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ABSTRACT: In this paper, we introduce the notion of £-[V, A]-summability and .#-A-statistical convergence with respect
to the intuitionistic fuzzy norm (u, v), investigate their relationship, and make some observations about these classes.

We mainly examine the relation between these two new methods and the relation between .#-A-statistical convergence
and .#-statistical convergence in the corresponding intuitionistic fuzzy normed space.
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INTRODUCTION AND PRELIMINARIES

The idea of convergence of a real sequence has
been extended to statistical convergence by Fast! as
follows: let K be a subset of N = {1,2,...}. Then
the asymptotic density of K is defined by 6(K) :=
lim,_, . (1/n)|{k < n : k € K}|, where |S| denotes
the cardinality of the set S. A number sequence
x = (X )rey 18 said to be statistically convergent to
L if for every ¢ > 0,6({k e N : |[x, —L| = ¢}) = 0.
If (x;)key is statistically convergent to L we write
st-limx;, = L. Statistical convergence turned out
to be one of the most active areas of research in
summability theory after the work of Fridy? and
Salat®.

In Ref. 4, Kostyrko et al introduced the concept
of #-convergence of sequences in a metric space and
studied some properties of such convergence. Note
that .#-convergence is an interesting generalization
of statistical convergence. More investigations in
this direction and more applications of ideals can
be found in Refs. 5-7. In another direction, the
idea of A-statistical convergence was introduced and
studied by Mursaleen® as an extension of the [V, 1]-
summability of Leindler®. A-statistical convergence
is a special case of the more general A-statistical
convergence studied in Ref. 10.

Following the introduction of fuzzy set theory
by Zadeh!!, there has been extensive research to
find applications and fuzzy analogues of the classical
theories. The theory of intuitionistic fuzzy sets was

introduced by Atanassov'?; it has been extensively
used in decision-making problems 3. The concept of
an intuitionistic fuzzy metric space was introduced
in Ref. 14. Saadati and Park!® introduced the no-
tion of an intuitionistic fuzzy normed space. Some
work related to the convergence of sequences in
several normed linear spaces in a fuzzy setting can
be found in Refs. 16-19.

Here we intend to unify these two approaches
and use ideals to introduce the concept of ¢ — A-
statistical convergence with respect to the intuition-
istic fuzzy norm (u,v), and investigate some of its
consequences.

Definition 1 [Ref. 20] A triangular norm (t-norm)
is a continuous mapping * : [0,1] x[0,1] — [0,1]
such that (S, *) is an abelian monoid with unit one
and cxd <axbifc<aandd < bforalla,b,c,d e
[0,1].

Definition 2 [Ref. 20] A binary operation < :

[0,1]x[0,1] — [0,1] is said to be a continuous t-

conorm if it satisfies the following conditions:

(i) < is associative and commutative,

(ii) < is continuous,

(iii) a®0=aforalla €[0,1],

(iv) a<¥b < cOd whenever a < ¢ and b < d for each
a,b,c,d €[0,1].

For example, we can give a * b = ab, a *

b = min{a, b}, a®b = min{a + b,1} and a"b =
max{a, b} forall a,b €[0,1].
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Using the continuous t-norm and t-conorm,
Saadati and Park '° has recently introduced the con-
cept of intuitionistic fuzzy normed space as follows.

Definition 3 [Ref. 15] The five-tuple (X, u, v, *, <)
is said to be an intuitionistic fuzzy normed space (for
short, IFNS) if X is a vector space, * is a continuous
t-norm, < is a continuous t-conorm, and u, v are
fuzzy sets on X x (0, oo) satisfying the following
conditions for every x,y € X, and s, t > O:

@) wulx,t)+v(x,t)<1;

(i) wu(x,t)>0;

(iii) wu(x,t) =1 if and only if x = 0;

(iv) u(ax,t) = u(x,t/|al) for each a # 0;

™ ulx, )+ u(y,s) S ulx +y,t+s);

(vi) u(x,-):(0,00)—[0,1]is continuous;

(vii) lim,_, o u(x,t) =1 and lim,_,q u(x, t) = 0;
(viii) v(x,t)<1;

(ix) v(x,t)=0if and only if x = 0;

x) v(ax,t) = ulx,t/|al) for each a # 0;

i) v(x, t)ov(y,s) = v(x+y,t+s);

xii) v(x,-):(0,00)—[0,1]is continuous;

(xiii) lim,_, o, v(x,t) =0 and lim,_,ov(x,t) =1.

