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Abstract
Sakdajivacharoen, W.! and Verathaworn, T.2
Confidence intervals for means of positively skewed distributions
Songklanakarin J. Sci. Technol., 2003, 25(4) : 485-496

The objective of this study is to compare interval estimation methods for population means of
positively skewed distributions. The estimation methods are the interval estimation method with student-t
statistics, the interval estimation method with Johnson’s statistics, the interval estimation method with
Hall’s statistics and the interval estimation method with Chen’s statistics. Log-normal distribution and
Weibull distribution are considered. The measures of skewness under the consideration are 1.0, 3.0, 5.0,
respectively. The sample sizes are 10, 30, 50 and the confidence levels are 0.95. The consideration has two
steps. First, the confidence level of interval estimation methods are not lower than the determined confidence
level value. The second is the comparision of mean of lower confidence limit, mean of upper confidence limit
and mean of confidence interval length. The experimental data are generated by the Monte Carlo Simulation
technique. The confidence level of interval estimation method with Bootstrap is higher than the non-boot-
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strap. The interval estimation method with Johnson’s statistics is the optimum estimation method for the
upper confidence interval and two-tailed confidence interval. The interval estimation method with Chen’s
statistics is the optimum estimation method for the lower confidence interval. Commonly, the confidence
level of interval estimation methods for upper confidence interval are varied by the measure of skewness but
the confidence level of interval estimation methods for lower confidence interval and two-tailed confidence
interval are converted by the measure of skewness. The mean of lower confidence limit is varied by the sam-
ple size, on the other hand, the mean of upper confidence limit and mean of confidence interval length are
converted by the sample size.

Key words : positively skewed distribution, confidence interval, bootstrap
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Table 1. The confidence level of interval estimation methods at the determined confidence
level 0.95 from log-normal population. (lower confidence interval)

Skewness

Coefficient 1.0 3.0 5.0

Sample size 10 30 50 10 30 50 10 30 50

STUDENTt 09687 0.9640 009617 0.9840 0.9733 0.9697 0.9867 0.9737 0.9727
(0.869) (0.950) (0.973) (0.808) (1.019) (1.078) (0.811) (1.115) (1.024)

JOHNSON  0.9957 0.9977 0.9977 0.9973 0.9973 0.9973 0.9990 0.9993 0.9997
(0.910) (0.964) (0.982) (0.940) (1.069) (1.109) (1.000) (1.195) (1.255)

HALL 0.9957 0.9977 0.9977 0.9973 0.9973 0.9977 0.9990 0.9993 0.9993
0.914) (0.964) (0.982) (0.962) (1.071) (1.110) (1.047) (1.201) (1.256)

CHEN 0.9953 0.9977 0.9977 0.9853 0.9967 0.9973 0.9710 0.9987 0.9993
(0.916)* (0.965)* (0.983)* (0.969)* (1.075)* (1.112)* (1.080)* (1.209)* (1.261)*

Data in the parentheses are mean of lower confidence limit in the case that the confidence coefficient of
interval estimation method is not lower than the determined confidence coefficient value.

* is the maximum MLCL in any case.
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Table 2. The confidence level of interval estimation methods at the determined confidence
level 0.95 from log-normal population. (upper confidence interval )

Skewness 1.0 3.0 5.0
Coefficient
Sample size 10 30 50 10 30 50 10 30 50
STUDENTt 0.9113 0.9223 0.9297 0.8423 0.8853 0.9027 0.8117 0.8603 0.8787
JOHNSON 0.9773 0.9923 0.9943 0.9380 0.9870 0.9910 0.9247 0.9790 0.9877
(1.205)% (1.156)* (1.131)* (1.606)* (1.551)* (2.012)% (1.933)*
HALL 0.9793 0.9927 0.9943 0.9500 0.9893 0.9930 0.9390 0.9903 0.9917
(1.209) (1.156) (1.131) (1.610) (1.551) (2.026) (1.938)
CHEN 0.9937 0.9943 0.9963 0.9950 0.9957 0.9983 0.9943 0.9967 0.9993
(1.238) (1.157) (1.131) (1.872)* (1.630) (1.555) (2.485)* (2.082) (1.959)

Data in the parentheses are mean of upper confidence limit in the case that the confidence coefficient of
interval estimation method is not lower than the determined confidence coefficient value.
* is the minimum MUCL in any case.

