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Abstract
In this paper, convergences of three- step mean value iterative scheme are established for a mapping of

asymptotically quasi – nonexpansive type in a uniformly convex Banach space. The results obtained in this
paper extend and improve the recent ones announced by D. R. Sahu and J. S. Jung [ Sahu and Jung, (2003) Fixed
– point iteration processes for non- Lipschitzian mappings of asymptotically quasi- nonexpansive type,
International Journal of Mathematics and Mathematical Sciences 2003 : 2075 - 2081], and many others.
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Introduction
Let X be a real Banach space and let C be a

nonempty subset of X. Further, for a mapping T :
C → C,  let  ∅ ≠ F(T) be the set of all fixed points of
T. A mapping T : C → C is said to be asymptotically
quasi - nonexpansive if there exists a sequence {kn}
of real number with kn ≥ 1 and limn kn = 1 such that
for all x ∈ C, p ∈F(T),

||Tnx – p ||  ≤  kn || x – p ||, for all n ≥ 1.

T is called asymptotically quasi- nonexpansive type
(Sahu and Jung, 2003) provided T is uniformly
continuous  and lim supn { sup (||Tnx- p|| - ||x – p ||)} ≤

0 for all p ∈ F(T). The mapping T is called uniformly
L- Lipschitzian if there exists a positive constant L
such that ||Tnx – Tny ||  ≤   L ||x – y ||, for all x, y ∈C
and for all n ≥ 1. T is completely continuous if for
all bounded sequence {xn} ⊂ C there exists a

convergent subsequence of   {Txn} (Schu, 158(1991)).

Recall that a Banach space X is called uniformly
convex if for every  0 < ε ≤ 2, there exists δ = δ (ε) >

0  such  that                       for  every x, y ∈ SX  and

|| x-y || ≥ ε, where SX = { x∈ X : || x || = 1 } (Megginson,
1998).

In 2003, D. R. Sahu and J. S. Jung (Sahu and
Jung, 2003) gave necessary and sufficient conditions
for convergences of Mann and Ishikawa iteration
processes for mappings of asymptotically quasi -
nonexpansive type in Banach spaces. In 2006, J. Quan,
S. S. Chang, and X. J. Long (Quan et al., 2006) gave
necessary and sufficient conditions for finite- step
iterative sequences with mean errors for a family of
asymptotically quasi - nonexpansive type mappings
in Banach spaces to converge to a common fixed
point.
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Recently, Nilsrakoo and Saejung (Nilsrakoo and
Saejung, 2006) defined  a  new three-step fixed point
iterative scheme which  is an extension of Suantai’s
iterations (Suantai, 2005) and gave some strong
convergence theorems of the iterations for
asymptotically  nonexpansive mappings in a uniformly
convex Banach space. The purpose of this  paper is
to study a  strong convergence theorem for a mapping
of asymptotically quasi- nonexpansive type of a
three- step  iteration, defined by Nilsrakoo and Saejung.
     Let C be a nonempty convex subset of a real
Banach space X and  let T : C→C be a mapping.
Algorithm 1. For a given x1 ∈ C, compute the
sequences {xn}, {yn} and  {zn} by the iterative  schemes

zn = anT
nxn + ( 1- an )xn,

yn = bnT
nzn + cnT

nxn + (1 – bn – cn )xn, (1)

xn + 1 = αn T
nyn + βn T

nzn + γnT
nxn + (1 - αn- βn-

γn)xn,      n  ≥ 1,

where {an}, {bn}, {cn}, {bn + cn}, {αn}, {βn}, {γn}

and  {αn+βn+γn} are appropriate sequences in [0, 1].
The iterative scheme (1) is called the three- step mean
value iterative scheme, defined by Nilsrakoo and
Saejung (Nilsrakoo and Saejung, 2006). If γn ≡ 0, then
(1) reduces to the modified Noor iterative scheme
defined by Suantai (Suantai, 2005) as follows:
Algorithm 2. For a given x1 ∈ C, compute the
sequences {xn}, {yn} and {zn} by the iterative schemes