In this case (u,Vv) is called an intuitionistic fuzzy
norm. As a standard example, we can give the
following. Let (X,]|-]|) be a normed space, and let
a*x b =ab and a®Ob = min{a + b, 1} for all a,b €
[0,1]. For all x € X and every t > 0, consider

[l
t+[|x]]

u(x, t)

=——andv(x,t)=

e fg 2o
Then observe that (X, u,v,*,<) is an intuitionistic
fuzzy normed space.

Definition 4 [Ref. 15] Let (X,u,v,*,<) be an
IFNS. Then a sequence x = {x;} is said to be
convergent to L € X with respect to the intuitionistic
fuzzy norm (u,v) if, for every ¢ > 0 and t > 0,
there exists k, € N such that u(x;,—L,t) > 1—¢ and
v(x,—L,t) < ¢ for all k = k. It is denoted by

(u,v)-limx =L or x; (M—";) L

as k — oo.

#-A-STATISTICAL CONVERGENCE ON IFNS

In this section we deal with the relation between
these two new methods and with relations between
#-A-statistical convergence and .#-statistical con-
vergence introduced by the authors recently in an
intuitionistic fuzzy normed space. Before proceed-
ing further, we should recall some notation for .#-
statistical convergence and ideal convergence.
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The family .# C 27 of subsets of a nonempty set
Y issaid tobe anidealin Y if (i) @ ¢ .#; (i) A,B € £
imply AUB € #; (iii) A€ 4, BCA imply B € %,
while an admissible ideal ¢ of Y further satisfies
{x} e #foreachx €Y. If #isanidealinY then the
collection F(#£)={M CY : M® € .#} forms a filter
in Y which is called the filter associated with .#. Let
# < 2" be a nontrivial ideal in N. Then a sequence
{x,} ey in X is said to be £-convergent to x € X, if
for each ¢ > 0 the set A(¢) ={n e N: ||x,—x|| = ¢}
belongs to .# (see Ref. 4).

Definition 5 [Refs. 6,7] A sequence x = {x} }rey 1S
said to be .#-statistically convergent to L or S(I)-
convergent to L if, for each ¢ > 0 and 6 > 0,

1
{nEN:;l{k<n:||xk—L||>£}|>5}€J

or equivalently if for each € > 0
64 (A(e)) = #—1im 6, (A(e)) =0,

where A(e) ={k <n:||x,—L| = ¢} and §,(A(g)) =
|ACe)/n.

In this case we write x;, — L(S(#)). The class
of all #-statistically convergent sequences will be
denoted simply by S(.#). Let .% be the family of all
finite subsets of N. Then .# is an admissible ideal
in N and .#-statistical convergence is the statistical
convergence.

Definition 6 [Ref. 21] Let (X,u,v,*,<) be an
IFNS. Then a sequence x = (x;) is said to be .#-
statistically convergent to L € X with respect to the
intuitionistic fuzzy normed space and is denoted by

x 13 L(s®I(9)),

if for every € > 0, and every 6 > 0 and t > 0,
1
{neN:—|{k<n:u(xk—L,t)<1—8
n
or v(xk—L,t)>s}|>5}€J’.

Let .# be the family of all finite subsets of N. Then
% is an admissible ideal in N, and .#-statistical
convergence coincides with the notion of statistical
convergence introduced in Ref. 22.

Let A = (A,) be a non-decreasing sequence of
positive numbers tending to oo such that A,,; <
A, +1,A; = 1. The collection of such a sequence A
will be denoted by A.
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The generalized de Valée-Pousin mean is de-

fined by
1
£a(x) = A—ank,
keI,

where I, = [n— A, +1,n]. We are now ready to
obtain our main results.

