r - t ) nz )' '"[-FJ''n[ or J'
1  , 1 1 2 p * r ) 2  ( 2 q + r ) 2  ( 2 r + r ) ' � ) - l . . - .

e x p . c t 7 r l  +  .  -  .  r l ( J / ,

L | 0.2'� 0.2' o.l' / l

when  41 :p r r1 (2q+ r ) (2 r+ r l  = 4.8 x 10o

(zp+t ) (zq+t ) (z r+ t )n l

Figure I presents values of the analytic
solution, u(o.l,o.I, z, t) and numerical solution

u(ol,o.L, z, mt). We let  ̂ x = Ly = Lz = 0.0r m

and Al = 49 .4154156330 s . We can obserye

that the LOD method gives a better
approximation than that of the ADI method.

(32)
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Figure t. remperatu;T:;I,"'g z-direction
when  s= l / 2 .

This guarantees that the ADI method is
conditionally stable when the Grid Fourier
number s is  in  the in terval  \O,L l4]

In order to present the order ofaccuracy of
the LOD method, we use the function

u(*,y, t,t) = exp(-3 cr n2t) sin n x sin r y sin n z

+100xyz to find the values at the grid point

(O.fO.fO.ft), where cr=0.01 and Ax : Ly = Lz.

Table I presents errors of LOD solutions
when compared with the exact solution,
a(0.5,0.5,0.5 ,l) = 13.2437218'794 where m

denotes spatial grid separation.

Table l. Errors of the numerical solution in
different number ofgrid spatial separation.

m

Error
when
s = t l 2

x 104

Error
when

x l0- '

Error
when
s - r l 4
x 1 0 '

Error
when
s = t/r

x 1 0 '

Error
when
s = l / 6

x 10-'

t 0 0.2437 0.4410 o.2340 0.3669 0.s658

20 0.0150 0.0257 0 . 0 1  l 0 0 .0 r78 0.0295

l0 0.0030 0.0050 0.0020 0.0033 0.0058

,10 0.0009 0.0016 0.0006 0.00r0 0.0019

50 0.0004 0.0006 0.0002 0.0004 0.0008

60 0.0002 0.0003 0.0001 0.0002 0.0004
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Consider the relation between error and
spatial grid separation for the LOD method in
Figure 2. This guarantees and shows that the
order of accuracy of the LOD method is four
when s satisfies the stability condition (21).

- log ,o lerror I Number of Grid Spacing

- *  
s :  l l 2

o  s :  l / 3
"  s :  1 / 4

s :  l / )
*  s :  1 / 6

Figure 2 The relation between error and spatial
grid separation for the LOD method.

5. Discussion and Conclusion
In the two-dimensional heat equation, the

ADI is unconditionally stable [3]. This proves
the usefulness since At can be made large
without loss of stability. Thus, the ADI method
has an advantage over the LOD method.

The result of our findings for solving three-
dimensional equations is that the ADI method
loses its advantage. Hence for solving three-
dimensional heat equations, using the LOD
method is better than that of the ADI method.

ln applications, the temperature distribution
of the samples may be used for practical work
such as heat sensor for a black box to quickly
search for the exact location of an aircraft
accident, etc.

0.1

+ Arulytic Soltnior. n = 36

+ Arulltic Sohtiol n = 72

+ LOD Solttiqr, n = 36

r LOD Soluiql n = 72

+ ADI Solldiol n:36

* ADI Solutiol n: 72
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