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Abstract

This paper presents an implementation of an EKF (extended Kalman filtering) estimator for
spacecraft attitude determination using GPS (Global Positioning System) signals. The spacecraft
dynamics under small rotation angles is modelled using Euler angles (roll, pitch and yaw)
parameterisations which are applicable for real-time operation onboard spacecraft. The torque from
the Earth’s gravitation field and magnetorquers is modelled in order to cope with perturbations. The
filtering estimator is tested with simulated GPS data, and flight GPS data collected from the real
spacecraft. The results shows that the estimated attitude derived from both simulated and flight data
were in agreement with the reference attitude. A contribution from this paper is that the analytical
formulation identifies two state vectors that keep the pitch state independent of roll and yaw. This
results in significantly reducing the dimensions of computation.
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1. Introduction new attitude sensor and typical attitude sensors
In the traditional way, spacecraft attitude in three aspects.
determination depends upon attitude sensors, Measurement Availability: The tracking data
such as magnetometers, Sun sensors, Earth from PoSat’s GPS receiver showed that four or
sensors, inertial measurement units (IMU), and more GPS satellites can be seen for 80% of the
star sensors. The selection of attitude sensor time in low Earth orbit [4]. Improvement over
basically depends upon the required pointing this has been demonstrated with the next
mode of the mission (e.g. inertial pointing or generation of GPS receivers. This suggests that
Earth pointing), accuracy requirement, power a GPS attitude sensor can provide almost
consumption budget, and cost [1]. continuous measurements (whereas the Sun
However, since the use of Global sensor cannot provide data in eclipse period).

Positioning  Systems (GPS) has  been Orbit/Attitude Determination Unit: A GPS
successfully demonstrated in space navigation receiver with multiple antennas for spacecraft
[2], a new approach is now available using GPS navigation generally provides position, software
for attitude determination which is potentially needs to include carrier phase measurement and
attractive for spacecraft applications [3]. The attitude estimation sub-routines. Then, the GPS
benefits of using a GPS receiver with multiple receiver can be used for both orbit and attitude
antennas can be explained by comparing the determination.

A part of the content has appeared and been discussed at the 25" Electrical Engineering Conference
(EECON-25) on 21-22 Nov. 2002 held at Prince of Songkla University, Hat Yai, Songkla, Thailand.
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Cost and Power Budget: Currently, GPS
technology is rapidly developing in order to
reduce the size, weight, power consumption and
cost. This should make the GPS receiver even
more attractive for spacecraft missions. As part
of this trend, NASA plans to use GPS receivers
on all its spacecraft to demonstrate both orbit
and attitude experiment [S].

In earlier times, the spacecraft attitude was
traditionally derived from the deterministic
algorithms such as QUEST (quaternion
estimator) [6] and TRIAD [7]. However, a new
approach to linear filtering, namely “Kalman
filter, was proposed in 1960 [8]. Kalman
filtering has recently been used widely for
spacecraft attitude estimation [9]. Unlike the
deterministic algorithms, the Kalman filter uses
dynamic and/or kinematic models, and estimates
spacecraft attitude using a time series of
measurements.

Over recent years, Kalman filters have

widely used for GPS attitude
determination. A Kalman filter based on
quaternion parameters was presented in [10].
The filter was implemented for single and dual
antenna baseline. The simulated results showed
that the dual baseline provided a robust solution.
The advantage of the quaternion-based model
was that the model copes with the condition of
large angle However, the
dimension of computation and computer burden
may be impractical for real operation.

In this paper, the implemented filtering
estimator based on Euler-angle parameters
offers the analytical formulation which
identifies two state vectors that keep the pitch
state independent of roll and yaw. Therefore, an
original (6x6) covariance matrix can be
replaced with the (4x4) and (2x2) matrices. This
results in significantly reducing the dimensions
of computation. Furthermore, the analytic
formulation of process noise was much simply
compared to the quaternion-based model.

been

manoeuvres.