Definition 7 Let (X, u,v,*,<) be an IFNS. A se-
quence x = (x; ) is said to be £-[V, A]-summable to
L € X with respect to the intuitionistic fuzzy norm
(u,v) and is denoted by £-[V,A]*V)-limx = L, if
forany 6 >0 and t > 0,
{neN:u(t,(x)—L,t)<1-6
or v(t,(x)—L,t)=d}e.#.

Definition 8 A sequence x = (xy) is said to be .#-
A-statistically convergent or .#-S, convergent to L
with respect to the intuitionistic fuzzy norm (u, v),
and denoted by J-S;“’V)-limx =L or x, — L(#-

S;“’V)), if for every e > 0,6 >0and t > 0,

1
{nEN:A—|{k€1n:‘u,(xk—L,t)<1—£

n

or v(x—L,t)=e}| = 5} € 4.

Let % be the family of all finite subsets of
N. Then .# is an admissible ideal in N and .#-
A-statistical convergence is the A-statistical conver-
gence introduced in Ref. 8.

We shall denote by S$®V)(.%), S;“ ")(#) and
[V,A]®")(#) the collections of all .#-statistically
convergent, .% —S;” ")_convergent and .#-[V, A]")-
convergent sequences, respectively.

Theorem 1 Let (X, u, v, *,<)beanIFNS, and let A =
(A,) be a sequence in A.

@ If x, = L[V, A]&V(#) then x;. — L(S{*"(#)).

(i) If x € m(X), the space of all bounded se-
quences of X and x; — L(Sfl“’v)(ﬂ)) then x; —
L[V, A]®V().

(i) SV (#)Nm(x) = [V, A1 (L) nm(X).

Proof: (i) By hypothesis, for every € > 0,6 > 0 and

t >0, let x, — L[V, A]*")(.#). We have

D (ulxe =L, t) or v(xe—L, 1))

ker,

> DL (=Lt or vl —L,1))
kel, & u(x—L,t)<l—e
or v(x—L,t)>e

zel{fkel,:ulx,—L,t)<1—c¢or
v(x,—L,t) = ¢€}|.

291
Then observe that

1
A—I{keln:,u(xk—L,t)<1—e or

n

v(ixg,—L,t)=¢e}| =6

1
= A—Zu(xk—L, t)<(1—¢)d or

Mkel,

%Zv(xk —L,t)> €0,

nkel,

which implies

1
{neN:A—I{keln:,u(xk—L,t)<1—e or

n

v(x—L,t)= e} = 5}

1
C {neN: A—H{Z,u(xk—L,t)Sl—s or

keI,

Zv(xk—L,t)Zs} 235}.

kel,

Since x; — L[V, A]®#")(.9), we immediately see that
X — L(Sg“’v)), whence the result.

(i) We assume that x; — L(S;“’V)(f)) and x €
1%") The inequalities u(x,—L, t) = 1—M or v(x,—
L,t) < M hold for all k. Let € > 0 be given. Then
we have

%Z (ulxr—L,t) or v(xg—L,t))

keI,

= 1 Z (u(xx—L,t)or v(x;—L,t))

N kel, & u(x—L,t)<1—¢
v(x—L,t)=¢

1
tom D, (o= L or v(x— L, 1)
M kel, & u(x—L,t)>1—¢
v(x—L,t)<e

M
<A—|{k61n:,u(xk—L,t)<1—£ or

n

v(xp—L,t)= e} +e.

Note that

1
Ay y(e, t)= {n €EN: . Kkel,:ulx,—L,t)

n

€
Kl—corv(ixy—L,t)=¢ 2—}
(=L D)> e} > -

www.scienceasia.org


http://www.scienceasia.org/2015.html
www.scienceasia.org

292
belong to 4. If n € (A, , (¢, t))° then we have

1
;\_Z“(xk_L’ t)>1—2¢or

keI,

%Zv(xk —L,t) < 2¢.

