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INTRODUCTION

The theory of soft set was introduced by Molodtsov in 1999 [1] as a new mathematical tool
for dealing with uncertainties. After Molodtsov’s work, some different applications of soft sets were
studied. Maji et al. [2,3] published a detailed theoretical study on soft sets. Up to the present, the
research on soft sets has been very active and many important results have been achieved in the
theoretical aspect. Aktas and Cagman [4] introduced the basic properties of soft sets and compared
soft sets with the related concepts of fuzzy sets and rough sets. At the same time, they gave a
definition of soft groups and derived their basic properties. Sun et al. [5] defined soft modules and
investigated their basic properties. Gunduz and Bayramov [6] introduced intuitionistic fuzzy soft
modules and investigated some of their important properties.

The idea of soft topological spaces was first given by Shabir and Naz [7] and mappings
between soft sets were described by Majumdar and Samanta [8]. Later, many researches on soft
topological spaces were reported [9-12]. In these studies the concept of soft point was expressed by
different approaches. In the present study we use the concept of soft point which was given earlier
[13]. Soft topological spaces and soft continuous mappings form a category and this category is an
extension of the category of topological spaces.
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It is well known that the inverse limit is not only an important concept in the category
theory, but also plays an important role in some areas of mathematics, e.g. group theory, homology
theory and algebraic topology. Up to the present, the inverse system and its limit have been defined
in different categories. Furthermore, some of its properties have been investigated. Li [14-15]
defined the inverse (direct) system of fuzzy topological spaces and their limits and obtained their
properties for the case of category L —Top . Ghadiri and Davvaz [16] introduced the direct system
and direct limit of /, —modules. Gunduz and Bayramov [17] defined the inverse (direct) system in
the category of fuzzy modules and their limits and obtained their properties.

In this paper after beginning with the basic concepts of a soft set, we introduce inverse and
direct systems in the category of soft topological spaces and prove that their limits exist in this
category. It is proven that the limit of the inverse system of soft compact spaces is soft compact.
The direct limit is defined by a universal property and so it is unique. To use this method we first
consider the fundamental equivalent relation and then investigate the results of the connection
between fundamental soft sets, soft direct systems and direct limits.

PRELIMINARIES

In this section we recall the necessary information commonly used in the soft set theory.
Definition 1 [1]. Let X be an initial universal set and £ be a set of parameters. A pair (F E ) is

called a soft set over X if and only if F is a mapping from E into the set of all subsets of the set
X ,ie. F:E— P(X), where P(X) is the power set of X .

Definition 2 [2]. The intersection of two soft sets (F,4) and (G,B) over X is the soft set
(H,C), where C=4AnB , VeeC and H(e)=F(¢)nG(e) . This is denoted by
(F,4)n(G,B)=(H,C).
Definition 3 [2]. The union of two soft sets (F,A) and (G,B) over X is the soft set (H,C),
where C=AUB, VeeC and

F(g),ifgeA—B

H(g)z G(g),ifgeB—A

F(s)uG(g),geAmB
This is denoted by (F,4)U(G,B)=(H,C).
Definition 4 [2]. Let (F,4) and (G,B) be two soft sets over X . Then(F, 4) is called a soft
subset of (G, B), denoted by (F,4)<(G,B), if
(1) Ac B,
(2) F(&)=G(&) foreach e 4.
Definition 5 [2]. A soft set (F ,E ) over X is said to be an absolute soft set denoted by X if for
all eeE, F(e)=X.
Definition 6 [2]. A soft set (F ,E ) over X is said to be a null soft set denoted by @ if for all
ceE, F(e)=0.

Definition 7 [7]. The relative complement of a soft set (F ,E ) is denoted by (F E ), and is defined

by (F,E)':(F',E) where F':E — P(X) is a mapping given by F'(a)=X-F(a) for all

aek.
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Definition 8 [7]. Let 7 be a collection of soft sets over X Then 7 is said to be a soft topology on
X if

(1) @ ,j( belong to 7,

(2) the union of any number of soft sets in 7 belongs to 7,

(3) the intersection of any two soft sets in 7 belongs to 7.
The triplet (X , T, E ) is called a soft topological space over X .