2. Background
2.1 GPS Attitude Measurement
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The observable in GPS attitude sensing is
the carrier path difference, » (in length unit),
between two antennas separated by the baseline
length, /. For each GPS antenna, the received
carrier phase signal is measured at the apparent
phase centre of the antenna itself. A relative
phase difference between the received signals
from two antennas is defined as carrier phase
difference, @ (radian unit). If the length of

baseline vector, /, is larger than one carrier
wavelength of the GPS L1 frequency, the
number of full cycles is unknown.
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Figure 1. Carrier path difference for GPS
attitude sensing

The mechanism of GPS attitude sensing
can be explained from geometry as shown in
Figure 1. A projection of the baseline vector on
the line of sight vector to the GPS satellite is
defined as single path difference, r(in length
unit).

r= ___402};;1 +nl, =¥ +nd,

(1)
where n is an unknown integer cycle, Ay ls a
carrier wavelength of the GPS L1 frequency
(1.57542 GHz), and 7 is a modulo path
difference.

The path difference r in Equation (1) can
also be expressed in a vector dot product form
which shows an attitude transformation matrix,
A,

r=(sz-by)=bjAs, )

where s is a kmown unit vector directed to GPS
satellite in orbit-defined frames, by is a known
baseline vector in the body coordinate frame.
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2.2 Euler Angles Parameterisation

The orientation of spacecraft may be
defined by three angles (roll, pitch, and yaw).
These angles are obtained from the sequence of
right hand positive rotation from a (Xp, Yy, Zr)
set of reference axes to a (Xp, Y, Zg) set of
body-fixed axes. Therefore, 12
possible sequences of rotation, which can be
expressed with Euler angles. One example is a
2-1-3 rotation as shown in Figure 2. The first
rotation is a pitch about the Y, axis, which
defines a pitch angle (8). The second rotation is
a roll about the intermediate L axis, and defines
a roll angle (¢). The last rotation is a yaw about

there are

the Zpaxis, defining a yaw angle ().

Third rotation 3]

Second rotation {1]

First rotation 2]

z

Figure 2. Euler angle type 2-1-3 interpretation

The attitude matrix computed from Euler
angles for 2-1-3 system, A, which transforms an
arbitrary the orbit-defined
coordinates to spacecraft body-fixed coordinates

vector from

can be expressed as [7]

ccl + sspst  sped  —cpst + ssoct
A = |—sycl +cpspsd  cibecp  sysl + cyisoct
cpsf —s¢ copcl
3)

where ¢ is a cosine function, and s is a sine
function.

The roll, pitch and yaw attitude angles of 2-1-3
sequential rotation system can be calculated
from

roll(¢) =sin"' (~a;,)
pitch(0) = tan"'(a;, /@) (4)
yaw(y) = tan™ (a,,/ ay,)

where g, is an element of the attitude matrix.

46

2.3 Attitude Dynamics

It is supposed that a rigid body is moving in
inertial coordinates. The can be
described by the translation motion of its centre
of mass, together with a rotation motion of the
body about some axis through its centre of
mass. The rotation motion is caused by the
applied moment. The basic equation of attitude
dynamics relates the time derivative of the

motion

angular momentum vector.

In the case of spacecraft equipped with
fixed-wheels, it is no longer a rigid body.
Including the influence of the gravity gradient,
magnetic firing, and reaction wheel angular
momentum, the dynamic equations in body-
fixed coordinates can be expressed as [7]

IM()I(;‘); = (NG +N,, ) - (D; (IM()I(D:IS +h, ) - hw ®)

where Ny; is a gravity-gradient torque vector,

Ny, is a torque vector generated by
magnetorquers

I is a moment of inertia tensor of

spacecraft,
Ixx _1xy - ]xz
IM()I = _[yx I}y “Iyz (6)
- sz —_]zy Izz

(0;} is an angular rate vector referenced

to the inertial frame, expressed in
body-fixed coordinates,

hy is a relative wheel angular
momentum vector,

h,, is wheel torque vector.

