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On Generalized Rearick Logarithm
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AssTrACT: In this paper, we introduce the generalized Rearick logarithm and give its series representation.
Moreover, we associate this logarithmic operator with other additive functions.

INTRODUCTION

By an arithmetic function, we mean a complex-
valued function whose domain is the set of positive
integers, N. We define the addition and convolution
of two arithmetic functions f and g, respectively, by

(f+@)m) = fin)+gm), (f*g)m) = . fig).
ij=n
It is well known (see e.g. [1],[21, [3],14],17]) that
the set (A, +, #) of all arithmetic functions is a unique
factorization domain with the arithmetic function

1) lifn=1
(n) = 0 otherwise

being its convolution identity.
For notational conveniences, let

Al ={fe A : (1) eR}
P.: = {fe A.: {1)>0}, the so-called positive
elements of A
U, ={feA.: f(1)=1}, the so-called normalized
units of A_.

To facilitate later discussion, we recall some facts
about derivation over A_, which is a function
d:A. — A_ satistying

d(f*g) = df g+ fxdg, dirf+sg) = rdf +sdg,
for all f,g €A, and for all r,s e C.

Recall that a e A_ is completely additive if a(mn)
= a(m)+a(n) (v m,n e N).

The derivation d_ associated with this additive
a €A, is defined by

d f(n) = f(n)a(n) (n e N).

1i

GENERALIZED REARICK LOGARITHM

Definition 2.1 Let a € A_be a completely additive
arithmetic function for which a(n) % 0 (vn>1), and
d, its associated derivation. The logarithmic operator
(associated with a) is the map Log:P_ —> A(, defined
by (Logf)(1) = logf(1), where the right-hand side denotes
the real logarithmic value, and

1
aw (df*fHHn

1 n
s (D fSald
) %‘,f ) (d>a( ) (n>1).
Remark. The logarithmic operator of Rearick
([5], [6]) uses the additive function logn in place of
an).

Logf(n)

1]

Theorem 2.2 For dll f, g e P, we have
Log( f*g) = Logf + Logg.

Proof. If n = 1, we see that

Log( f * g )(1) = log((A1)g(1)) = logf(1) +logg(1)

= Log f(1) + Logg(1).
For n>1, we have

1
Log( f*g)(n)= m(da(f*g)*(f*g)"l)(n)

_1__ * * # o1k -1
=a(n)[(f dg+g*d )*g” * 1)

L (gt rdg+ )
a{n)

= Logf(n) + Logg(n).
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Theorem 2.3For each h € Az, there is a unique f
e P_ such that h = Logf.

Proof. = We proceed inductively. Define f(1) =
exph(1). Assume that f(k) has been defined for all
k<n, where n>1. The value f-'(k) are recursively

. k
determined by the relation %:f @f (3) =1liftk =

1, and O elsewhere. This gives us a triangular system
which can be solved for the unknowns f~1(k). With
h(n) prescribed and f(k), f-}(k) determined for all %
<n, we can define f(n) by solving for the term
corresponding to d = n in the equation

Y ADf (Zald)
din d

The term containing f~'(n) is suppressed by the
presence of the factor a(1) = 0, and all other terms
are known. This inductive process allows us to
construct a function f such that it satisfies the
condition h = Logf, and at the same time it guarantees
the uniqueness of this f, since the value of f(n) is
uniquely determined at the n® step.

1
h(n) = an)

Theorem 2.4Let f e P.. Then f is multiplicative if
and only if Logf(n) = 0 whenever n is not a prime (positive)
power.

Proof. Assume that f is multiplicative. Then f(1)
= 1 and so Logf(1) = logf(1) = 0. Let N be a positive
integer which is not a prime power. Then there are
positive integers m, n, both of them greater than 1
and (m,n) = 1 such that N = mn. We will show that
Logf(N) = 0. We have

Log) = —= 2 f(d) f"( )a(d)

(N)

—— 23 f(d)f(d,) f"(-—) f‘l(-—)(a(d )+a(d,)),
(N) diim dyin

where we have decomposed each d uniquely into
the product of a divisor d, of m and a divisor d,
of n. Thus

I(n) o
Logf\) = am%ﬂd )f( )a(d)
I(m)
d Ja(d,
+ <N>d§f( )f( Ya(d,)

1

0 (since I(n) =I(m) = O).

Conversely, suppose that Logf(n) = 0 whenever
n is not a prime (positive} power. Then Logf(1) =
0,50 (1) = 1. For n>1, we let g € P_ be defined
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byg(l) = 1, gln) = l;lIf(Pv) where p"lﬂ,p"*ll{n.

