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Abstract

In this paper, convergences of three- step mean value iterative scheme are established for a mapping of

asymptotically quasi — nonexpansive type in a uniformly convex Banach space. The results obtained in this

paper extend and improve the recent ones announced by D. R. Sahu and J. S. Jung [ Sahu and Jung, (2003) Fixed

— point iteration processes for non- Lipschitzian mappings of asymptotically quasi- nonexpansive type,

International Journal of Mathematics and Mathematical Sciences 2003 : 2075 - 2081], and many others.
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Introduction

Let X be a real Banach space and let C be a
nonempty subset of X. Further, for a mapping T :
C > C, let @ #F(T) be the set of all fixed points of
T. Amapping T : C — C is said to be asymptotically
quasi - nonexpansive if there exists a sequence {k }
of real number with k > 1 and lim_k_= 1 such that
forallx € C, p e F(T),

ITx-p]|| <k ||x—p], foralln=>1.

T is called asymptotically quasi- nonexpansive type
(Sahu and Jung, 2003) provided T is uniformly
continuous and lim sup_{ sup (ITx-p|| - |x—p|D} <

0 for all p € F(T). The mapping T is called uniformly
L- Lipschitzian if there exists a positive constant L
such that | Tx -T"y || £ L|x—y|, forallx,yeC
and for all n > 1. T is completely continuous if for

all bounded sequence {x } < C there exists a
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convergent subsequence of {Tx } (Schu, 158(1991)).

Recall that a Banach space X is called uniformly
convex if for every 0 <e <2, there exists =190 (¢) >

X+y

0 such that <1-3 for everyx,y e S, and

|| x-y||Z¢€, where S, = { xe X:||x]||=1} (Megginson,
1998).

In 2003, D. R. Sahu and J. S. Jung (Sahu and
Jung, 2003) gave necessary and sufficient conditions
for convergences of Mann and Ishikawa iteration
processes for mappings of asymptotically quasi -
nonexpansive type in Banach spaces. In 2006, J. Quan,
S. S. Chang, and X. J. Long (Quan et al., 2006) gave
necessary and sufficient conditions for finite- step
iterative sequences with mean errors for a family of
asymptotically quasi - nonexpansive type mappings
in Banach spaces to converge to a common fixed
point.
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Recently, Nilsrakoo and Saejung (Nilsrakoo and
Saejung, 2006) defined a new three-step fixed point
iterative scheme which is an extension of Suantai’s
iterations (Suantai, 2005) and gave some strong
convergence theorems of the iterations for
asymptotically nonexpansive mappings in a uniformly
convex Banach space. The purpose of this paper is
to study a strong convergence theorem for a mapping
of asymptotically quasi- nonexpansive type of a
three- step iteration, defined by Nilsrakoo and Saejung.

Let C be a nonempty convex subset of a real
Banach space X and let T : C—C be a mapping.
Algorithm 1. For a given x, € C, compute the

sequences {x }, {y } and {z } by theiterative schemes

z = alx +(l-a)x,
y, =bTz+cTx +(1-b~-c)x, (1
n+1 = a’n Tr‘yn + Bn Tnzn + ’YnTan + (1 - 0('n_ Bn_

Y)X, n 21,

where {a }, {b}, {c}, {b +c}, {o}, {B}, {v}
and {o +B +y } are appropriate sequences in [0, 1].
The iterative scheme (1) is called the three- step mean
value iterative scheme, defined by Nilsrakoo and
Saejung (Nilsrakoo and Saejung, 2006). If y =0, then
(1) reduces to the modified Noor iterative scheme
defined by Suantai (Suantai, 2005) as follows:

Algorithm 2. For a given x, € C, compute the

sequences {x }, {y, } and {z } by the iterative schemes

z = alx +(l-a)x,
y, =bTz+cTx +(1-b-c)x, 2)
x+l = aTy +BTz +(-o-B)x,n>1,

where {an}, {bn}, {cn}, {bn + cn}, {Ocn}, {Bn} and
{o. +B_} are appropriate sequences in [0, 1]. If
¢ =B =7v =0, then (1) reduces to the Noor iterative
scheme defined by Xu and Noor (Xu and Noor, 2002)
as follows:

Algorithm 3. For a given x, € C, compute the

sequences {X }, {y, } and {z } by the iterative schemes

V4
n

aTx +(1-a )x,

b Tz +(1-b )x,

Y, 3)
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X = n>1

n+1

oTy +(1-0)x, ,
where {a }, {b } and {o } are appropriate sequences
in [0, 1].

