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Abstract

In this paper, a new approach to left almost semiring theory i obtaining  significant
characterizations of regular, bi-ideal and quasi-ideal in left almost semirin int®section left (right) ideals
bi-ideals, quasi-ideals of left almost semirings.
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1. Introduction
A groupoid S is called a left almost semjgrqu eviated as an LA-semigroup, if its elements satisfy the left

invertive law [1 - 2], that is: for all Several exa resting properties of LA-semigroups can be found in [3 - 6].

It has been shown in [3] that if an LA-se ains a left identity then it is unique. It has been proved also
utative monoid, that is, a semigroup with identity element It is

medial law, that is, (ab)cd) = (ac)bd), for all a,b,c,d € S holds.

that an LA-semigroup with right ideg
also known [1] that in an LA-s

Now we define the con st wEBIL used. Let S be an LA-semigroup. By an LA-subsemigroup of [7], we

means a non-empty t such that A° C A. Anon-empty subset A of an LA-semigroup S is called a

left (right) ideglof [ A A(AS C A). By two-sided ideal or simply ideal, we mean a non-empty subset of an

LA-semig hich 1¥oth a left and a right ideal of S.

|§
Yusuf i@l introdlices the concept of a left almost ring (LA-ring). That is, a non-empty set R with two binary

operations “+ d “+ 7 is called a left almost ring, if (R,+) is a LA-group, (R,) is a LA-semigroup and distributive

laws of “ + 7 over “+” holds. Further in [10] Shah and Rehman generalize the notions of commutative semigroup
rings into LA-rings. However Shah and Fazal ur Rehman in [11] generalize the notion of a LA-ring into a near left

«

almost ring. A near left almost ring (nLA-ringl N is a LA-group under “ +”, a LA-semigroup under “ » ” and left
distributive property of “+” over “+” holds.
Shah, Fazal ur Rehman and Raees asserted that a commutative ring (R,+,) we can always obtain a LA-ring

(R,®,) by defining, for a,b €R,a® b =b—a and a-b is same as in the ring. There are many mathematicians
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who added several results to the theory left almost ring (semigroup), see [12 - 14]. Furthermore, in this paper we

characterize the regular, bi-ideal and quasi-ideal in left almost semirings.

2. Basic results

In this section we refer to [3] for some elementary aspects and quote few definitions and examples which are

essential to step up this study.

Definition 1. [3] A left almost semiring is a triple (R,+,) of a nonempty set R together with two binary operations

“+” and “+” (called addition and multiplication respectively) defined on R such that the followj ld:

1. (R,+)is a left almost semigroup.
2. (R,) is a left almost semigroup. Q

alb+c)= ab + ac and (b+da = ba + ca, forall a,b,c € #®

w

If R contains an element 0 such that 04+ x = x and 0x =0 for aL& 0 is called the left zero

element of the left almost semiring R. Throughout this paper, R @Walwa enote a left almost semiring with
left zero and unless otherwise stated a left almost semiring means a semiring with left zero.
Definition 2. A left almost semiring R with left identity ¢ that e-a =a forall a € R, is called a left almost

semiring with left identity.

Proposition 3. Let R be a left almost semiri ith gfntity. Then RR =R and R =eR =Re.

Lemma 4. [3] Let R be a left almo MRS n (ab)cd) = (ac)bd), forall a,b,c €R.

Definition 5. [3] A non ubs of a left almost semiring R is said to be a left almost subsemiring if and
only if S is itself a left al ser@ing under the same binary operations as in R.

Lemma 6.4 m et S of a left almost semiring R is a left almost semiring if and only if a+b €S and
abes Q
Definition 7. [3] A left almost subsemiring / of a left almost semiring R is called a leftideal of R if RIC/, and [

is called a right ideal if /R C / and is called two sided ideal or simply ideal if it is both left and right ideal.