Definition 9 [7]. Let (X , T, E ) be a soft topological space over X . Then the members of 7 are
said to be soft open sets in X .
Definition 10 [7]. Let (X , T, E ) be a soft topological space. A soft set (F E ) over X is said to be

a soft closed set if its relative complement (F, E ), belongs to 7.
Definition 11 [13]. Let (F,E) be a soft set over X and x € X . The soft set (F,E) is called a soft

point, denoted by (x,,E) if for the element ec E, F(e)={x} and F(e')=0 for all &' € E—{e}.
In this case we say that (x,,E) is a soft point of a soft set (F,E).

INVERSE SYSTEM OF SOFT TOPOLOGICAL SPACES

Soft topological spaces and soft continuous mappings between them form a category and
this category is an extension of the category of topological spaces. We denote this category by
STop.

Definition 12. Any functor F': A” — STop is called an inverse system in S7Top and the limit of
F is called the inverse limit of F .

Now let us examine Definition 12. Let
(K’E)z({(Xa Ta’E )}QEA’{(I?ZJQZ) (Xa ’Ta ’E ) (Xa’Ta’E )}a<a') (1)

be an inverse system of soft topological spaces. The inverse system (1) consists of the following
two systems of sets

({X‘Z}aEA ’{pz' :X‘Z, —)Xa}a<a’) (2)
({Ea}w,{qj E, —>E}) 3)
Let X =limX, and E=limE, be two inverse limits of (2) and (3) respectively. Let
(H X[z 11E. ) be a product of soft topological spaces.
If (F.]]£.) ] ]z. - then we define the following soft set

i, hmE — HX

aen aen aen

such that F

I

topology on (X, E) and (X,7,E) is a soft topological space. Let
r,:IimX, > X _,q, :IlmE —E,

be two projection mappings for each a € A. Then

iz, ({€.})=F({e,})nlimX, for each {e,}elimE, . We denote the soft set by

(F,HEa)eHra} is a soft

aen aen aen

imy, » IME, ) It is clear that the family T:{(F‘li_mXa ,nga)

«
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(ﬂa,qa):(X,r,E) —)(Xa,ra,Ea)
is a soft continuous mapping.
Theorem 1. Let (X E ) be an inverse system of soft topological spaces in (1). Then every inverse
system has a limit and this limit is (limX,7,limE, ) and unique.
Proof. Let (Y,7',E') be a soft topological space and {(¢,.v,):(Y.7,E')—>(X,.7,.E,)} be

QEN

soft continuous mappings such that Diagram 1 is commutative:

o O
I:}=I=EII I: :l‘r'-' (Xm=rm=Em:|
“ym' : wn:t-' I Cm mh
| P .a,, |
(X,.1..E.)
Diagram 1

Let us define y:E'—>E and f:Y >X by y(¢)={v,(¢)}.f(y.)= {% (y)%(e,)} for
each ¢ €E'. In this case since Diagram 1 is commutative, we have y(e')elimE, and
f(y.,)e(X,7,E).Hence (f,x):(Y.7,E')—>(X,7,E) is a soft continuous mapping.

Indeed, for each y, €(Y,7,E') we have

(2ove)(30)=(2a (), .-
which implies that
(7ar0.)o (S 2)(90) = (7000 ) (S (), =(7faa%)({(¢’a (Y))wa(er)}) =(2. (),
So the mapping (f, ) is unique and the condition (¢,.,y, )=(7,.q,)°(f.x) is satisfied. m
Definition 13. Let
CE)=({(ve )}, A7 2 ): (G By ) > (V) 4)
be an inverse system of soft topological spaces and let ¢ : A" — A be an isotone mapping and

(5.85): (Koo Tois Euiy) = (157 )
be the soft continuous mappings for all feaA” . If the following equality

(i’ﬂﬂ',;(ﬂﬂ') o (fﬂ,,gﬂ,) = (fﬂ,gﬂ) O(pi((g;),q(f((g;)) is satisfied for all g'> g, then the family

(go A /\,{(fﬁ,gﬁ )}ﬁ&,) is said to be a morphism from (1) to (4).