zn = anT
nxn + (1- an)xn,

yn = bnTnzn + cnTnxn + (1 - bn- cn)xn, (2)

xn+1 = αnT
nyn + βnT

nzn + (1- αn- βn)xn, n ≥ 1,

where {an}, {bn}, {cn}, {bn + cn}, {αn}, {βn} and

{αn+βn} are appropriate sequences in [0, 1]. If

cn = βn = γn ≡ 0, then (1) reduces to the Noor iterative
scheme defined by Xu and Noor (Xu and Noor, 2002)
as follows:
Algorithm 3. For a given x1 ∈ C, compute the
sequences {xn}, {yn} and {zn} by the iterative schemes

zn = anT
nxn + ( 1- an )xn,

yn = bnT
nzn + ( 1 – bn )xn, (3)

xn + 1 = αnT
nyn + ( 1 - αn )xn,     n ≥ 1,

where {an}, {bn} and {αn} are appropriate sequences

in [0, 1].

If an = cn = βn = γn ≡  0,  then  Algorithm 1 reduces

to Algorithm 4:

Algorithm 4.  For a given x1 ∈ C, compute the

sequences {xn} and {yn} by the iterative schemes

yn = bnT
nzn + ( 1 – bn )xn, (4)

xn + 1 = αnT
nyn + ( 1 - αn )xn,      n ≥ 1,

where {bn} and {αn} are appropriate sequences in

[0, 1].

Similarly, if  bn = cn = αn = γn ≡ 0, then Algorithm

1 reduces to Algorithm 4′:
Algorithm 4′′′′′.  For a given x1 ∈ C, compute the
sequences {xn} and {zn} by the iterative schemes

zn = anT
nxn + ( 1- an )xn, (5)

xn + 1 = βnT
nzn + ( 1 - βn )xn,      n ≥ 1,

where {an} and {βn} are appropriate sequences in
[0, 1]. Let us note that schemes (4) and (5) are called
the modified Ishikawa iterative scheme defined by Schu
(Schu, 1991).

If  an =  bn =  cn = βn =  γn ≡ 0,  then (1) reduces to
the modified Mann iterative scheme defined by  Schu
(Schu, 1991) as follows:
Algorithm 5. For a given x1 ∈ C, compute the
sequences {xn} by the iterative scheme

xn + 1 = αnT
nxn + ( 1 - αn )xn, n ≥ 1, (6)

where {αn} is an appropriate a sequence in [0, 1].
In the sequel, the following lemmas are needed  to

prove our main results.
Lemma  1.1.  (Tan and Xu, 1993). Let {an} and {bn}
be sequences of nonnegative  real  numbers  such  that

an + 1 ≤ an + bn, for all n ≥ 1. If                 , then limn an

exists.
Lemma  1.2.  (Nilsrakoo and Saejung, 2007). Let X
be a uniformly convex Banach space and Br = { x ∈ X

∞<
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: || x || < r }, r > 0. Then there exists a continuous
strictly increasing convex function g : [0, ∞ ) →
[0, ∞ ) with g(0) = 0 such that

|| λx + μy + ξz + νw||2 ≤ λ||x||2 + μ||y||2 + ξ||z||2 + ν||w||2

 -    ν[λg(||x-w||) + μg (||y-w||) + ξg(||z-w||)]

for all x, y, z, w ∈ Br and λ, μ, ξ, ν ∈ [0, 1] with

λ + μ + ξ + ν = 1.
Lemma  1.3. (Nilsrakoo and Saejung, 2007). Let {xn},
{yn} and {zn} be sequences in a uniformly convex
Banach space X. Suppose that {αn}, {βn} and {γn}

are sequences in [0, 1] with αn + βn + γn= 1, lim supn

||xn|| ≤ d, lim supn ||yn|| ≤ d, lim supn ||zn|| ≤ d and limn

||αnxn +βnyn+γnzn || = d, where  d ≥ 0.  If lim infnαn > 0

and lim infnβn > 0, then limn||xn- yn|| = 0.