3. Simplified Model of Earth-Pointing
Spacecraft Dynamics under Small
Rotation Angles

This section describes spacecraft dynamics
under small rotation angles using Euler angle
representation. The Earth-pointing spacecraft is
widely used for communication satellites and
Earth observation satellites. The spacecraft
rotates at one revolution per orbit in a near
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circular orbit with orbital angular rate, »_. The

orbital rate vector can be written as
(7N

The attitude angles are defined as roll,
pitch and yaw which are treated as small errors
about the velocity vector. The transformation
matrix (for 2-1-3 system) from orbit-defined
coordinates to the body-fixed coordinates can be
expressed as

1 ¢ —f
A=l—yp 1 ¢ (8)
0 —¢ 1

The body angular rate vector referenced to
orbit-defined coordinates can be derived from
the rate of change of Euler angles (2-1-3)

=[¢ 6 4 ©

where (DB is an angular rate vector referenced to

T
wB Doy Bp, Gy, }

the orbit-defined frame, expressed in body-fixed
coordinates.

The body vector
referenced to inertial coordinate system can be
derived

angular  velocity

) 0 (D'—a)“u,'

o, =0 + Ao =|0|+A|l-w |=| 0w [(10)
T: A B o o «
¥ 0] Wtwe

where @] = p /Ri is the orbital angular
velocity of the spacecraft in the circular orbit of

radius R: , and . is the Earth’s gravitational

constant. For example a typical orbit of a
microsatellite at 800 km altitude is @, = 0.059
degree/second.

The zenith vector along the yaw axis in the
orbit-defined coordinates is [0 0 -1]7. Thus,
the zenith vector in the body-fixed coordinates

system, Z,, is

Z,=Al0 0 —-1] =] - —1] (1)
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The simplified formulation of gravity-
gradient torque, N, on the entire spacecraft can
be expressed [7]

(1.=1, )
N; =30z, *(Lyo/Zy) =30, (Izz —1,)0|(12)
0
The above equation is simplified by

linearisation for a spacecraft in a near circular
orbit using small-angle approximation for ¢ and
6.

If we consider only the torque from Earth’s
gravitational field, the dynamic equation in the
body-fixed coordinates system can be expressed
as

3(1.=1,)= (1.~ 1,)a,0
IM()I(b:}: 3(‘) (1 -1, ) +<1 )(u w, (13)
( “>a) a)
where 0], = [a)x o, a)z]l .

If the satellite has a symmetric structure in
the x and y axes ([, = I, = I, = transverse
inertia momentum), the dynamics equations are
then rewritten as

302 (1, ~ 1)~ (I,
I.\/()/(‘.O;f ~= 36‘)5 ([:_- - 1/>6 +([:z

_Il)w:f‘h
“Dow, | (14)

From Equation (10), the first-order derivative of
the body-fixed angular rate vector is

=[6-04) 6 (itad) as)

Substituting the component of angular velocity
vector ©), and its derivative @}, into Equation
(14) yields

ol |4k -1)wlo+ Ko,y
0|~ 3(/~c~1)a)39 (16)
o —w,¢

where Kk =1_/1
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It can be seen that the pitch is separated from
roll and yaw under small rotation angles. There
is only a coupling term between roll and yaw.

4. Implemented EKF (sEKF) Estimator
The assumptions of the EKF estimator are
listed as follows:

1) The spacecraft is nominally Earth pointing
with either a certain spin rate in Z axis or 3-
axis stabilised.

2) The spacecraft has a symmetric structure
on X and Y axes (/x = Iyy =
inertia momentum), and without any cross

I, = transverse

terms.

3) The orbit of the spacecraft is near circular
with an almost constant angular rate.

4) The system noise mode! has zero mean.