Ifa =c =B =7 = 0, then Algorithm I reduces
to Algorithm 4:
Algorithm 4. For a given x, € C, compute the
sequences {x } and {y, } by the iterative schemes

y, = bTz +(1-b )x, 4)

Xn+1 -

oTy +(1-0 )x, n2l,

where {b } and {o } are appropriate sequences in
[0, 1].

Similarly, if b =c_=o =7 =0, then Algorithm
1 reduces to Algorithm 4’

Algorithm 4’. For a given x, € C, compute the

sequences {x _} and {z } by the iterative schemes

Z =
n

aTx +(1l-a )x,
BnTnZn + ( l- Bn )Xna
where {a } and {f } are appropriate sequences in
[0, 1]. Let us note that schemes (4) and (5) are called
the modified Ishikawa iterative scheme defined by Schu
(Schu, 1991).

Ifa =b =c =B =7y =0, then (1) reduces to
the modified Mann iterative scheme defined by Schu

(Schu, 1991) as follows:
Algorithm 5. For a given x, € C, compute the

)

X

n+1

n=1,

sequences {x } by the iterative scheme

Xn+1 -

oTx +(1-0 )x,n21,

(6)

where {o } is an appropriate a sequence in [0, 1].

In the sequel, the following lemmas are needed to
prove our main results.
Lemma 1.1. (Tan and Xu, 1993). Let {a_} and {b_}
be sequences of nonnegative real numbers such that

0
a +b,foralln>1.1f > b < oo, then lim a_
n=1

a <

n+1—
exists.
Lemma 1.2. (Nilsrakoo and Saejung, 2007). Let X

be a uniformly convex Banach spaceand B = { x e X
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;|| x|| <r}, r>0. Then there exists a continuous
strictly increasing convex function g : [0, o ) —
[0, oo ) with g(0) = 0 such that
|20+ py + &2+ wwlP < AR + I+ Elllf -+ viwP
- VIAg(lx-wi) + ug (ly-wi) + Eg(llz-wiD]
for all x,y,z,we B and A, p, §, v € [0, 1] with
A+u+E+v=1.
Lemma 1.3. (Nilsrakoo and Saejung, 2007). Let {x },
{y,} and {z } be sequences in a uniformly convex
Banach space X. Suppose that {o }, {B } and {y }
are sequences in [0, 1] with o, + B +vy =1, lim sup_
IIx ]| <d, limsup_|ly||<d,limsup ||z | <dandlim
lox +By +y.z || =d, where d >0. Ifliminf o >0

and lim inf 3 >0, then lim ||x -y || = 0.

Main Results

In this section, we prove a strong convergence
theorem of three- step mean value iterative scheme
for a mapping of asymptotically quasi- nonexpansive
type. In order to prove our main results, the following
lemmas are needed.
Lemma 2.1. Let X be areal Banach space and let C
be a nonempty convex subset of X. Let T: C — C
be a mapping of asymptotically quasi- nonexpansive
type with the nonempty fixed-point set F(T). Put

G, = max {0, sup [ITx-p||-|x-p]|1},yn=1,

so that Y G,<eo. Let {x,} be a sequence in C defined
n=1

by Algorithm 1, then we have the following
conclusions:
(®)
(ii)

lim_||x - p|| exists, for any p € F(T).
lim_d(x , F(T)) exists, where d(x, F(T))
denotes the distance from x to the fixed-
point set F(T).
Proof. Let p € F(T). Then by using (1), we have
lz-pll<a ITx-p I+ 1 -a)lx-pll
=a, [ITx-pll-lx-pl1+[x-pl
<a sup [[Tx-pll-[x-pll1+I[x-pll