3. Bi-ideals, quasi-ideals in left almost semirings
We start with the following theorem that gives a relation between bi-ideals and quasi-prime ideals in a left

almost semiring. Our starting point is the following lemma:
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n
ZXI. DX EX}, then <X> is a left
i=1

Lemma 8. Let R be a left almost semiring and & # X C R. If <X> :{

almost subsemigroup of (R,+)

n m
Proof. Let R be a left almost semiring and X,y E<X>. Then x :ZXI. and y :ZY,- where x;,y; € X. If
i=1 i=1

n2m, then

Hence <X> is a left almost subse

Proposition 9. Let R be miing and & # X,Y € R. Then (x)(v) < {xv).
Proof. Let R be a | e ng with left identity and x € <X><Y> Then

n m
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c () + )+ () + o+ (xv)

< (xv),

where x, € X and y, €Y. Hence <X><Y> - <XY>.

Lemma 10. Let R be a left almost semiring with left identity. Then <X ) RX> is a left almost subsemiring of R.

Proof. Let R be a left almost semiring with left identity. Then by lemma 8, we have <X ) RX> is a left almost
subsemigroup of (R,+), Consider

(xur){xurx) < {((xUr)(xURX))

: {(xur)xU(xUrX)(rx)) \@
_ <xxu(Rx)xux(Rx)u(R?)&@

Rx U (xx)RUR(xx) U &
AxU(xr)RU(RJRU R

{
(
(rRx U (ArR) x U ( R)R)
{

RX U RX NGR) X UBAR) X)

e (myalied
: @
Then <X U RX> is a left almost subsem@

Theorem 11. Let R be a le mc& with left identity. Then (X U RX) is a bi-ideal of R.

Proof. Let R be a left & iring with left identity. Then by lemma 11, we get <X URX> is a left almost

subsemiring of R. T
( %Fm = (s (xum)

c (((xur)r))(xUrX)
= ((xru(rR)R))(x URX)
((xr U (rx)R)(x URX))
= <(XR)(XURX)u((RX)R)(XURX)>
— (o ) () O (0)R) 5 O (()R) (50))
c ()5 L Om () L () (30 U () (3(50))

IN
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c (axu(xR)RU(xR)(AR) U (xR)(R(RR)))
rx U (rr)x U (xR)R U (XR)(ARR))

rx URX U (RR) X U (XR)R)

RX U RX)

=

=

= (rRcurxU(RR)X)
=

= (rX)

=

X URX). @
Then <X URX> is a bi-ideal of R. \
4
Proposition 12. Let R be a left almost semiring with left identity. Then <X n ideal of R.
Proof. Let R be a left almost semiring with left identity. Then by Lemm& <X U XR U RX> is a left
B, W t

almost subsemigroup of (R,+), By the definition of a left almost
X))

R ) (X U XRURX) U

(R RX)>
= X(JR) U x(rx) U (xr) x U(xR)(XR) U

rx) U (ax) x U (Rx) (x8) U (Rx) (Rx))

rRuUx(RR)UX(AR) U(RR) X U(XR)(RR) L

(xr)(rr) L (Rr) x U (RX) (BR) U (RX)(AR))

@’\& — (xRURUXRURY UR(R) UR(XR) URX

(xuxrurR)(xuxrRURK) < (xUxRURX)(

c (x(x U XAgRX) U

u(BrR)(xR) L (AR) (xR))
= (rusxux(ar)ux(ar)Uax UR(XR)
u(Ar)(xR))
= (xRURKUXRUXRURX U X (AR) UR(XR))
= (xRURXUXRU X (RR))
= (XRURXU XR)
= (XRURX)

c (XUXRUAX)
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and

(xuxrUR)R = (XUXRURX)(R)
c ((xUXRURX)R)
= (ru(m)RU(RX)R)
= (wu(rr)x UR(xR))
= (RURXUX(RR))
{XRURX U XR)

= (RXUXR)

c (XUXRURX). B (}Q
O

Hence <X U XR U RX> is an ideal of R.
Theorem 13. Let R be a left almost semiring with left identity. The \ RX> is a left ideal of R.