Table 3. The confidence level of interval estimation methods at the determined confidence
level 0.95 from log-normal population. (two-tailed confidence interval)

Skewness

Coefficient L0 3.0 5.0

Sample size 10 30 50 10 30 50 10 30 50

STUDENT ¢t 0.9383 0.9417 0.9417 0.8803 0.9123 0.9160 0.8503 0.8877 0.9070

JOHNSON 09733 0.9907 0.9947 09370 0.9847 0.9893 0.9263 0.9793 0.9870
(0.352)* (0.228)* (0.175)* (0.655)* (0.532)* (2.012)* (1.933)*

HALL 0.9783 0.9940 0.9950 0.9567 0.9900 0.9920 0.9500 0.9890 0.9917
(0.355) (0.229) (0.176) (0.942)* (0.655) (0.536) (2.026) (1.939)

CHEN 0.9920 0.9957 0.9973 0.9880 0.9933 0.9957 0.9743 0.9927 0.9940
(0.413) (0.229) (0.176) (1.161) (0.675) (0.536) (1.841)* (2.082) (1.959)

Data in the parentheses are mean of upper confidence limit in the case that of the confidence coefficient of
interval estimation method is not lower than the determined confidence coefficient value.
* is the minimum MCIL in any case.
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Table 4. The confidence level of interval estimation methods at the determined confidence
level 0.95 from weibull population. (lower confidence interval )

Skewness
Coefficient L0 3.0 5.0
Sample size 10 30 50 10 30 50 10 30 50

STUDENTt 0.9747 0.9633 0.9600 0.9850
(0.591) (0.725) (0.765) (0.503)

0.9753 0.9720 0.9973 0.9757 0.9730
(0.790) (0.870) (0.529) (0.966) (1.098)

JOHNSON  0.9963 0.9970 0.9970 0.9987
(0.655) (0.751) (0.780) (0.663)

0.9987 0.9997 0.9980 0.9993 1.0000
(0.849) (0.906) (0.868) (1.051) (1.152)

HALL 0.9963 09970 0.9973 0.9980 0.9987 0.9997 0.9987 0.9990 1.0000
0.662) (0.751) (0.780) (0.705) (0.854) (0.907) (1.006) (1.071) (1.160)
CHEN 0.9947 09967 0.9980 0.9793 0.9973 0.9977 0.9313 0.9940 0.9973

(0.666)* (0.752)* (0.781)* (0.728)* (0.861)* (0.911)* (1.092)* (1.093)* (1.172)*

Data in the parentheses are mean of lower confidence limit in the case that the confidence coefficient of
interval estimation method is not lower than the determined confidence coefficient value.

* is the maximum MLCL in any case.

Table 5. The confidence level of interval estimation methods at the determined confidence
level 0.95 from weibull population. (upper confidence interval )

Skewness
Coefficient 1.0 3.0 5.0
Sample size 10 30 50 10 30 50 10 30 50

STUDENTt 0.9073 0.9280 0.9317 0.8493

0.9079 0.9180 0.6553 0.8977 0.9040

JOHNSON 09773 0.9957 0.9987 0.9470
(1.173)* (1.083)* (1.041)*

0.9903 0.9947 0.8430 0.9793 0.9900
(1.635)* (1.556)* (2.435)* (2.298)*

HALL 0.9813 09963 0.9987 09660 0.9957 0.9973 0.8937 0.9950 0.9973
(1.181) (1.084) (1.041) (1.827)* (1.651) (1.564) (2.498) (2.328)
CHEN 0.9963 09977 0.990 0.9980 0.9997 1.0000 0.9987 0.9997 1.0000

(1.249) (1.088) (1.042) (2.114)

(1.713) (1.584) (2.875)* (2.685) (2.417)

Data in the parentheses are mean of upper confidence limit in the case that the confidence coefficient of
interval estimation method is not lower than the determined confidence coefficient value.