Clearly, g is multiplicative. It remains to show that
f = g Observe that f(n) = gln) and f*(n) = g'(n)
whenever n is a prime power. From definition, we
have Logf(n) = Logg(n) if n is a prime power. Since
g is multiplicative, the previous half of this theorem
shows that Logg(m) = 0 if m is not a prime power.
Hence, Logf(n) = Logg(n) for all n € N and therefore
f = g by Theorem 2.3, proving our Theorem.

SERIES REPRESENTATION

Let F={u:j=1,2,...} be a sequence of non-
negative 1ntegers u, such that u, = 0 and only finitely
many u; are non- zero. We call the sequence F a
factorization. Two factorizations are considered equal

ifand only if the sequences are identical.lIf 1_1]
=

we call F a factorization of n, and also say that n

is the index of F and we write i(F) =Hjuj =n If
i

n> 1, one particular factorization of n is the identity
factorization, in which u =1 and u= 0ifj = n. When
n = 1, the only factorization is the zero factorization
O, in which all u; = 0. We define the height h, of a

factorization F by h, = Zj:ui , and also define the

partial ordering of factorizations as follows: F' < F
if u'<u for all j. By F'< F we mean F'<F and F'
;eF The sum of any two factorizations is defined
as the termwise sum of the sequences, i.e., F+F'
= {u +u'l. 1f F'<F, we define the dlfference F-

{u u’} Clearly, i(F+ F") =i(F)i(F") and i(F-F')

i(F)

iF)
fr= ]'](f(j))“f

. If F is a factorizationand f e A, we define

If we adopt the convention that 0° = 1, then the
product may be considered to be extended for all
j 21, with only finitely many factors different
from 1.

IfF= {u}.} is a factorization, set F! = I;I(ui!). IfF

F F
< F, we define | pr | = F''(F-F) -
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’
If r is any real number, set (OJ = 1, andif F>O,

A r} _ rr=-1D..(r=h+1D
define Fl = FI

is the height of F.

Theorem 3.1 For all fe U,

h (_1)h+1fF
Logf(n) = i(p):zn:,bo[FJ h

where h = h, is the height of F.

Proof.If n=1, the index set of the above sum
is empty and the sum is understood to have the value
zero, which is compatible with Logf(1) = logl = 0
For each n>1, by definition we have

-1
Logf(n)a(n)=d Logftn)=(d f f)(n)=(d f Z( F ] )

(by Theorem 3 of [6])
> dR)f*

= 5. (by Corollary 2a of [6])

~1
where ¢(F) = Z(F_])a(i(])).SinceF>O<:> h=h>

j<F

h\at)
0, Lemma 3 of [6] yields ¢(F) =(~I)*'|F|  ,and

the result follows.
- (n)
Theorem 3.2 Let f e P, and fm) = —j}ﬁi(n e N).
Then Logf(1) = logf(1) and

h (_1)h+1f
Logf(n) = i(F)=Zn,h>O(F]_.h—(n> D,
where h = h_ is the height of F.

Proof. The value at n =1 follows from the

S

definition. Since S = [ =1 we have feu,,

and hence Theorem 3.1 gives

. hY (-1 FF
Logf(n) = i(F)—‘-zﬂJDO(FJ( Dh f

(n>1).
We now have _
aln)Logf(n) = d,Logf(n) (n>1)
) f(d)f‘l( Ya(d)
din

where h = h,
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1

f(d) -1 ﬁ 1 d
% (1)f (d)f( Ja(d)

(using :f__l(—r-l-) = { (%)f(l))
> f (d)f'l( Ja(d)

din

= a(n)Logf(n)

and the desired result follows from Theorem 3.1.

LOGARITHMIC OPERATORS ASSOCIATED WITH OTHER
ADDITIVE FUNCTIONS

The logarithmic operator, defined in section 2,
is associated with an additive function a(n) which
is non-zero for all n> 1. This is modified upon
Rearick’s operator where a(n) = logn.

For a general additive function W(n), a similar
logarithmic operator can also be defined by dropping
the normalized term «(n) as follows:

Lv: PC - Aé
L A1) = logf(1)
Loftn) = (d f # f9(n) = gf@v(d)f(%).

Theorem 4.1(i) For all f,g € P, we have L (f % g)
=L f+Lg

(ii) Let f € P.. Then f is multiplicative if and only if
Logf(n) = 0 whenever n is not a prime (positive) power.

Proof. The proof is similar to that of Theorems
22 and 2.4.

< ()
Theorem 4.2Let f e P, and f(®) = —ff(_ﬂ (neN).

Then for n>1,
(_Dhu*F
L ftn) = vn) 2[ j-——hf— (h=h,).

Proof. We use the same argument as that given
in Theorem 3.2.
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