<a,G, +|x-p i

(7
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[Iy,- Pl < b, IT"z,- pl| + ¢, [T, - P[+(1-b,- €} [[x,- pl|
= b, [ITz- plI- [|z,- pll] b Iz~ pll + ¢, [IT%,
-pll-Ix-p Il +(1-b) [Ix.- pl
< b,sup [T - p |- [x - p [|] +a,b, sup[|[T"x
“Pl-lx-pl1+b, fx-pll+e,sup [T -p |
-k -p 1+ A-b) [x,-pl
<(bfab Fe,) sup [[IT™x -p |- [Ix - p [ H[x,- p |
Hence, [ly,-p|[< (b, *ab,*c )G, *[xpl: (8
and
%, - Pll < & [T, Il + B, [IT"2,- pll + v, IT"%,
-pll+ (1 - B-v)lkx,- Pl = o LT, - Pl - [ly,
-pll+ o fly,-p Il + B, [IT"2,- plHlz,- Pl + B,
[z, p I+ % 0T, - p I - lIx, - p 1+ (- o,
B Ix-pll
Hence, [|x, ., - pl[ < o, sup [T - p |- [[x - p |[]
*(ob, +oabFoe)sup [T - pf - [|x
-pl1+ o flx,-pll+B,sup [T - p[-flx-p ]
*Basup [ITx-p |- [x-p1+B, lx-pll
=, sup [ Tx - p [Hx - p 1+ [Ix,- p I+ (e,
B IIx,-p
= (ot ob, foab e, B, +Ba, +y,) sup

(T - p [I-flx - p [T+ [, pI

< [(o B +7,) o (b+c)+alab+B)]G,
=[x, pll-
Hence, |[x. ., - pll <[x,- p|| + 4G.. 9)

Since i G,< oo, the lemma follows from Lemma 1.1.

sl
This completes the proof . #
Remark 2.1. For the sequence {y } and {z } in C
defined by Algorithm 1, it follows by Lemma 2.1
together with inequalities (7) and (8) that lim ||z - p ||
and lim ||y - p || exist.

Lemma 2.2. Let X be a uniformly convex Banach
space and let C be a nonempty convex subset of X.
Let T : C— C be a mapping of asymptotically quasi -

nonexpansive type with the nonempty fixed - point
set F(T). Put
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G, = max {0, XsEuCp [[Tx-p|[-|x-p]|]},¥Yn=1,

SO thatiGn <. Let {x } be a sequence in C defined

n=1

by algorithm 1. Then we have the following assertions:
(i) If 0<lim inf o, <limsup (o +B +7)<1,
then lim_|[[T"y -x || = 0.
(i) If 0<liminf B <limsup (o +B +y) <1,
then lim_||T'z -x || = 0.
(iii) If 0 <liminfy <lim sup (o +fB +y)<1,
then lim_||T"x - x || = 0.
(iv) If 0<liminf o and 0< liminf b < lim
sup (b +c )< 1,thenlim ||T'z-x || = 0.
(v) If 0<liminf o and 0< liminf ¢ < lim
sup (b +c)<1,then lim || Tk -x || =0.
(vi) If 0<liminf (o b +f )and0 < liminf
a <limsup a <1, thenlim_||T"x -x ||=0.
Proof. By Lemma 2.1, lim_ ||x - p|| exists for any
pe F(T). If follows that {x - p}, {T"x - p}, {y,- P},
{T'y - p}, {z,- p} and {T"z - p} are all bounded. We
may assume that such sequences belong to B_, where
B = {xeX:|x|]|<r }r>0.
By Lemma 1.2, we have
lz,-p < a, T p |+ (A =a)lx,-p P’
-3(1-a)a, (T - x, [
= a(Tx-p P = lx-p ")+ lx-p I
-3(1-a) a, g, x, [);
Iy,-pIPs b, [[Tz-p | +c, IT%,-p [P+ (1-b-c)
- pIF-3(1-b,- ) {b,g(IT'z,- [
+eg (T, -x[D }3
and |, - p|* < o |IT",- p|P + B,IIT"z,- p|I* + 7,
[T, plI* + (1-0t, - B, - ¥)IIx,- I
-3 (-0 - By (o, g(Ty, x D
8,807z, x, D +v,8 (T~ x [}
= o (T, pIP-lly,- P IP) + o fly,- P IP
BTz~ pI*-lz,- P 1) + B,lIz,- p I
(T~ pIP- [Ix,- P [P)+H(1-00 Bl - PP