Main  Results
In this section, we prove a strong convergence

theorem  of  three- step  mean  value  iterative  scheme
for  a  mapping  of  asymptotically  quasi- nonexpansive
type. In  order to prove our main results, the following
lemmas are needed.
Lemma  2.1. Let X be  a real  Banach space and let C
be a nonempty convex subset of X. Let T : C → C
be a mapping of asymptotically quasi- nonexpansive
type with the nonempty fixed-point set  F(T). Put

Gn = max {0, sup [ ||Tnx - p || - ||x - p || ]},  n ≥ 1,

so that          < ∞. Let {xn} be a sequence in C defined

by Algorithm 1, then we have the following
conclusions:

(i) limn ||xn- p|| exists, for any p ∈F(T).
(ii) limn d(xn, F(T)) exists, where d(x, F(T))

denotes the distance from x to the fixed-
point set F(T).

Proof. Let p ∈ F(T). Then by using (1), we have

||zn- p || ≤ an ||T
nxn- p || + (1 – an)||xn- p ||

= an [ ||Tnxn- p || - ||xn- p || ] + ||xn- p ||

≤ an sup [ ||Tnx - p || - ||x - p || ] + ||xn- p ||

≤ anGn + ||xn- p ||; (7)

||yn- p|| ≤ bn ||T
nzn- p|| + cn ||T

nxn- p||+(1- bn- cn) ||xn- p||

= bn [||T
nzn- p||- ||zn- p||] + bn||zn- p|| + cn [||T

nxn

- p || - ||xn- p ||]  + (1- bn) ||xn- p||

≤ bn sup [||Tnx - p ||- ||x - p ||] + anbn sup[||Tnx

- p ||- ||x - p ||] + bn ||xn- p || + cn sup [||Tnx - p ||

- ||x - p ||] + (1- bn) ||xn- p ||

≤ (bn+anbn+cn) sup [||Tnx - p || - ||x - p ||] +||xn- p ||.

Hence, ||yn- p || ≤ (bn + anbn + cn)Gn + ||xn-p ||; (8)

and

||xn + 1 - p|| ≤ αn ||T
nyn- p|| + βn ||T

nzn- p|| + γn ||T
nxn

- p|| + (1 - αn- βn- γn)||xn- p|| = αn [||T
nyn- p|| - ||yn

- p||] + αn ||yn- p || + βn [||T
nzn- p||-||zn- p||] + βn

||zn- p || + γn [||T
nxn - p || - ||xn - p ||] + (1- αn

- βn ) ||xn- p ||.

Hence, ||xn + 1 - p|| ≤ αn sup [||Tnx - p ||- ||x - p ||]

+ (αnbn + αnanbn+ αncn) sup [||Tnx - p || - ||x

- p ||] + αn ||xn- p || + βn sup [||Tnx - p ||-||x - p ||]

+ βnan sup [||Tnx - p || - ||x - p ||] + βn ||xn- p ||

+ γn  sup [||Tnx - p ||-||x - p ||] + ||xn- p ||+ (-αn

-βn) ||xn- p ||

= (αn+ αnbn +αnanbn+ αncn + βn + βnan + γn) sup

[||Tnx - p ||-||x - p ||] + ||xn- p||

≤ [ (αn+βn+ γn ) +αn(bn+ cn) + an(αnbn+ βn)] Gn

+ ||xn- p||.

Hence, ||xn + 1 - p|| ≤ ||xn- p|| + 4Gn. (9)

Since          < ∞, the lemma follows from Lemma 1.1.