EN

It is clear that the inverse systems of soft topological spaces and their morphisms construct a
category. The category is denoted by Inv(STop).

If ((p:/\'—)/\,{(fﬁ,gﬂ):(X(p(ﬁ),rw(ﬂ),Eq)(ﬂ))—>(Yﬁ,rl';,E' )}ﬂ ) is a morphism of inverse

systems, then the family (go A /\,{ g5 :E(p( 5> E;} ) is a morphism from the inverse system

pen’
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of sets ({Ea}aEA,{qj:Ea, _)Ea}a<a') to the inverse system of sets ({E}i}ﬂ&,,{;{ﬁﬁ' L E), %E},}ﬂ{ﬂ,).

Similarly, (go:/\’—w\,{ fﬁ:X¢(ﬂ)—>Yﬂ} ) is a morphism from the inverse system of sets

Ben'
(CANRI S IS #

denote the limits of these morphisms with limf, and limg, respectively. In this case,

a,) to the inverse system of sets ({Yﬂ}ﬂﬂ, ,{rﬂﬂ' S Yﬂ}ﬁ<ﬂ')' Let us
(hm ﬂ’mgﬂ):h—m(Xa’Ta’Ea) — Q@(Yﬂﬂfé’Eé)
is a soft continuous mapping of soft topological spaces.
Theorem 2. The corresponding
(X070 E), P im(X,n, E,) (008 > A{(fg,)), o (timf lime, )
is a functor from Inv(STop) to STop .
Proof. The proof is straightforward.m
Theorem 3. Let (K E ) be an inverse system in (1). Then the following family
B= {(ﬂa,qa)_1 (Fa,Ea)‘a € /\,(Fa,Ea) € ra}
is a base of topology of (X,7,E)=lim(X,,7,.E,).
Proof. Since (ﬂa, q, ) : (X,T,E) - (Xa, Ta,Ea) is a soft continuous mapping for all ¢ € A, the
sets of B are soft open sets. It suffices to show that for every soft open (G,E) e(X,z,E) and every

soft point x,e(G,E) , there exist a,en and (F E )erao such  that

X, e(ﬂ'%,qa0 )71(FaO,EaO)C(G,E). Let (G,E) be an arbitrary soft open set in (X,T,E) and
X, :{x:’a}e(G,E ) . By the definition of soft subspace, there exists a soft open set
(H,E)<]](X,.7,.E,) such that (G,E)=(X,r,E)n(H,E). Thus, we have a,,a,,....a, €A
and (Fa,. E, ) €7, such that

-1

X, e(palaqal )"I(Fal’Eal)m...ﬁ(pak,qak) (Fak’Eak)C(H:E)-

Since A is a directed set, there exists a «, €A such that ¢, >¢,,...,a, >, . Also, since

(po‘fio,q:_“):(Xao,rao,an)—>(Xai,rat_,Eai) are soft continuous mappings for all 1<i<k ,

ﬁ(pz:’,q;")I(Fai,Ea[_)=(Fa0,an) is a soft open set in (X%,r%,E) . Since

i=1 %o
(p:? 'y )(x:::) ) = x;'; , xgl‘; € (Fao E,, ) and x, € (ﬁ% o4, )71 (Fao E, ) , we have
(7o) (Pitaie) (ForE))=(7004) (R0 B

- H(Xa,ra,Ea)m(pa,,qa,. )71 (Fa,-’Eai )

Consequently, we obtain
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el () =ra ) () (2,5,)

i=1

(
=Q(H(Xaafa,Ea)ﬂ(pa,.,qa‘. ) (F,.E, ))
:H(Xa,ra,Ea)ﬂ[ﬁ(pai,qai )71 (Fai,Eai )jcH(Xa,ra,Ea)m(H,E)=(G,E).