32
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- 5(1- 0y - B - v o (T, - x D
+B,2(ITz, - x | + V2| T"x,- x|}

o (IT"y,- pIP- ly,- P [P) + o.b, [[T'z,- p |
+oc, [T p [P+ (1-b-c)ofix-pf
-1(1-b,- ¢ o, { b.g(||Tz,- x ||)
+eg(Tx,-x [D } +B,(ITz,- p|-l|z,- P P)
Ba, ([T, - p|P=[x,-p )+ Blx- P
-1 d-a)aBe(ITx,-x, |

v, (T, plP- [Ix,- p |P) + (1-01, -B,)
%, p -3 (1= o - B - v){og (1T, %[
+B.ITz,- x ID + v,2(I T, - x,ID}

o (T, pI*- lly,- p ) + o.b, (IT"z,- p |’
-z, p IP) + o b iz~ p P + B,(IT"z,- pI
Jlz,-p IP) + o, (T, p |- [1x,- P D)
+ae[x-p [P +B,a, ([Tx,-p [P =[x, P [P)
v, IIT%, - plP- [Ix,- p [[P) + (1 = b)a,
1%, - P IP- e, Ix, p [FHB,]1x,- p I

+(1- o )lx,-p [P - BlIx,- p[-5(1-b,- ¢ )or,
{b,g(ITz,x |) + c.g(ITx- x| }
-3(-a)a B g ([T - x,[) -3 (1- o, - B -v,)
{og(ITy, - x ID+B,e(IT"z,- x|
+v,8(Tx,- x, D}

o (T, Pl lly,- p ) + (o, b,+B)
(ITz,-p |- llz,-p IP) + o, b, 2, (IT"x,- p |
-lIx,-p|P) +o,b, [Ix,- p -4 (1- 2 )a,0.b,
g(ITx,- x, | + (o, ¢+ B,a, +v,)

(T, -p - [Ix,- PP+ (-0, + o -0 b)
Ix,-p I -1(1-b-c) o { be(ITz,- x,||)
+c,g(Tx,-x|) } -3(1-a)a Bg

(ITx,- x, ) -5 (1- o, - B,- 7))