4.1 State Vector

From Equation (16), it is explicitly shown
that pitch is independently separated from roll
and yaw. The novel formulation identifies two
state that keep the pitch state
independent of roll and yaw, and simplifies the
general calculation.

vectors

The state vectors X, and x,, are defined as

x=[¢ v ¢ 9] (7

x,=[0 0] (18)

4.2 System Model
The non-linear model is defined as [11]

x=f(x. 1)+w() (19)

where f(x,?) is a non-linear system model,

w(?) is a zero mean white system noise
with covariance matrix Q

The difference between the actual state
vector, x, and estimated state vector, X, is

defined as the state perturbation, Ax
Ax(1) = x(1) — () (20)

As it is assumed that Ax is small, the system
model can be approximately derived from

48

f(x, f)=f(x, 1)+F Ax 2n

where F is a linearised system model defined as
of

F=|—
ox

(22)

x=%

As we consider only the torque from the
Earth’s gravitation field and from
magnetorquers, then the dynamics equation of
the system model is analytically simplified as

6| 4k —@letrod + N/l + oW,

¥l e, + N/ o+ ow,
(23)
.6 |98
X, =|.|= N
PTE Bk-Nwo + N,/ o+ ow,
(24)

Two discrete state transition matrices, @, and
®,, can be approximated for a short sampling
period At

® ~1,, +FAt (25)

@, ~1,, + FAr (26)

where Ar=t¢ {

(p+1) — tipye

Therefore, the discrete state perturbation model

is then given by
=@, Ay,

AX,, 0y =@y, A%y,

AXy 27

4.3 Measurement Model

A discrete non-linear measurement model
is expressed as

z=h(x, 1)+m() (28)

where h(x,t) is a non-linear output model,

m(/) is a zero mean white measurement
noise with scalar covariance R.

The linearised innovation error model is
given by
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Ar

(p)zz

—h(m(f" t)
Ax(p) +m(p)([)

(»)

2
u 29)

»)
where Ar,, is an innovation vector at epoch p,

an observation matrix H(p) is defined as

ah(m
ox

(py =

H (30)

x=%

The attitude matrix (2-1-3 type) for small
angles in roll and pitch, but unlimited yaw
rotation is used to calculate the predicted path
difference.

Yy S (76’(,,_” CYpopy + Py Sw(p—l))
Aoy TSPy C¥py (e(p—n $¥py + Py cw(pm)
Gip-n _¢(pr> 1

3D

At epoch p, an observation matrix for each
estimator is then obtained from

[6A,, [6A,
Hy,, = b; (9((1‘) s So(p-1 :x 6112' 2 Sopoy, 000
(32)
[0A,,
Hy,, = b; 82 O(py 0 (33)

4.4 Innovation Computation
The innovation is computed as the scalar
difference between recovered path difference 7

and predicted path difference 7~ .

or=¥F—r

(34)

where Jr is an innovation for one measurement.

At epoch p, knowledge of the quaternion-
attitude, A, from the previous epoch (p-1) is
required to estimate the predicted path

difference, 7, .

Fooy = DaA ponSoi (35)

For all GPS data at epoch p, the innovation is

stacked into a vector Ar(m .
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4.5 Covariance Matrices

The error covariance matrices P; and P,
are computed by

P, =(Ax,-Ax/) (36)
P, =(Ax,-Ax)) (37)
Note that, two estimators operate

simultaneously. The original (6x6) covariance
matrix is replaced with the (4x4) P; and (2x2)
P, matrices.

5. Test Results
5.1 Simulated Results

Simulation results presented in this paper
are based on a three-axis stabilised satellite in a
circular orbit, at 64.5 degrees inclination, and at
an altitude of 650 km. The spacecraft orbit was
propagated using SGP4 (Simplified General
Perturbations 4) orbit propagator [12], which
includes geo-gravitational and drag models. The
orbits of GPS constellation were propagated
using SDP4 (Simplified Deep Perturbations 4).
The SDP4 is an extension of SGP4 to be used
for deep-space satellites with orbital periods
larger than 225 minutes. The
perturbations and the effect of resonance caused
by non-zonal harmonics for 12 hours are also
taken into account of SDP4 model. The nominal
simulation parameters are given in Table 1.