il
Theorem 4. Let (X, E) be an inverse system in (1). Then )
a) If (pf.q)):(X,.7,.E,)>(X,.7,.E,) is an injective mapping for all aen ,
(7,.9,):(X,7,E)—>(X,,7,,E,) is an injective soft mapping.
b) If (ps.q)):(X,.7,.E,)—>(X,.7,.E,) is a bijective mapping for all aen ,
(7,.9,):(X,7,E)—>(X,.7,,E,) is a bijective soft mapping.
Proof. a) For the soft points x, = {x:; } #y, = {y:; } e(X.,7,E), let (ﬂ'al 4, )(xe) = (ﬂ'a] 4, )(ye,) :
For o'>a, , since (le',qu') (X,.7,.E,)—> (Xal,ral,Eal) is an injective mapping and
( p;’,q;')(xfai ) = x:;‘l = y:i‘l = ( p;',q:)( yi ), we have x:: = ygl . For an arbitrary a € A, since A is
a directed set, there exists @" € A such that a">a,a" >, for all a,a, €A . Then x::, = yZ’;
implies that xfj; = yfa . Hence

¢ =(p ) (<) =P al ) (5 )= 5
is satisfied, i.e. x, =y,.

b) Now we want to show that the soft mapping (ﬂal,qa] ):(X ,7,E) —>(Xa],z'a],Eal) is a
surjective soft mapping. Let x.’ e(Xal,ral,Eal) be an arbitrary soft point. For o' > ¢,, we take
, , | . ,
X, :(PZ, ,qg‘]) (xj" ) Then there exists @' € A such that @' > @ and ' > ¢, for all @ € A. Hence
: : a a a o _a @ o\ @
we obtain soft point x; =(p,, .q. )(xe ,):(pa .q. )(pal ,qal) (xe‘ ) Now we want to show that
X, = {x:‘ } € (X,r,E). We choose a',a" such that &' >~a,a' ¢, and &' >a,a' > ¢, forall a > a.

Thus,

Now we take a”" e A suchthat a" = a', a" = ' . Then
<= (pia ) (5 ) = (il ) (i) ()

= (pf; g j(p;" 47 )(x )
= )(x)=( v ) )

and
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o

Since the soft mappings ( p;’l',q;'), ( p:,q:) are bijective mappings, ( p;’l",ql‘;”)(xe”

o

) = x:’a and
( p”f’” , q{f/” )( x:‘ ) = (xe“ j are obtained. Thus,
(P as ) () =(pas ) (g ) (x5 ) =2

[ ) = o )=

a

Hence (pi,qjj(xij=(p3”,qz")(xé)—xa is obtained. Thus, xez{x;‘:}e(X,r,E) and
(72%,%l )(xe) :x:’;l N |

Corollary 1. Let (X,E) be an inverse system in (1). If ( p¢',q5 ):(X,.7,. E,. ) > (X,.7,.E,) is

a soft homeomorphism, then the soft mapping
(7,.9,): (X, 7,E)—>(X,.7,.E,)

is a soft homeomorphism.

Proof. By Theorem 4, (ﬁa,qa) is a bijective and a soft continuous mapping. From Theorem 3, the

family {(ﬂa,qa ) (F,.E,):aen(F,,E,)e ra} is a base of soft topology of (X,7,E). Then since

(ﬂa,qa)((;za,qa)_l(Fa,Ea))=(Fa,Ea), (7,.9,) is a soft open mapping, (7,.q,) is a soft
homeomorphism.m

Lemma 1. Let (X,E) be an inverse system in (1). If (X,E) is an inverse system of soft

T, —spaces, then (X,7,E) is a soft closed set in H(Xa,ra,Ea) .

aen

Proof. 1t is sufficient to show that (H(Xa,ra,Ea)