Proof. Let R be a left almost semiring with left identity.ghhen by l[efma 8, we have <X U X2 U RX> is a left

almost subsemigroup of (R,+). Thus

(xoxomdxoon) o coxt o))
&@RX)XU(XUXZURX)XZU

o X’ URX)(RX)>
@ xxux‘xu(rx)xuxx’ ux’x?u(rx)x" U
&K x(rRx)u x* (RX)U(RX)(RX)>
@ c <RXU(XR)RU(RR)XURX2 URX: URX
r(rx)UR(RX) UR(RX))

c <RX U(RR) X URX URX" U R(RX)>
{

Rx URX UR(RX) U R(AX))
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= ()
2
C <XUX URX>
and

R<xux2qu c <@<xux um&

c @?Xux um<>

= <W\MM UROM»

c (rxur(rx)Ur(rx)) @

= {rxuURr(rx)) . \
(rRx U (xR)R) ()

= (rcu(RrR)X) &\

= (RXURX) “;§,

= () v

<x U xzé

Then <XUX2URX> is a left ideal of R. @

Theorem 14. Let A and B be two bi-idea &

t semiring with left identity R. Then <AB> is a biFideal of R.

Proof. Let A and B be two bi-idegls O ft ost semiring with left identity R. Then by lemma 8, we have
<AB> is a left almost subsemlgro . Consider
(AB)( AB (AB)

<(AA)(BB)
QJ 2
and
B)R){AB)

IN

)

((48)(r))(48
<(AB)R><AB>
(((a8)r)(48))

n N

IN

(((48) () (49))
= () (88))(49))
(COBIELDY
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c <AB>.

Then <AB> is a bi-ideal of R.

Theorem 15. Let R be a left almost semiing with left identity. If A, is a bHdeal of R forall / € B, then ﬂ A isabHdeal of R.
iefl
Proof. Assume that A, is a bi-ideal of R forall i€ ﬂ Let x,y € ﬂAl, and r €R. Then x,y €A, for all
iefl
i€ . Since for each i€ B, A is a biideal of R,we get (Xr)ye(Al.R)AI., for all i€ . Therefore

(xr)y € ﬂA,- and hence ﬂAI, is a bi-ideal of R.
iEB iEB \
Definition 16. Let R be a left almost semiring. An element x € R is called ®gu aO XE(XR)X R is
called regular left almost semiring if each element of R is regular in R. \

Lemma 17. Let R be a left almost semiring. Every right ideal of a rq

Proof. Let R is a regular left almost semiring and let /| be its right for each r € R there exist x € R

such that r :(rx)r. If a €l, then

((x)r)a

= (or)(rx € /(rx)
Which implies that / is a left ideal. Hence / |&

Lemma 18. Let R is a regular left a mos@ If A is right ideal and B is left ideal, AB=AMNB.
Proof. Let A is right ideal and B j It is easy to see that ABC AMB. Now let x € AN B. Then

ra

there exist a € R such that AB. Hence AB=ANB.
Definition 19. Let g eft almost semiring. A left almost subsemigroup A of (R,+), is called a quasi-
ideal of R (-

Remark. Le is a regular left almost semiring.
1. EachQuasi-ideal A of R is a left almost subsemiring. In fact, AAC RAMN AR C A.

2. Every right ideal and every left ideal of R is a quasi-ideal of R.
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Theorem 20. Let R left almost semiring. The intersection of a left ideal and a right ideal of R is a quasi- ideal of R.
Proof. Let A and B be left and right ideal of R. Consider
rR(AnB)n(ANB)RC RANBR

c ANB.

Hence AM B is a quasi-ideal of R.

Theorem 21. Let R be a left almost semiring with left identity. If A is a quasi-ideal of R, then A URA is a left
ideal of R.

Proof. Let A be a quasi-ideal of R. Then @
R(AURA) < (R){(AURA) O

c (R(aum))
= (raun(r))
~ (o)) \
(rRa U (Re)(RA))
<

rAU(RR)(en))

= (RAURA)
X
This implies that <A U RA> is a left ideal 6

Theorem 22. Let R be a leff, ®mo Q irnng with left identity. If A is a quasi-ideal of R such that Ae = A, then

(AU AR) is an ideal of \
Proof. Let A beaq . Then

c (Auar)(R)

(AU AR)R)
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c (AUAR).
Hence <A ) AR> is an ideal of R.
Theorem 23. Let R be a left almost semiring with left identity .Then every quasi-ideal A of R such that Ae = A
is a bi-ideal of R.

Proof. Let S be a left almost semiring with left identity. Consider
(AR)A < (AR)R

= (Ar)(er)

- (o)) \@
= AR
QS
(AR)A c (RR)A &\
= RA.

This implies that (AR) A < RAN AR C A. Hence A is a bi-ideal of

and
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