lunar-solar

Table 1: Nominal Simulation Parameters

parameter X axis | y axis |z axis
moment of inertia (kg- | 40.0 | 40.0 | 40.0
mz)
initial attitude (degrees) | 0.0 00 | 00
initial angular velocity 0.0 |-0.06] 0.0
(deg/s)
baseline coordinates b; | 167.7 | 625.7 | 0.0
(mm)
baseline coordinates b, [-625.7|-167.7| 0.0
(mm)

The attitude dynamics based on Equations
were implemented to generate the

(%)
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information of spacecraft orientation. The
NORAD (North American Aerospace Defense
Command) 2-line elements of TMSAT and
operational GPS satellites were used as the
initial figures for orbit propagations. The six
hours of simulated GPS measurements are used
as the input file. It is important to note that in
this paper, the measurement error is assumed as
white Gaussian with 5 mm rms [3].

The setup parameters for the implemented
EKF estimator are shown in Table 2.

Table 2: Setup parameters for EKF estimator

parameter value dimension
system noise 1.0e-6 | mixed dimension
variance
iance, Q (rad*and
rad*/sec?)
measurement 6.4e-5 metre’
noise variance, R
initial guess of 0.0 degree
attitude angles
initial guess of 0.0 degree/second
angular velocities

Using the EKF estimator, the estimated
attitude error (estimated attitude from filtering
compared to the true attitude from simulation)
in roll, pitch and yaw is plotted in Figure 3,
Figure 4 and Figure 5 respectively.

As shown in the simulated results, the
attitude error compared to reference solution is
less than one degree.

Error of Estimated Roll (Simulated Result)
(deg)

»

bbb io—0wa

o 60 120 180 240 300 360 420 480 340 600 660 720

Time (minutes)

Figure 3. Estimated attitude error in roll
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Error of Estimated Pitch (Simulated Result)
(deg)

[

bhhbblio—~nwan

[} 60 120 180 240 300 360 420 480 540 600 660 720

Time (minutes)

Figure 4. Estimated attitude error in pitch

deg) Error of Estimated Yaw (Simulated Result}
8.

hhdbdbio—~nwa

180 240 300 360 420 480 540 600 660 720

Time (minutes)
Figure 5. Estimated attitude error in yaw
The estimated angular velocity in Y-axis

also closes to the simulated velocity (-0.6
deg/sec) as shown in Figure 6.

(degfsec) Estimated Angular Velocity in Y axis

0.18
0.12
0.06

0.00

-0.06

-0.12

-0.18

] 20 40 60 80 100 120 140 160 180

Time (minutes)

Figure 6. Estimated angular velocity

5.2 Flight Results

This section shows an estimated attitude
from real GPS data. A set of phase difference
measurements was logged on UoSat-12
minisatellite [13], on 13" January 2000, for 200
minutes.

In January 2000, the UoSat-12 was
operated momentum bias mode. The
spacecraft attitude was maintained by magnetic
firing and torques generated by a reaction wheel
in Y-axis. The logged data of wheel speed

in
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commanded by ADCS (Attitude Determination
and Control System) is shown in Figure 7.

The nominal wheel speed was 100 rpm
(revolution per minute) approximately. At the
90" minute and 190" minute, spacecraft was
commanded to operate under manoeuvre in
pitch.

Y-Wheel Speed commanded by ADCS
(rpm)

140 |

120 ,\ M
. B d
100 - f

80 |
6t
40

|
|
I
20 i
|

4 20 44 60 80 100 120 140 160 180 200
Time (minutes)

Figure 7. Logged data of Y-wheel speed

The ADCS (Attitude Determination and
Control System) attitude on the UoSat-12 was
derived from magnetometers and horizon-sensor
measurements [14], and used as the reference
attitude in evaluating the attitude derived from
GPS sensing. The logged data of the computed
ADCS attitude is shown in Figure 8.

ADCS Attitude from Combined Magnetometers and Horizon

(deg)
1o . Daa 13 Jan 2000

Start Time. GPS weck 1044, GPS second 384%24 .60

5 ADCS Yon

i ADCS Pitch

0 20 40 60 80 100 1200 140 160 180 200
Time (minutes)

Figure 8. Logged data of UoSat-12 ADCS
attitude

Using only GPS data,
process, a new ambiguity search is performed to
estimate and verify initial attitude solution for 5
minutes. A detailed description and results are
presented in [13].