N kel,

Now

T,,(e,t)= {n €eN: %Z,u(xk—L, t) <

keI,

1
1—2¢ or A—Zv(xk—L,t) = 28}.

N kel,

Hence T, ,(¢,t) CA, ,(¢,t) and so, by definition of
an ideal, T, ,(¢,t) € #. Hence we conclude that
xx — L[V, AJ®")(.#). (iii) This readily follows from
(1) and (ii). O

Theorem 2
@ S®I(#) c s (#) if liminf, e, A,/n > 0.
(i) Ifliminf,_ ., A,/n =0, #-strongly (by which we

mean that 3 a subsequence (n( j));?‘z’l, for which

(An(j/n(j))(1/jIV) and {n(j) :j €N} & .9)
then S®(#) G SV(.9).

Proof: (i) For given £ > 0 and every t > 0, we have

1
—H{k<n:u(x—L,t)<1—¢cor
n
v(xg—L,t) > e}
1
=z -—|kel,: u(lx,—L,t)<1—¢or
n
v(xg—L,t) > e}
Ap 1
=2 kel :ulx;—L,t)<1—¢
n A,
orv(x,—L,t)=¢}|.
Ifliminf,_, o, A,/n = a then from the definition {n €

N:A,/n< %a} is finite. For every 6 > 0,

{neN: %l{keln:,u(xk—L,t)Sl—s
rcl)rv(xk—L,t)>8}|>5}
C{nEN:%I{ke[n:u(xk—L,t)<1—£
5}
An

—<
n

orv(x,—L,t)= e} =

U{ne

Z NI

b

N R
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Since .# is admissible, the set on the right-hand side
belongs to .# and this completed the proof of (i). (ii)
The proof is standard. ]

Theorem 3 Let (X, u,v,*,O)beanIFNS. IfA € A'is
such that lim, A, /n = 1, then S;”’V)(ﬂ) c seM(9).

Proof: Let 6 > 0 be given. Since lim, A,/n =1, we
can choose m € N such that u(A,/n—1,t) > 1— %5

orv(A,/n—1,t) < %5, for all n = m. Now observe
that, for e > 0, every t >0 and n = m

1
—Hk<n:u(g—Lt)<1—eorv(x,—L,t) = e}
n

= % Hk<n—A,:ulx—L,t)<1—¢or
v(xp—L,t) > e}
+%|{k€1n:,u(xk—L,t)< l—cor
v(xp—L,t) > e}

n—A
< n

1
+-—|{kel,:ulx,—L,t)<1—¢
n
or v(x;—L,t) = e}

6 1
<1—(1—E)+—|{k61n:,u(xk—L,t)S
n
l1—corv(x,—L,t) = e}
6 1
=—+—{kel,:ulx,—L,t)<1—c¢
2 n
or v(x—L,t) = ¢}].

Hence
1
{neN:—|{k<n:u(xk—L,t)<1—e
n
orv(xk—L,t)>£}|>6}
1
cineN:—|{kel,:ulx—L,t)<1—¢

n

4]
orv(x,—L,t)= e} = 5}U{1,2,3,...,m}.

If # —S;“’v) -lim x = L then the set on the right-hand
side belongs to .# and so the set on the left-hand
side also belongs to .#. This shows that x = (x;.) is
#-statistically convergent to L with respect to the
intuitionistic fuzzy norm (u, v). a

Theorem 4 Let (X, u,v,*,<) be an IFNS such that
%enOien < 3e,and (1— %sn)*(l — %en) >1—3¢,
If X is a Banach space then S;“ M(#H)Nm(X)is a closed
subset of m(X)
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Proof: We first assume that (x") C S;“’V)(ﬂ) nm(X)
is a convergent sequence and it converges to x €
m(X). We need to show that x € S;“’V)(J’) Nnm(X).
Suppose that x — Ln(Si’”)(ﬂ)) for all n € N. Take
a sequence {&,},ey Of strictly decreasing positive
numbers converging to zero. We can find an n € N
such that sup; v(x—xI,t) < %8,1 forall j = n. Choose
0<o6< % Now let

|~

Aw(en,t)={meN: {kelm:
m

8n
<1l——or
4

S

u(xy =Ly, t

&

=

v(xg—Ly,t) =

| <s)