* is the minimum MUCL in any case.
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Table 6. The confidence level of interval estimation methods at the determined confidence
level 0.95 from weibull population. (two-tailed confidence interval)

Skewness

Coefficient Lo 3.0 5.0

Sample size 10 30 50 10 30 50 10 30 50

STUDENTt 09363 09407 09467 0.8853 09260 09327 07247 09187 0.9227

JOHNSON 09747 09933 09963 09473 09897 09947 0.8463 09793 0.9900
(0.615)% (0.397)% (0.309)* (0.964)% (0.794)* (1716)% (1.414)*

HALL 09793 09967 09983 09723 09940 09953 09167 09937 0.9950
0.625 (0.397) (0309) (1.514)% (0.977) (0.796) (1.842) (1.445)

CHEN 09940 09977 09980 09810 09953 09977 09370 09943 0.9973
(0757) (0.401) (0309) (1.832) (1.054) (0.818) (2.025) (1.546)

Data in the parentheses are mean of upper confidence limit in the case that the confidence coefficient of
interval estimation method is not lower than the determined confidence coefficient value.

* is the minimum MCIL in any case.
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Table 7. The optimum estimation method for the confidence interval at th determined
confidence level 0.95 of any populations and measure of skewness. The sample

sizes are 10, 30 and 50 respectively.

Measure of Sample otk =K, Hok=b, Hotk =,
mp H:p<p, Hy:p>p, Hj:p#p,
skewness sizes - - -
Log-normal Weibull Log-normal Weibull Log-normal Weibull
1.0 10 C C J J J J
30 C C J J J J
50 C C J J J J
3.0 10 C C C H H H
30 C C J J J J
50 C C J J J J
5.0 10 C C C C C -
30 C C J J J J
50 C C J J J J

- There is no optimum estimation method.
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Table 8. The confidence level of interval estimation methods at the determined confidence
level 0.95 from log-normal population. (lower confidence interval )

Skewness
Coefficient

Sample size 10 30 50 10 30 50 10 30 50

1.0 3.0 5.0

STUDENTT 0.9643 09683 09630 09820 0.9827 0.9803 0.9883 0.9880 0.9867
(0.868) * (0.947)* (0.972)* (0.805)* (0.990) (1.056) (0.808)* (1.058) (1.152)

JOHNSON  0.9280 0.9497 0.9500 0.9483 0.9570 0.9567 0.9543 0.9613 0.9657

(1.036)* (1.085)* (1.129) (1.199)

HALL 0.9280 0.9493 0.9503 0.9477 0.9557 0.9567 0.9540 0.9603 0.9647
(1.085)* (1.130)  (1.200)

CHEN 0.9253 09470 0.9497 0.9447 09513 009520 0.9507 09577 0.9617

(1.138)* (1.207)*

Data in the parentheses are mean of upper confidence limit in the case that the confidence coefficient of in-
terval estimation method is not lower than the determined confidence coefficient value.
* is the maximum MLCL in any case.

Table 9. The confidence level of interval estimation methods at the determined confidence
level 0.95 from log-normal population. (upper confidence interval)

Skewness 1.0 3.0 5.0
Coefficient
Samplesize 10 30 50 10 30 50 10 30 50

STUDENTT 0.9293 0.9390 0.9380 0.8107 0.8633 0.8760 0.7337 0.8010 0.8237
JOHNSON  0.9093 0.9380 0.9427 0.8053 0.8977 0.9087 0.7363 0.8447 0.8763
HALL 0.9087 0.9380 0.9423 0.8030 0.8940 0.9070 0.7340 0.8407 0.8727
CHEN 0.9050 0.9377 09423 0.7927 0.8773 0.8980 0.7190 0.8203 0.8557