This completes the proof . #
Remark  2.1. For the sequence {yn} and {zn} in C
defined by Algorithm 1, it follows by Lemma 2.1

together with inequalities (7) and (8)  that limn||zn- p ||

and limn||yn- p || exist.
Lemma  2.2. Let X be a uniformly convex Banach
space and let C be a nonempty convex subset of X.
Let T : C→ C be a mapping of asymptotically quasi -
nonexpansive type with the nonempty fixed - point
set  F(T). Put
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Gn = max {0, sup [||Tnx - p || - ||x - p || ] },   n ≥ 1,

so that               . Let {xn} be a sequence in C defined

by algorithm 1. Then we have the following assertions:
(i) If  0 < lim  infn αn ≤ lim supn(αn+βn+γn) < 1,

then limn ||T
nyn- xn||  =  0.

(ii) If  0 < lim infnβn ≤ lim supn(αn+βn+γn) < 1,

then limn ||Tnzn- xn||  =  0.

(iii) If  0 < lim infnγn ≤ lim supn(αn+βn+γn) < 1,

then limn ||T
nxn- xn||  =  0.

(iv) If  0 < lim infn αn and  0 <  lim infn bn ≤  lim

supn (bn + cn) <  1, then limn ||T
nzn- xn||  =  0.

(v) If  0 < lim infn αn and  0 <  lim infn cn ≤  lim

supn(bn + cn) < 1, then  limn ||Tnxn- xn|| = 0.

(vi) If   0 < lim infn (αn bn + βn) and 0 <  lim infn

an ≤ lim supnan < 1, then limn ||T
nxn- xn|| = 0.

Proof. By Lemma 2.1, limn ||xn- p|| exists for any

p∈F(T). If follows that {xn- p}, {Tnxn- p}, {yn- p},

{Tnyn- p}, {zn- p} and {Tnzn- p} are all bounded. We

may assume that such sequences belong to Br , where

Br  =  { x ∈ X  :  ||x|| < r  }, r > 0.

By Lemma 1.2, we have

||zn- p ||2 ≤ an ||T
nxn- p ||2 + (1 – an)||xn- p ||2

-   (1- an)an g(||Tnxn- xn ||)

= an(||T
nxn- p ||2 – ||xn- p ||2) + ||xn- p ||2

-   (1- an) an g(||Tnxn- xn ||);

||yn- p ||2 ≤ bn ||T
nzn- p ||2 + cn ||T

nxn- p ||2 + (1 - bn- cn )

||xn- p ||2 -   (1- bn- cn) { bng(||Tnzn- xn||)

+ cng (||Tnxn  - xn||) };

and ||xn + 1 - p||2 ≤ αn ||T
nyn- p||2 + βn ||T

nzn- p||2 + γn

||Tnxn- p||2 + (1-αn - βn - γn)||xn- p||2

-    (1- αn - βn - γn){αn g(||Tnyn- xn||)

+βng(||Tnzn- xn||) +γng (||Tnxn- xn||)}

= αn(||T
nyn- p||2- ||yn- p ||2) + αn||yn- p ||2

+βn(||T
nzn- p||2 -||zn- p ||2) + βn||zn- p ||2

+γn(||T
nxn- p||2- ||xn- p ||2)+(1-αn-βn)||xn- p||2

-   (1- αn- βn- γn){αng(||Tnyn- xn||)

+βng(||Tnzn - xn||) + γng(||Tnxn- xn||)}

≤ αn(||T
nyn- p||2- ||yn- p ||2) + αnbn ||T

nzn- p ||2

+ αncn ||T
nxn- p ||2 + (1 - bn- cn )αn||xn- p ||2

-   (1- bn- cn)αn { bng(||Tnzn- xn||)

+ cng(||Tnxn - xn||) } +βn(||T
nzn- p||2-||zn- p ||2)

+βnan (||T
nxn - p ||2 – ||xn- p ||2 ) + βn||xn- p ||2

-    (1- an)anβng(||Tnxn- xn ||)