{og(ITy, - x ID+B,e(IT"z,- x|
+7,8(T%,- x,|D}

o, ([T, pIP- lly,- p I + (o, b+ B,)
(ITz,-p |- llz,- p ) + (o, b, a +o

n n n

B2, T AT p - lIx,-p 1P
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+x,-p -3 (1-a)a (o, b, +B) g
(ITx,-x, D -1 (1I-b,-c)
{o,b.g(Tz,- x [ + o, c.g(||Tx,- x []) }
-1(1- o - B v Ao g(Ty,- x D
+B,g (T2, x| +v,g(IT%,- x D}
(ITy,- pllHly,- P IDAT",- pl-ly,- P D
+2(|Tz,- pl[*Hlz,- p DAIT"z,- P || - [I2,- P D
H4(Tx-p ||+ |Ix,- p [DAT%,-p ||
-I%, - ID+ I, p [P -4(1-2))a (o, b, +B,)g
(ITx,-x,[D-3(1-b-c){ o bg
(IT"z,- x,[D + o, c.g(IT%,- x []) §
(-0 B -y {o,g(ITy,-x DB, g
(IT°z,- x | +v, 8T, - x, D}
(Ty,= plHIY,~ P D) sup ([T - plHlx- p |[)
+2(ITz,- p || |lz,- p [P sup (ITx - p |
“lx-p D+ 4T, p I+ [Ix,-p ) sup
(T -pl-lx-p D+ x,-PIF
-4(1-a)a (o, b +B) g(|[T°x,- , [|)
-1(1-b-c){ o bg(|Tz,- x|
+ o, cg(Tx - x [ }-3 (1- o= B~ 7,)
{or g(||T,- x ID+B, &(lIT"z,- x|
7, g(ITx,- x,|D}
Ty, plHly,-p 1+ 2 (T2, p [ H]lz,- P [
H4(Tx-pl*x-pID )G, +x-p P
- 3(1-a)a (o, b, +B) g(|Tx,- x, |)
- 3(1-b-c){ o bg(ITz-x | + o, c8
(ITx,-x,ID } -4 (1- o - B-7)
{o, eIy, - x ID+B, &I T"z,- x|
+, &[T~ x,[D}-
oo PIPSuG Flx-p|P-3(1-a)a,
(ab, +B,) g(Tx,-x, ) -4 (1-b-¢c)
{o,b,g(|Tz,- x, [P + o, c.g(||T"x,- x []) }
1= 0= B - y) {0 g T, - x D
+B,2(ITz,- x D + 7, 2(IT"x,- x,ID}
whereu =Ty - p[[Hly,-p ||+ 2 ([T"z,-p [+ l|z,- P [
4 (T p |1+ Ix,- P D

IN
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Consequently,
o, (1- o - B-v)e(Ty,- %) < 3 {[Ix-p |’
X =P IFH UG (10)
B, (I-o- B-v)e(Tz- x| < 3 {lx-p P
X =P P+ u,Gs (11)
¥, (1- 0= B-)e(ITx,-x ) < 3 {lx-p P
Xy =P P UG5 (12)
o, b,(1-b- ¢ )g(T"z,- x D) < 3 {Ix-pIP
- X - P IP G (13)
o, c,(I-b-c)g(T"x-x ) < 3 {x-pIP
X =P P+ u,Gs (14)
and (1-a)a (o, b + B ) g(|T"x,- x, [) <3 {[|x,- pII
- - PP wG (15)

We now prove (i).

Since i G,<eoandlim_|x -p || exists, it follows
from (10) rﬁ:llat

lim sup_{o (1- o - B.- v)g(|| Ty, -x |} = 0.
Because g is continuous strictly increasing with g(0)
= 0and 0 <liminf o < limsup (o +B +y ) <1, we
have lim_||T"y - x || = 0. By using a similar method,
together with inequalities (11), (12), (13), (14) and
(15), it can be shown that (ii), (iii), (iv), (v) and (vi)
are satisfied, respectively. #
Lemma 2.3. Let X be a uniformly convex Banach
space and let C be a nonempty convex subset of
X. Let T : C— C be a mapping of asymptotically
quasi-nonexpansive type such that T is uniformly
L-Lipschitzian with the nonempty fixed-point set F(T).
Put

G, = max {0, sup [ [T - p || - [)x - p || I}

Yn<1,sothat ). G,<oo. Let {x_} be a sequence in
n=1

C defined by algorithm 1.

[FTim, [T, x| = Tim, [Ty, x| = lim |77, |
= 0, then lim_||Tx -x | = 0.