Data in the parentheses are mean of u[;]per confidence limit in the case that the confidence coefficient of in-
terval estimation method is not lower than the determined confidence coefficient value.
* is the maximum MUCL in any case.
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Table 10. The confidence level of interval estimation methods at the determined confidence
level 0.95 from log-normal population. (two-tailed confidence interval)

Skewness 1.0 3.0 5.0
Coefficient
Samplesize 10 30 50 10 30 50 10 30 50

STUDENTT 0.9263 0.9440 0.9480 0.8560 0.9023 0.9057 0.7817 0.8480 0.8670
JOHNSON  0.8830 0.9360 0.9387 0.8273 0.9140 0.9260 0.7677 0.8870 0.9107
HALL 0.8807 0.9357 0.9383 0.8230 0.9097 0.9230 0.7587 0.8770 0.9017
CHEN 0.8707 0.9310 0.9360 0.8020 0.8920 0.9090 0.7380 0.8497 0.8807

Data in the parentheses are mean of u[;lper confidence limit in the case that the confidence coefficient of in-
terval estimation method is not lower than the determined confidence coefficient value.
* is the maximum MCIL in any case.

Table 11. The confidence level of interval estimation methods at the determined confidence
level 0.95 from weibull population. (lower confidence interval )

Skewness
Coefficient

Sample size 10 30 50 10 30 50 10 30 50

1.0 3.0 5.0

STUDENTT 0.9723 09677 09653 09850 0.9813 0.9753 09920 0.9847 0.9777
(0.580)% (0.719)* (0.764)* (0.508)* (0.750)* (0.836) (0.534)* (0.875)* (1.006)

JOHNSON  0.9460 0.9497 0.9550 0.9483 0.9510 0.9567 0.9553 0.9563 0.9580

(0.883)* (1.088)
HALL 0.9447 0.9493 0.9550 0.9477 09510 09563 0.9550 0.9563 0.9567

(1.090)*
CHEN 0.9407 0.9460 0.9513 0.9450 0.9490 0.9547 0.9487 0.9513 0.9557

Data in the parentheses are mean of u(ilper confidence limit in the case that the confidence coefficient of in-
terval estimation method is not lower than the determined confidence coefficient value.
* is the maximum MLCL in any case.

Table 12. The confidence level of interval estimation methods at the determined confidence
level 0.95 from weibull population. (upper confidence interval )

Skewness 1.0 3.0 5.0
Coefficient
Samplesize 10 30 50 10 30 50 10 30 50

STUDENTT 0.8983 0.9210 0.9350 0.7640 0.8460 0.8717 0.6523 0.7393 0.7827
JOHNSON  0.8890 0.9347 0.9450 0.7750 0.8900 0.9147 0.6710 0.7923 0.8457
HALL 0.8880 0.9337 0.9443 0.7710 0.8853 09110 0.6623 0.7850 0.8393
CHEN 0.8820 0.9287 0.9420 0.7570 0.8683 0.8997 0.6430 0.7567 0.8133

Data in the parentheses are mean of upper confidence limit in the case that the confidence coefficient of
interval estimation method is not lower than the determined confidence coefficient value.
* is the minimum MUCL in any case.
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Table 13. The confidence level of interval estimation methods at the determined confidence
level 0.95 from weibull population. (two-tailed confidence interval)

Skewness 1.0 3.0 5.0
Coefficient
Sample size 10 30 50 10 30 50 10 30 50

STUDENTT 0.9243 0.9443 0.9470 0.8120 0.8873 0.9033 0.7067 0.7767 0.8197
JOHNSON  0.8923 0.9370 0.9457 0.8027 0.9067 0.9277 0.7113 0.8397 0.8793
HALL 0.8897 0.9367 0.9447 0.7950 0.9007 0.9213 0.6983 0.8237 0.8663
CHEN 0.8770  0.9323 0.9423 0.7673 0.8793 0.9007 0.6657 0.7807 0.8253

Data in the parentheses are mean of upper confidence limit in the case that the confidence coefficient of
interval estimation method is not lower than the determined confidence coefficient value.
* is the minimum MCIL in any case.