QEN

j\(X, 7,E) is a soft open set. For every

limE
P

xe:{xei}EH(XQ,TQ,EQ)/(X,T,E) , xeﬁ(X,r,E). Then there exists a < €A such that

aeEN

(pf,qf')(xi);tx; and x;' ,(pf,qf)(xeﬂﬁ)e(Xa,ra,Ea). Since (X,,7,,E,) is a soft T, —space,

there exist (F,,E,) , (G,.E,)er, such that x:;e(Fa,Ea) , (pf,qf)(xﬂ)e(Ga,Ea) and

s
(F,.,E,)"(G,,E,)=® . We take (F,,E,) as (X,,7,,E,) and (pf,qf)fl(Ga,Ea) as
(Xﬂ,rﬂ,Eﬂ) . Then the soft set (Fa,Ea)x(pf,qf)_l(Ga,Ea)><H(Xy,ry,Ey) is a soft

r#a.p

neighborhood of soft point x, and (Fa,Ea)X(pf,qf)il(Ga,Ea)x 11 (Xy,ry,Ey)m(X,r,E):d).

r#a.f

Hence x, e(Fa,Ea)x(pf,qf)’l(Ga,Ea)x I1 (Xy,ry,Ey)c(H(Xa,ra,Ea)

r#a.p aen
that (H(Xa,ra,Ea)

QEN

hmEj . This implies

j\(X, 7,E) is a soft open set, i.e. (X,7,E) is soft closed set.m

limE
P
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Theorem 5. Let (1 E ) be an inverse system of non-null soft compact soft 7, —spaces. Then

(X,7,E) is a non-null soft compact set.

Proof. Since (X T Ea) are soft compact spaces for all ¢ € A, then H(Xa,ra,Ea) 1S a soft

a’”a’
OEN

compact space. In this case [ [(X,.7,.E, )

a’a?’

img 1S @ soft compact space. From Lemma 1, (X,7,E)

AEN

is a soft closed set in [ [(X,.7,.E, )

aen

compact, (X , T, E ) is a soft compact space.

. Since the soft closed set of a soft compact space is soft

limE
-

Now we want to show that (X, 7, E) is a non-null soft set. Forall e,

(Yﬁ,HEa]:{{xg}eg(Xa,Ea) (pf,qf)(xfﬂ):x;,Vy<ﬂ}

,E ) be any soft point and zjy = (pf,qf)(zﬂ ) for all

ep

is a non-null soft set. Indeed, let zfﬂ € (X 52T

y =< . Let z:; be any arbitrary soft point for o € A. In this case z, = {z:‘ } € (Y ﬁ,HEa] . Similar
to Lemma 1, we can show that (Yﬂ,HEaj i1s a soft closed set. It is clear that

(Yﬁ,,HEaj c (er’HEaj for all @ < . Then the family (Yﬂ’HEaj is a centralised soft closed

set family in [[(X,.7,.E,). Since [ [(X,,7,,E,) is a soft compact space, ﬂEYﬂ’HEaji .

aen aen Pen

Thus, the intersection of soft points in ﬂ(Yﬁ,HEaj is (X ,T,E) , and this implies that
Pen

a

(X,7,E)# D .m

Theorem 6. Let (X, E)= ({(Xa»%»Ea )}aEA ,{pZ',qzr}am,) and

(Y.E')= ({(Y T )}ﬁa, ,{rﬂﬂ B ;/g'}ﬂw) be two inverse systems of soft topological spaces, and
(]_‘,g) = {(p:/\' - /\,{(fﬂ,gﬁ) :(Xw(ﬂ),r(p(ﬂ),E(p(ﬂ)) —)(Yﬂ,r;,E' )} } be a soft mapping of these

spaces. If (fﬂ,gﬁ):(Xw(ﬁ),rw(ﬂ),Ew(ﬁ)) - (Yﬁ,r;,E;) are a soft homeomorphism for all e A’,

PBen'

then li_m(/_’,g) (X,7,E)—>(Y,7',E') is a soft homeomorphism.