+ γn( ||T
nxn- p||2 - ||xn- p ||2) + (1-αn -βn)

||xn- p ||2 -   (1- αn- βn- γn){αng (||Tnyn- xn||)

+ βng(||Tnzn- xn||) + γng(||Tnxn - xn||)}

= αn(||T
nyn- p||2- ||yn- p ||2) + αnbn (||T

nzn- p ||2

- ||zn- p ||2) + αnbn||zn- p ||2 + βn(||T
nzn- p||2

-||zn- p ||2) + αncn (||T
nxn- p ||2- ||xn- p ||2)

+ αncn||xn- p ||2 +βnan (||T
nxn- p ||2 – ||xn- p ||2)

+ γn( ||T
nxn - p||2- ||xn- p ||2) + (1 – bn)αn

||xn - p ||2- cnαn||xn- p ||2+βn||xn- p ||2

+ (1- αn)||xn - p ||2 - βn||xn- p ||2-   (1- bn- cn)αn

{ bng(||Tnzn -xn||) + cng(||Tnxn- xn||) }

-    (1- an)anβng (||Tnxn- xn||) -   (1- αn- βn-γn)

{αng(||Tnyn - xn||)+βng(||Tnzn- xn||)

+ γng(||Tnxn- xn||)}

≤ αn(||T
nyn- p||2- ||yn- p ||2) + (αnbn+βn)

(||Tnzn - p ||2- ||zn- p ||2) + αn bn an (||Tnxn- p ||2

- ||xn - p ||2) +αn bn ||xn- p ||2-   (1- an)anαnbn

g(||Tnxn- xn ||) + (αn cn+ βn an + γn)

(||Tnxn  - p ||2- ||xn- p ||2) + (1- αn + αn - αn bn)

||xn- p ||2 -   (1- bn- cn) αn { bng(||Tnzn- xn||)

+ cng(||Tnxn - xn||) } -   (1- an)anβng

(||Tnxn- xn ||) -   (1- αn - βn- γn)

{αng(||Tnyn - xn||)+βng(||Tnzn- xn||)

+ γng(||Tnxn- xn||)}

= αn (||Tnyn- p||2- ||yn- p ||2) + (αn bn+ βn)

(||Tnzn - p ||2- ||zn- p ||2) + (αn bn an+αn cn

+βn an + γn)(||T
nxn- p ||2 - ||xn- p ||2)

A

∑
∞

=

∞<
1n

nG

x∈C

3
1

3
1

3
1

3
1

3
1

3
1

3
1

3
1

3
1

3
1

3
1

3
1

3
1

3
1

3
1



33

Silpakorn U Science & Tech J Vol.2(1), 2008N. Puturong

+ ||xn- p ||2-   (1- an)an(αn bn + βn) g

(||Tnxn- xn ||) -    (1- bn- cn)

{ αn bng(||Tnzn- xn||) + αn cng(||Tnxn- xn||) }

-   (1- αn- βn- γn){αn g(||Tnyn- xn||)

+ βn g (||Tnzn- xn||) + γng(||Tnxn- xn||)}

≤ (||Tnyn- p||+||yn- p ||)(||Tnyn- p||-||yn- p ||)

+ 2 (||Tnzn- p||+||zn- p ||)(||Tnzn- p || - ||zn- p ||)

+ 4 (||Tnxn- p || + ||xn- p ||)(||Tnxn- p ||

- ||xn - p ||)+ ||xn- p ||2 -   (1- an)an(αn bn +βn)g

(||Tnxn- xn ||) -   (1- bn- cn){ αn bng

(||Tnzn - xn||) + αn cng(||Tnxn- xn||) }

-   (1- αn- βn- γn) { αn g(||Tnyn- xn||)+βn g

(||Tnzn- xn||) +γn g(||Tnxn- xn||)}

≤ (||Tnyn- p||+||yn- p ||) sup (||Tnx - p||-||x- p ||)

