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A note on norm inequalities for positive matrices

Feng Zhang, Jinli Xu*

Department of Mathematics, Northeast Forestry University, Harbin 150040 China

*Corresponding author, e-mail: fzhang1024@163.com

Received 10 Feb 2020
Accepted 18 Oct 2020

ABSTRACT: In this short note, we present some generalizations of a norm inequality due to Huang et al [J Inequal Appl

171, 1-4 (2014)].
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INTRODUCTION

Given a real vector x = (x1,Xg,...,X,) € R", we
rearrange its COmMponents as x[1] = Xpg] 2 *** 2 X[p]-
Forx:(XI’XZ"“;XH):.Y:(ylayZa“':yn)eRn; if

k k
Zx[i] <Z}’[i], k=1,2,...,n,
1 i=1

i=
then we say that x is weakly majorized by y and
denote x <, y. If x <, y and >, x; = > ¥;
hold, then we say that x is majorized by y and
denote x < y. If

k

l_[x[i]<l_[y[i]’ k=1,2,...,1’l,

i=1 i=1

then we write X <105 Y-

As usual, the set of n x n complex matrices
is denoted by M,. For A € M,, we use s;(A) to
present the singular values of A with s;(A) = --- >
sp(A). Let s(A) = (s1(A),-++,s,(A4)). f Ae M, is
Hermitian, then all eigenvalues of A are real and
ordered as A;(A) = --- = A,(A) and set A(A) =
(A1(4),---,A,(A)). Note that s;(A) = A;(JA]), where
|A| is the modulus of A, i.e. |Al = (A*A)%, where
A* is the conjugate transpose of A. If A and B are
Hermitian matrices and A—B is positive semidefinite,
then we say that A = B.

Let A, B be positive semidefinite matrices. Let
|-l denote any unitarily invariant norm on M,,.
Bhatia and Kittaneh [1] proved that for any positive
integer m,

1A™ + B™[| < [[(A+B)™]|. €8]

Huang et al [2] presented a generalization of in-
equality (1), they proved the following result: For

any A, B € M,, and suppose that p, g be real numbers
with p>1and 1/p+1/q = 1. Then for any positive
integer m,

lAlA™! + B|B|™ Y|

1 1
<|oarm+ st |7 loam+ s @

In order to apply inequality (2) to other fields better,
we will consider some extensions of it. In this short
note, we present some generalizations of (2).

MAIN RESULTS
Lemma 1 ([3]) Let A,B € M, be positive semidef-
X
>0 ;
X+ B} 0 if and only if
X =A?KB? for some contraction K.

inite matrices. Then [

Lemma 2 ([4]) LetA; € M, (i=1,2,...,k). Then

S(AlAZ o 'Ak) <Wlog S(Al)s(AZ) o 'S(Ak) and
s(A1Ay - Ay) <y, 5(A7)s(Az) -+ - s(Ap).

Lemma 3 ([4]) Let A,B € M,, and s(A) <,, s(B).
Then

Al < 1Bl

Lemma 4 ([5]) Let A,B € M,, be positive semidefi-
nite matrices. Then, forp>1and 1/p+1/q=1,

1 1
lABI| < |lAP[[» [[B|= .

Theorem 1 For any A,B € M,, and suppose that p,q
be real numbers with p > 1and 1/p+1/q=1. Then
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for any positive integer m,

'lrn—l

k o |
(Z A; |m_si) ’
im1

where s; € [—1,1].