Proof. Firstly, we want to show that Qrg(j_”,g) :(X,7,E)—(Y,7',E") is an injective soft mapping.
Let x, = {xfa}, ¥ :{yf’a} €(X.7,E) and x, # y.. Then there exists &, € A such that x{* # ) . We
choose S A" such that () > «,. Since

( oo, q;”(ﬂ)) (xw(m): X% # yf :( ps(ﬁ)’qg(ﬂ))( y«gm))’

0 0 Zo(p) €ag o(p)
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then x“’((ﬂ ]);tyf;((f) ). Also, since ( S gﬁ) is a soft injective mapping, we have

(fﬁ,gﬂ)( ‘w) (fﬁ,gﬁ)(ye()). This implies that li_m(]_‘,g):(X,r,E)—)(Y,r’,E’) is an

injective soft mapping.
Now we want to show that Qng(i,g):(X,r,E) — (Y,7,E") is a surjective soft mapping.

Let y, :{yf, } e(Y, r’,E') be an arbitrary soft point. Since (fﬁ,gﬂ) is a surjective soft mapping,

there exists a soft point z ( ) such that (fﬁ,gﬁ)( o6 )) ye We take e’ such that () >«

€p(p)

for all e, and x = pa ,qa ( g’ ) The soft point x; is independent from feA’,

xe—{ } (XTE)andhm(fg)( )=

Now let us show that hm( S g) ( ,E)—(Y,7',E') is an open soft mapping. Since
(fﬂ,gﬁ)o(ﬂw(ﬂ),q¢(ﬁ)):(ﬂﬂ,qﬂ hm(i ) for all pen , we have
(ﬁw(ﬁ)’qw(ﬁ))_lo(fﬁ’gﬁ)_l:(h—nl(i’g)) o(754,) " - Let (5-85)o(Exp Enp)) = (G Ep)- Since
( S8 ﬁ) is a soft homeomorphism, we obtain

1 -1
(%w)’%m)) (B Eoi) = (7o) (f5-85) (fﬂ’gﬂ)( ()Ew(ﬂ)))
:(li_m(]_‘,g)) | o(75045) l((fﬂ’gﬂ)( o(p)’ E(ﬂ(ﬁ)))'

Thus, we have

(m(l’é))[(%(ﬂw%w) )il (oo Evir )} = lir.n([,g)[(km([,g))_l } (7509, -

(fﬂ’gﬂ)(F By ) (”ﬂ’qﬂ)il(fﬂ’gﬂ)(Fw(ﬂ)’Ew(ﬁ))'
Consequently, (ﬂﬂ,q[,) (fﬂ gy (F E ) is a soft open set.m

DIRECT SYSTEM OF SOFT TOPOLOGICAL SPACES
Let (X , T, E ) be a soft topological space, ~, be an equivalence relation on X and ~, be an

equivalence relation on £. Let p: X — )% and ¢: E —> % be two canonical mappings. Then
2

(p.q):(X,7,E) (y / ) is a soft mapping.

If we define a family 7 such that (F,% )e%@(p,q)l (F’% jer, then 7 is a soft
2 2

topology in ()y / ) and p, X T, E ()y / ) is a soft continuous mapping.

Definition 14. Let (X , T, E ) be a soft topological space. The soft topological space ( /~ , T, /N )
1 2

is called a quotient space of (X,7,E).
Example 1. Let X ={x,,x,,x,,x,,x}, E={e.e, e} and z':{(FI,E),(Fz,E),(}Q,E),(F4,E)},
where (F,E),(F,,E),(F;,E) and (F,,E) are soft sets over X , defined as
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Fl(e]) {xl,xz,x3} F(ez) {xl,xz,x3} F(e3) {x4,x5}
Fy(e)={x.x%}. F, (&) ={x. %, x}, F (€)= {x,. x
Fe)={x.x} F(e)={x), F(e)={x,x},
Fy(e)={x.x.x,}, Fy(e,) = X, F (&) = {x,.x;}.
Then 7 defines a soft topology on X and (X , T, E ) is a soft topological space over X . Let ~, be

an equivalence relation on X such that x, ~ x, ~ x; and x, ~, x;. Let ~, be an equivalence

relation on E such that ¢ ~, e, and e; ~, e;. It can be easily seen that )% ={[x].[x]} and
1

%22{[61],[%]}. Then ;:{%,&),(G,%Z)} is a soft topology, where G([el])=[xl] and
G([e3])=[x4].