+ 2 (||Tnzn- p ||+ ||zn- p ||) sup (||Tnx - p ||

- ||x - p ||) + 4 (||Tnxn- p ||+ ||xn- p ||) sup

(||Tnx - p ||- ||x - p ||) + ||xn- p ||2

-   (1- an)an(αn bn +βn ) g(||Tnxn- xn ||)

-   (1- bn- cn){ αn bng(||Tnzn- xn||)

+ αn cng(||Tnxn- xn||) }-   (1- αn- βn- γn)

{αn g(||Tnyn- xn||)+βn g(||Tnzn- xn||)

+γn g(||Tnxn- xn||)}

≤ { ||Tnyn- p||+||yn- p || + 2 (||Tnzn- p ||+||zn- p ||)

+ 4 (||Tnxn- p ||+ ||xn- p ||) } Gn + ||xn- p ||2

-    (1- an)an(αn bn + βn) g(||Tnxn- xn ||)

-    (1- bn- cn){ αn bng(||Tnzn- xn||) + αn cng

(||Tnxn- xn||) } -    (1- αn- βn- γn)

{αn g(||Tnyn - xn||)+βn g(||Tnzn- xn||)

+ γn g(||Tnxn- xn||)}.

Thus ||xn + 1 - p||2 ≤ unGn + ||xn- p ||2 -   (1- an)an

(αnbn + βn) g(||Tnxn- xn ||) -    (1- bn- cn)

{ αn bng(||Tnzn- xn||) + αn cng(||Tnxn- xn||) }

-   (1- αn- βn- γn){αn g(||Tnyn- xn||)

+ βn g (||Tnzn- xn||) + γn g(||Tnxn- xn||)},

where un = ||Tnyn- p||+||yn- p || + 2 (||Tnzn- p ||+ ||zn- p ||)

+ 4 (||Tnxn- p ||+ ||xn- p ||).

Consequently,

αn (1- αn- βn- γn)g(||Tnyn- xn||)  ≤  3 { ||xn- p ||2

- ||xn+1 - p ||2 + unGn}; (10)

βn (1- αn- βn- γn)g(||Tnzn- xn||)  ≤  3 { ||xn- p ||2

- ||xn+1 - p ||2 + unGn}; (11)

γn (1- αn- βn- γn)g(||Tnxn- xn||)  ≤  3 { ||xn- p ||2

- ||xn+1 - p ||2 + unGn};                      (12)

αn bn(1- bn- cn)g(||Tnzn- xn||)  ≤  3 { ||xn- p ||2

- ||xn+1 - p ||2 + unGn};      (13)

αn cn(1- bn- cn)g(||Tn xn- xn||)  ≤  3 { ||xn- p ||2

- ||xn+1 - p ||2 + unGn};                      (14)

and (1- an)an(αn bn + βn ) g(||Tnxn- xn ||) ≤ 3 { ||xn- p||2

- ||xn+1 - p ||2+  unGn}.              (15)
We  now  prove (i).

Since            < ∞ and limn ||xn- p || exists, it follows

from (10) that

     lim supn{αn(1- αn- βn- γn)g(||Tnyn-xn||)}  =  0.

Because g is continuous strictly increasing with g(0)

=  0 and 0 < lim infn αn  ≤  lim supn(αn+βn+γn ) < 1,  we

have  limn ||T
nyn- xn|| = 0. By using a similar method,

together with inequalities (11), (12), (13), (14) and

(15), it can be shown that (ii), (iii), (iv), (v) and (vi)

are satisfied, respectively.                            #
Lemma  2.3. Let X be a uniformly convex Banach
space and let C be a nonempty convex subset of
X. Let T : C→ C be a mapping of asymptotically
quasi-nonexpansive type such that T is uniformly
L-Lipschitzian with  the nonempty fixed-point set F(T).
Put
      Gn  =  max {0, sup [ ||Tnx - p || - ||x - p || ]},