Proof. Using (1), we have

%, 0= %, I < o T x B, 1Tz, x|

n +1

+y [T - x || = 0as n —eo. (16)
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n+1
n+l T X

Since ||x - Tx || < []x,,- X, [T [[x

n+1 n+1||

+||Tn+lxn+1 - TnHXn” + ”TnHXn_ TXn” < ”Xnﬂ_ Xn ”

AR Tl Lyl X, [ LT - x

n+1

for some L, L, eR"and [|[T"X - X || = 0 as n —>oo,
it follows from (16) and uniform continuity of T that
lim ||Tx-x|| = O. #
Lemma 2.4. Let X be a uniformly convex Banach
space and let C be a nonempty convex subset of X.
Let T : C— C be a mapping of asymptotically
quasi-nonexpansive type such that T is uniformly
L- Lipschitzian with the nonempty fixed-point set F(T).
Put

G[l

max {0, sup [[[T"x -p [| - [[x - p || 1},
Vn> 1, so that ) G<eo. Let {x_} be a sequence in C
n=1

defined by algorithm 1. Then we have the following
assertions:
If 0 <lim inf o <lim sup (o + B + ) <1 and the
parameters satisfy one of the following control
conditions:
(C1) 0<liminf b <limsup (b +c )<1 and one of
the following holds:

(a) 0 <liminf a <lim sup_an <1;

(b) 0 <liminf ¢ <limsup (b+c)<1;

(¢) 0 <liminf y <limsup (oo +B +7v)<1;
(C2) 0<liminf B <limsup (oo + B +7) <1 and
one of the following holds:

(@) 0<liminf a <limsup a <I;

(b) 0 <liminf ¢ <limsup (b+c)<1;

(c) 0 <liminf y <limsup (oo +B+7v)<1I,
then lim_||Tx -x_||=0.
Proof. For any p € F(T), it follows from Lemma 2.1
that lim_||x - p || exists.
Let lim_|[x - p || = d for some d > 0.
Since 0 < lim inf o < lim sup (o + B +7) <1, by
Lemma 2.2(i), we have

lim || Ty -x_||=0. (17)

Next, we show that lim_||z - p || =d, lim sup,_|[x-p]||

34

Convergence of Asymptotically Quasi - Nonexpansive Type

<dandlimsup_ ||T°x-p| <d.
We consider
%, P I < 1%, Ty, [+ Ty, Il = X, T, l
ATy, Py, D+ lly,- P
<% Ty, {1 #sup ([T - p|HRx - pID + ly,- p |l
<|jx,-T*, || + sup (T - p [|-{|x - p|)
+b,(T°z,- p [Hlz,- pID + llz- P |
eI, p JHs,- pID+ (- bl p |
<|lx,- T, || + sup ([T - p [-|x - p|)
+ Tz, - p [l|z,- I + [|z,- P
eI, p [, piD
< |k, T, [l + sup ([T - p [Hlx - pID
+sup ([T - p [Hx - p
+¢,sup ([T - plHix - plly+ iz, ol
< k- Ty, 1+ @2+ ) sup ([T - p [HJx - pl)
Hlz-pl
SIx- Ty, I+ 2 +e) G+ iz pl
Hence d<liminf ||z -p||.
By taking lim sup_on both sides of the inequality (7),
we have lim sup_||z-p || <d.
It follows that lim_||z - p || = d.
Next, we show that lim sup_||x - p || < d and
lim sup_||Tx -p || <d.
Since lim_|[|x -p||=d, limsup_|[x-p| =d.
We consider
I, p 1 = (%, bl 2D+ [ p
< sup ([T - plHIx -p D+ [Ix,- P
<G, + [l
Thus lim sup_||T*x - p|| < lim sup G
+ lim sup ||x_-p|| <d.
(C1).LetO<liminf b < limsup (b +c¢ )<1. Since
0 <liminf o , by Lemma 2.2(iv), we have
lim || T'z-x || = O. (18)
(C1)(a). Let 0 < liminf a < limsup a < 1.

From lim ||z - p|| = d, we obtain
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d=lim_||a(Tx-p)+(l-a)x-p)].