Note that the equivalent class of every soft point x, € (X , T, E ) is denoted by [x][a], where
[x][a] is also a soft point.

Let (X,7,E) and (Y,7,E') be two soft topological spaces and
(f.g):(X,z,E)—>(Y,7,E') be a soft continuous mapping. Let ~, , ~, , ~, , ~, be four

equivalence relations on X, £, Y, E' respectively. Here, ( f ,g) preserves these relations. It is

(re) (%, =5 ) (7, 5L )

is a soft mapping and defined by ( j( a]) [ f ][ for all soft point [x][a]

clear that

Proposition 1. Let (f,g):(X,7,E)—>(Y,7,E') be a soft continuous mapping. If (f,g)

preserves equivalence relations, then (} é) ()y / ) ( /N ,;’,l% j 1s a soft
Y E’'

continuous mapping and the condition (p,,q,)°(f,g)= (}, éj o(p,.q,)is satisfied, where (p,,q;)

and (p,,q,) are soft canonical mappings.

Proof. The proof is straightforward.m

Let {(X,.7,.E, )}aa be a family of soft topological spaces such that X, N X, =& and

E NE, = for all a#a'en . Let X be a union of soft points belonging to these soft

topological spaces and E = U E_ . Then (5( JE j is a family of soft sets.

aen

Example 2. Let Xlz{xl,xz,x3}, E ={e,e,} and X, :{x4,x5}, E,={e,,e,} . Then we have
X:{x;,xiz,xfl,sz,le,sz,xi,xi,xi,xi}. Let us define X =X, U X, and E=E UE, and form
the soft sets by using the parameter set £ on X _ It is clear that the soft points x;,xis ’le do not

belong to X,
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Definition 15. Let {(Xa,ra,Ea )}(m be a family of soft topological spaces. The soft set
(F.E) e(jf,Ej is a soft open set if and only if (F,E)N(X,,7,.E,) ez, forall @ € A. Such open
sets construct soft topology. Let us denote it by 7.

Definition 16. The soft topological space ()N( ,r,Ej is called a direct sum of soft topological

spaces {(X,,.7,.E, )}(m , denoted by @ (X,,7,,E,).

It is clear that since i, : X, > X = U X, and j, :E, >E= U E, are embedding

AEN QEN

mappings for all & € A, the soft mapping
(ia,ja):(Xa,ra,Ea)—>(5(,T,Ej
is a soft continuous mapping.

Let {(X,.7,.E,)} and {(Ya,r;,E;)}%A be two families of pairwise disjoint, soft

QEN

topological spaces with ()N(,T,Ej:@(Xa,ra,Ea) and (%,T’,E'j:@(Ya,T;,E‘;) . If

aen aen

{(fa’ga):(Xa’TaﬂEa) —>(Ya,T;,E;)}a€A is a family of soft continuous mappings, then we define
the soft mapping
(_B(fa’ga):@(Xa’Ta’Ea)_) D (YaaT;aE;)

ae aen

as follows: for all x, € X , there exists &, € A such that x, € (X a,ra,Ea) and
,ZC-E (fa’ga)(xe) = (fao (X))gao(e) *

Lemma 2. Let {(f,.g,):(X,.7,.E,) > (Ya,ra’l,E;)}aa be a family of soft continuous mappings.
Then @ ( f.s ga) is a soft continuous mapping and @ : HS Top —> H STop is a functor.