Proof: LetA; € M, (1 <
sition A; = U; |4;]. Tt follows from

£ m+s % !
A* ")
(Zi=1| |

|Ai|ri Am-1 [|A |ri IA |1—ri:|
| B
_ |Ai|m+2ri71 |Ai|m T
- |Ai|m |Ai|m+1 2r;
for 0 <r; <1and |A]| =U; |A;| U} that
i |A |m+2r -1 |Ai|m I 0 ]
0 U |A |m |A~|m+1_2ri 0 U*
i=1 1 1 [

k — k
B |:Zi:1 |Ai|m+2rl 1 Zi:l IAi|mUi'* ,
- ke m+1-2r;
Zi:l Uim Al }

Using Lemma 1, we get

k
Zi:l | i

k k % . %
|A;|mUF = ( |A,|m+2ri—1) K( " m+1*2rl~)

for contraction K. By Lemma 2, we obtain for t =

1,2,...,n,
t k

Z ‘(ZUi |Ai|m)
i=1

t

Zsj(ilAilmU:‘)

=1 i=1

-2
251@

=1 i=1

j=1

—.

i=1

—.

.

i=1
t k L

=1 i=1 i=1

.

Lethdiagsj(Zl V¥ 1) and

Yy = diagS» Zi;l |A*|m+1 2r; )

Z (ZUlAIm) ZsA(XY).

j=1
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Zk:| lasy 1) (Z'A* m+1 2,)
) s (S
ZSJ(Z|A |m+2ri—t ) (anAﬂmﬂ_zr");,

It is obvious that
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Using Lemma 3, we conclude that inequality (3) is
equivalent to

< k) with polar decompo-

ZU ™| < IxY|. @
> According to Lemma 4,
1 1
XYl < IXPl7 1y 5)
It follows from (4) and (5) that
k
Z U lA™
i=1
0 k 4 Il] k 1o 2 q
(ZlAi|m+2ri—l) (Z A;f m+1— ri)
i=1 i=1
Lets; =1—2r;. Then
'|m_1
k z||® k RNk
—s. m+s;
(Sar=) 1 ()] ©
i=1 i=1
where s; e [—1,1]. m|

Corollary 1 ([1]) Let ABe M,, p>1and 1/p+
1/q = 1. Then for any positive integer m,

||A|A|'"—1 +B|B|'"—1H

1
I3

< H(|A|'"+|B|m)% QA + 1B ™|

Proof: This follows from inequality (6) by letting
k=25, =s,=0andA, =A, A, = B. 0

)

Theorem 2 Forany A, B € M,, positive integer m and
S1, So S [_1) 1]1

llala™=* + BIBI™ |

<@2—r) ”(IAI’” +1B|™% "+ (B 7

—s m—s, 2
+(r—1)H(|A|m LB

|m+sl + |B*|m+sz)q72

) )

forpy, py>1land 1/p;+1/q; =1, 1/py+1/q, =1,
1<r<2

€)]
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Proof: Letp=1/(2—r),q=1/(r—1),then 1/p +
1/qg =1 and p,q > 0. It follows from inequality (2)
and inequality (6) that

lala™ + BIB|™ |
= |t + BB At + BB

1 N2—r
a )
1 Nr—1
2 )

L N2—r

q1

)
N1
qz)

1
a1

1
< (H(|A|m+|3|m)”% lqar + 1Bm #

1
P2

(a1t

x (|A>s<|m+s1 + |B*|m+sz)q72

By Young’s inequality, we have

1
P1

(A" +|B*|™) 2

1
P2

(”(IAI’”‘”+IB|"1—52)7 "

(fJoarm-+ 187y

(|A*|m+sl+|B*|m+sz)q72

1
p1

<@-n||gar+m#

0+ 151

1
P2

+r=1) oA+ s

x (|A*|m+51 + |B*|m+sz)q72

This completes the proof. a

Remark 1 Putting r = 1 in Theorem 2, we get
inequality (2). Putting r = %, s; =Sy = 0 in The-

755
orem 2, we get
llala™t +B1B|™ |
1 m my 2L o *|m xymy L a
< [loam e[| loar - s
1 o ||7z
N
1
x A e R )

forp;,py>1land 1/p;+1/q; =1,1/p,+1/q, = 1.
Inequality (7) is a generalization of inequality (2).
Putting r = 2 and s; = s, = 0 in Theorem 2, we
get inequality (2). Therefore, Theorem 2 is another
generalization of inequality (2).
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