   n ≤ 1, so that           < ∞. Let {xn} be a sequence in

C defined by algorithm 1.
If limn ||T

nxn- xn||  =  limn ||T
nyn- xn||  =  limn||T

nzn- xn ||
=  0,  then limn ||Txn- xn||  =  0.
Proof. Using (1), we have

||xn + 1- xn ||  ≤ αn ||T
nyn- xn||+βn ||T

nzn- xn||

+γn ||T
nxn - xn||  → 0 as  n →∞.    (16)
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Since ||xn- Txn|| ≤ ||xn+1- xn ||+ ||xn+1- T
n+1xn+1||

+||Tn+1xn+1 - T
n+1xn|| + ||Tn+1xn- Txn|| ≤ ||xn+1- xn ||

+ ||xn+1- T
n+1xn+1||+ L1||xn+1- xn ||+ L2||T

nxn- xn||,

for some  L1, L2 ∈R+ and ||Tnxn- xn|| → 0 as n →∞,
it follows from (16) and uniform continuity of T that
limn ||Txn- xn||  =  0.                #
Lemma  2.4. Let X be a uniformly convex Banach
space and let C be a nonempty convex subset of X.
Let T : C→ C be a mapping of asymptotically
quasi-nonexpansive type such that T is uniformly
L- Lipschitzian with the nonempty fixed-point set F(T).
Put

Gn  =  max {0, sup [ ||Tnx - p || - ||x - p || ]},

   n ≥ 1, so that         < ∞. Let {xn} be a sequence in C

defined by algorithm 1. Then we have the following
assertions:
If 0 < lim infn αn ≤ lim supn(αn+ βn+ γn) < 1 and the
parameters satisfy one of the following control
conditions:
(C1) 0 < lim infn bn ≤ lim supn(bn+ cn) < 1 and one of
the following holds:

(a) 0 < lim infn an ≤ lim supn an < 1;
(b) 0 < lim infn cn ≤ lim supn(bn+ cn) < 1;
(c) 0 < lim infn γn ≤ lim supn(αn+ βn+ γn) < 1;

(C2) 0 < lim infn βn ≤ lim supn(αn+ βn+ γn) < 1 and
one of the  following holds:

(a) 0 < lim infn an ≤ lim supn an < 1;
(b) 0 < lim infn cn ≤ lim supn(bn+ cn) < 1;
(c) 0 < lim infn γn ≤ lim supn(αn+ βn+ γn) < 1,

then limn ||Txn- xn || = 0.

Proof. For any p ∈ F(T), it follows from Lemma 2.1

that limn ||xn- p || exists.

Let limn ||xn- p || = d for some d ≥ 0.

Since 0 < lim infn αn ≤ lim supn(αn+ βn+ γn) < 1, by

Lemma 2.2(i), we have

limn ||T
nyn- xn || = 0. (17)

Next, we show that limn ||zn- p || = d, lim supn ||xn- p ||

≤ d and lim supn ||T
nxn- p || ≤ d.

We  consider

||xn- p || ≤ ||xn- T
nyn || + ||Tnyn- p ||  =  ||xn- T

nyn ||

+ (||Tnyn- p ||-||yn- p||) + ||yn- p ||

≤ ||xn- T
nyn || +sup (||Tnx - p ||-||x - p||) + ||yn- p ||

≤ ||xn -T
nyn || + sup (||Tnx - p ||-||x - p||)

+ bn(||T
nzn - p ||-||zn- p||) + ||zn- p ||

+ cn(||T
nxn- p ||-||xn- p||) + (1- bn)||xn- p ||

≤ ||xn- T
nyn || + sup (||Tnx - p ||-||x - p||)

+ (||Tnzn - p ||-||zn- p||) + ||zn- p ||

+ cn(||T
nxn- p ||-||xn- p||)

≤ ||xn- T
nyn || + sup (||Tnx - p ||-||x - p||)

+ sup (||Tnx - p ||-||x - p||)

+ cn sup (||Tnx - p||-||x - p||)+ ||zn- p||

≤ ||xn- T
nyn || + (2 + cn) sup (||Tnx - p ||-||x - p||)

+ ||zn- p ||

≤ ||xn- T
nyn || + (2 + cn) Gn + ||zn- p ||.