Since 0 <liminf a ,0<liminf (1-a )and

(19)
an
+(1-a)=1,by applying Lemma 1.3, we have
lim || T%x -x || =0. (20)
From (17), (18) and (20), by Lemma 2.3, we have
lim ||Tx —x || = O.
(C1)(b). Let 0 <liminf ¢ <limsup (b +c )<1,and
since 0 <lim inf o
By Lemma 2.2(v), we have
lim, [T, -, || = @1)
From (17), (18) and (21), by Lemma 2.3, we have
lim ||Tx -x || = O.
(C1)(c). Let 0 <liminf y <limsup (o +B+7)<1.
By Lemma 2.2(iii), we have
lim, [T, —x, || = (22)
From (17), (18) and (22), by Lemma 2.3, we have
lim, [T, - x, || =
(C2).LetO<liminf B <
By Lemma 2.2(ii), we have
tim, [Tz, ~x, || = (23)
Similary, if (C2)(a) or (C2)(b) or (C2)(c) is satisfied,
then

limsup (o +B+7v) < 1.

lim || Tx -x || = O. #
Theorem 2.5. Let X, C, Tand {x_} be defined as in
Lemma 2.4. If T is a completely continuous mapping,
then {x } converges strongly to a fixed point of T.
Proof. Let p € F(T) be fixed point. From Lemma 2.1,
we know that lim_||x - p|| exists, then {x } is bounded.
By Lemma 2.4, we have

lim, |[Tx, - x, || = (24)
Since T is completely continuous and {x_} is bounded,

there exists a subsequence {x_ }of {x,} such that
{Tx, } converges. Let lim Tx = q. Thenby (24),
lim x_ —q Thus, by continuity of T, we have Tq=q,

so q is a fixed point of T.

It follows from Lemma 2.1 that lim_||x - || exists.
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But lim_||x -q]| = 0, thus lim_|jx -q|| = 0. This
k

completes the proof. #
Acknowledgement
The author thanks to Assist. Prof. Dr. Satit Saejung,

for his valuable comments which improve the paper.

References

Megginson, Robert E. (1998) An Introduction to
Banach Space Theory, Springer-Verlag
New York, Inc.

Nilsrakoo, W. and Saejung, S. (2006) A new three-
step fixed point iteration scheme for
asymptotically nonexpansive mappings.
Applied Mathematics and Computation
181: 1026-1034.

Nilsrakoo, W. and Saejung, S. (2007) A
reconsideration on convergence of three- step
iterations for asymptotically nonexpansive
mappings. Applied Mathematics and
Computation 190: 1472-1478.

Quan, J., Chang, S. S., and Long, X. J. (2006)
Approximation common fixed point
asymptotically quasi-nonexpansive type
mappings by the finite steps iterative sequences.
Fixed Point Theory and Applications
2006: 1-8.

Sahu, D. R. and Jung, J. S. (2003) Fixed- point
iteration processes for non- Lipschitzian
mappings of asymptotically quasi - nonexpansive
type. International Journal of Mathematics and
Mathematical Sciences 2003: 2075-2081.

Schu, J. (1991) Iterative construction of fixed point of
asymptotically nonexpansive mappings. Journal
of Mathematical Analysis and Applications
158: 407-413.

Schu, J. (1991) Weak and strong convergence of fixed
points of asymptotically nonexpansive
mappings. Bulletin of the Australian
Mathematical Society 43: 153-159.

Suantai, S. (2005) Weak and strong convergence

criteria of Noor iterations for asymptotically



Silpakorn U Science & Tech J Vol.2(1), 2008

nonexpansive mappings. Journal of
Mathematical Analysis and Applications
311: 506-517.

Tan, K. K. and Xu, H. K. (1993) Approximating fixed

points of nonexpansive mappings by the

36

Convergence of Asymptotically Quasi - Nonexpansive Type

Ishikawa iteration process. Journal of
Mathematical Analysis and Applications
178: 301-308.

Xu, B. L. and Noor, M. A. (2002) Fixed point
iterations for asymptotically nonexpansive
mapping in Banach spaces. Journal of
Mathematical Analysis and Applications
267: 444-453.