In the following process, the EKF estimator
is performed to estimate attitude from GPS data
collected from two orthogonal antenna-
baselines. The mitialised elements of R and Q
are the same set that were used in the simulation
(given in Table 2).

in acquisition

Figure 9 shows a comparison between the
ADCS pitch and GPS pitch estimated from EKF
estimator. As can be seen, the estimated attitude
using GPS measurements was very close to
ADCS attitude. The disparity is less than one
degree rms (root mean squares).

Pitch Comparison between GPS Attitude and ADCS
ata; 13JAN 2000

0 20 40 60 80 100 120 140 160 180 200
Time (minules)

Figure 9. Pitch comparison between ADCS and
GPS

The computed one-sigma rms of difference
between ADCS attitude and estimated GPS
attitude is shown in Table 3.

Table 3: One-sigma rms of difference between
GPS attitude and ADCS attitude

disparity disparity disparity
in roll in pitch in yaw
0.6 0.9° 0.8°

Figure 10 shows an estimated angular
velocity in Y-axis using GPS measurements
through EKF estimator is very close to the
angular velocity computed by ADCS. The rapid
changes in angular velocity at 90™ minute and
190" minute were caused by the operation of Y-
wheel as shown in Figure 10.

(degisee) Angular Velocity in Y axis

024
018
DNE
0.06

o
006
012
-0 18
024

i 20 40 60 84 [ 126 140 160 180 200
Tire (minutes)

Figure 10. Estimated angular velocity in Y-axis
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6. Conclusions and discussions

The Earth-pointing spacecraft dynamics
under small rotation angle has been modelled.
The analytical formulation has explicitly shown
that pitch can be modelled separately from roll
and yaw. Therefore, the original state-vector can
be split into two state-vectors. Consequently,
the two EKF estimators can be processed
simultaneously. Furthermore, the maximum
dimensions of matrix computation were
significantly reduced to (4x4). The attitude
estimations from flight GPS data have shown
that the implemented EKF estimator provides
remarkable results compared to reference ADCS
solutions derived from the sophisticated
estimator.

Discussions on Kalman Filter are described
as follows:

Tuning Kalman filtering:
Generally, the variance of

measurement noise R is assumed to be white
noise. The value of 6.4e-5 metre (one-sigma =
8.0e-3) was obtained from the calculation of
error budget [13].

For UoSat-12, the torque generated by the
reaction wheels is considered as the substantial
torque with the maximum order of 1.0e-3 Nm.
This value was used as the reference for tuning
the estimators.

By fixing the R, then the Q matrix was
tuned. The diagonal elements of Q were set with
the value of 1.0e-6 (1 sigma = 1.0e-3). The
filtering estimator had performed reasonably
well. However, it was found that the attitude
solutions started to diverge when the diagonal
elements of Q were lower than 6.4e-7 (1 sigma
= 8.0e-4). One explanation is that the filtering
estimator tries to follow the attitude dynamics
as modelled in the system equation. But, the
system model itself cannot cope with the
actuator torques. Therefore, the filtering
solution starts to diverge when the small value
of Q elements is set. By contrast, with high
value of Q elements, the attitude solution still
converged, but has more noise. The explanation
was that the filtering estimator has a shorter

scalar
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time constant and tries to follow the
measurements rather than attitude dynamic
model.
Merits of Kalman Filtering

Using only a few GPS measurements from
the number of baselines which can be reduced
to one, the Kalman filter can still provide GPS
attitude solutions. However, Kalman filters are
notoriously dependent on correct initialisation,
and if the dynamics models are incorrect, the
results may diverge, or provide an inaccurate
attitude solution. Another drawback is that the
Kalman filter is not so easy to apply for general
space applications, as initial attitude manoeuvre
must be known, and knowledge of moments of

inertia, and torques from actuators are required.
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