Hence d ≤ lim infn ||zn- p ||.

By taking lim supn on both sides of the inequality (7),

we have lim supn ||zn- p || ≤ d.

It follows that limn ||zn- p || = d.

Next, we show that lim supn ||xn- p || ≤ d and

lim supn ||T
nxn- p || ≤ d.

Since limn ||xn- p || = d, lim supn ||xn- p || = d.

We consider

||Tnxn- p || = (||Tnxn- p||-||xn- p ||) + ||xn- p ||

≤ sup (||Tnx - p||-||x - p ||) + ||xn- p ||

≤ Gn + ||xn- p ||.

Thus lim supn ||T
nxn- p|| ≤ lim supnGn

+ lim supn||xn - p|| ≤ d.

(C1). Let 0 < lim infn bn  ≤  lim supn(bn+ cn) < 1. Since

0 < lim infn αn, by Lemma 2.2(iv), we have

limn ||Tnzn- xn ||  =  0. (18)

(C1)(a). Let  0  <  lim infn an  ≤  lim supn an <  1.

From limn ||zn- p ||  =  d, we obtain
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d = limn || an(T
nxn- p ) + (1 – an)(xn- p) ||.      (19)

Since 0 < lim infn an, 0 < lim infn (1 - an) and                      an

+ (1 - an) = 1, by  applying  Lemma 1.3,  we  have

limn ||T
nxn - xn || = 0.                                     (20)

From (17), (18) and (20), by Lemma 2.3, we have

limn ||Txn – xn ||   =   0.

(C1)(b). Let 0 < lim infn cn ≤ lim supn (bn + cn) < 1, and

since 0 < lim infn αn

By  Lemma  2.2(v),  we  have

limn ||T
nxn - xn ||  =  0. (21)

From (17), (18) and  (21), by Lemma 2.3, we have

limn ||Txn – xn ||   =   0.

(C1)(c). Let 0 < lim infn γn ≤ lim supn (αn+ βn+ γn) < 1.

By  Lemma  2.2(iii), we have

limn ||T
nxn – xn ||  =  0. (22)

From (17), (18) and (22), by Lemma 2.3, we have

limn ||Txn – xn ||  =  0.

(C2). Let 0 < lim infn βn  ≤   lim supn (αn+ βn+ γn)  <  1.

By  Lemma 2.2(ii),  we  have

limn ||T
nzn – xn ||  =  0. (23)

Similary, if  (C2)(a) or (C2)(b) or (C2)(c) is satisfied,

then

limn ||Txn – xn ||   =   0. #
Theorem  2.5. Let X, C, T and  {xn} be defined as in
Lemma 2.4. If T is a completely continuous mapping,
then {xn} converges  strongly to a fixed point of T.
Proof. Let  p ∈ F(T) be fixed point. From Lemma 2.1,
we know that limn ||xn- p|| exists, then {xn} is  bounded.
By Lemma 2.4, we have

limn ||Txn
 
- xn ||  =  0. (24)

Since T is completely continuous and {xn} is bounded,
there  exists  a  subsequence  {xn

k
} of  {xn} such  that

{Txn
k
}  converges.  Let  limn Txn

k
   =  q.  Then by  (24),

limn xn
k
 = q. Thus, by continuity of T, we have Tq = q,

so q is a fixed point of T.
It follows from Lemma 2.1 that limn ||xn- q|| exists.

But  limk  || xn
k
 - q ||  =  0 ,  thus  limn  ||xn- q ||  =  0.  This

completes the proof.                 #
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