-

belongs to F(.#) and

1
Bw(b‘n,t)z{meN: —{kel,:
. .

€
pO =Ly, t) < 1— Z" or

<s}

belongs to F(.#). Since A, ,(e,,t) N B, ,(e,,t) €
F(#)and @ ¢ F(#), we can choose m €4, , (&, t)N
B, (&, t). Then

€
(= Loy, t) > Z}

1 €
Z‘{kelm:u(xZ—Ln,t)Sl—zn

€
or v(x; —L,,t) > va

£
plxftt =Ly, t) <1— Z” or
£
VO =Ly, t) 2 Z“}‘ <26 <1.

Since A,, —» oo and A, ,(&,, t) N B, ,(&,,t) € F(F)
is infinite, we can choose the above m so that
An > 5. Hence there must exist a k € I,, for which
we have simultaneously, u(x; —L,,t) > 1— %en or
v(x!—L,,t) < 38, and p(x"1 =L, 1, ) > 1—2¢,
or v(xZ“—LnH, t)< %sn. For a given ¢, > 0 choose
%en such that (1 — %sn) *(1— %en) >1—¢, and
%snOéen < g,. Then it follows that

t t
v (Ln —x}, E) v (LnJrl —xit, E)

< Cnpfn _En
474 2

293

and

t
v —xit, 1) <supv (x —x", —)
n

2
t
Osupv(x—x““,—)
n 2
<ot o
44 °72

Hence we have

t
v(L,— L1, t) < [v (Ln — X}, 5)

t
v (X"H—Ln ,—)]
k g

t
Sv (x,’z —xt, g)

Eq €
2o <g,
2 2

N

=<

and similarly u(L, — L,41,t) > 1 —¢,. This implies
that {L,},en is a Cauchy sequence in X and let
L, —» L e€X as n— oo. We shall prove that x —

L(S;“’V)(y)). For any € > 0 and t > 0, choose
n € N such that ¢, < %8, sup, v(x —x",t) < %e,
w(L,—L,t)> 1—%8 orv(L,—L,t) < %8. Now since

1
—{kel,:v(x,—L,t) = ¢}

An

1 .t

<A_n {kEIn:v(xk—xk,g <&

0 t t

[v(xk—Ln, )Ov(Ln—L,g)]>e})
1 t

< — {kEIn:v(x,f—Ln,—)>£}|
An 3 2

and similarly
1
o kel splx =L, t) S 1—el

n
1 t €
>—|{kel,: (x”—L,—)<1——}.
{ HiM— 53 2

An

It follows that

1
{neN:)\—l{kEI,1 culxg—Lit)<1—¢

n

orv(xk—L,t)>8}|>6}
c{neN-i{keI : (x"—L £)<
‘An n-b k :3 =

t
1—£orv(xZ—L,—)> £}|>5}
2 3 2

for any given 6 > 0. Hence we have x —
L(SHV(#)). O

www.scienceasia.org
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CONCLUSIONS

In this paper we introduce the notions of £-[V, A1]-
summability and .#-A-statistical convergence with
respect to the intuitionistic fuzzy norm (u, v), inves-
tigate their relationship, and make some observa-
tions about these classes. We intend to unify these
two approaches and use ideals to introduce the
concept of .#—A-statistical convergence with respect
to the intuitionistic fuzzy norm (u,v). Our study
of .#-statistical and .#-A-statistical convergence con-
vergence of sequences in intuitionistic fuzzy normed
spaces also provides a tool to deal with convergence
problems of sequences of fuzzy real numbers. These
results can be used to study the convergence prob-
lems of sequences of fuzzy numbers having a chaotic
pattern in intuitionistic fuzzy normed spaces.

Acknowledgements: The authors thank the referees for

their comments.
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