Proof. The proof is straightforvard.m

Let (f,.g,):(X,.7,.E,)—>(Y,7",E") be a soft continuous mappings for all @ € A. Then

we define the soft mapping

(f.2)=V(f,.8,): ®(X,.7,.E,)—>(Y,7,E)

aen

| (.2)(x)= (£, ()

where x, e ®(X,,7,.E,), ie. x, e(Xa T an) for o, e A.

0’ ap’

24y(¢)

a’a?’

Proposition 2. Let (f,g):®(X,7,,E,)—>(Y,7,E') be a soft mapping. Then
(f.g):®(X,.7,,E,)>(Y,7,E') is a soft continuous mapping if and only if
(f.g)o(iys),):(X,.7,.E,)—>(Y,7,E") is asoft continuous mapping.

Proof. The proof is straightforward.m
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Definition 17. Any functor D: A — STop, where A is a directed poset (considered as a category),
is called a direct system in STop . The limit of D is called the direct limit of D and denoted by

lim (X, E).

Let
(FE)=({(rene)],{fa): (e ) (x )] ) )
be a direct system. By using the direct system (5), we obtain the following two direct systems of the
sets:
(fref, A x> ) ©)
(e, B o)) (7)

Let us consider the direct limits of (6) and (7) by X =limX*“and E =limE“ respectively.
The equivalence relation on soft topological sum (X T, E)= EI-)(X “7%E ") is given by x, ~y,
and there exists a” > a,a’ such that
(Pe.as ) (x)=(p2 a2 ) (5.,
where x, € (X “,r",E“) and y, e (X “',T“V,E“’) . Then we denote this direct limit by

liLn(X,E) :(X’T’E% . It is clear that if x, ~ y,, then x~ y and e ~¢’. Hence each soft point

of li_m(X,E) is denoted by [x] Thus, mg(},f)=(@n_1X“,;,mE“j is a soft topological

[e] ©
space.

Theorem 7. Every direct system in (5) has a limit in S7op and this limit is unique.

Proof.  Let (i“,j“):(X“,r“,E“) - @(X“,r“,E“) be an embedding  mapping,
(p, q) : @(X“ , 7% E” ) - th(Y,E) be a canonical mapping and
(ﬁ“,q“) = (p,q)o(i“,j“) : (X“,T“,E“)—) th(Y,E') for all aen . It is clear that for all
a<a, (ﬁ“,q“) =(p(‘f,q2")o(7z“',q“') is satisfied. Now we must show that hin(},f) is a direct
limit. For this, it suffices to show that there exists a unique, soft continuous mapping
( 1, g) : th(},E) - (Y ,7E ) which makes up the following commutative diagram (Diagram 2).

(emE) (o) e

[
L ad

Diagram 2
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Let {((p“,t//“ )} be a family of soft continuous mappings which makes up the commutative

aen

Diagram 3 for each soft topological space (Y,7',E’).

(rerE) ") (rem

|

(pe.q2) |
(o)
(X<, z,E9)
Diagram 3
Let [x][e] belong to h_m(},f) . Then there exists @ € A and x:’u € (X “ 1" E “) such that
(7[“ ,q° )(x:; ) = [x][e] . Hence we define the soft mapping

(f,g):mg(i,i) —(Y,7,E)
by the formula:

(7.8l ) = (o) (5)-
It is clear that (f,g): ling(},f) — (Y,7',E) is well-defined and Diagram 3 is commutative.m

Let

(FE)= (o)), (e, )

(FE)= ({2, A7 ), ®
be two direct systems in STop , ¢:A—> A" be an isotone mapping for all e , and
(f“,g“ ) : (X"‘,r"‘,E“) - (Y¢’(“),r””(“),E””(“)) be a soft continuous mapping.

Definition 18. Let (},E) and (}_’,E) be two direct systems. If the equality
(ro,qse) Yo (f.g°)=(/. g% )o (pL 4L ) is satisfied for all & < @', then the family

(7:8)=(p:n> {0}, ) ©)
is called a morphism from the direct system (},E) to the direct system (I_/,F) .
It is clear that the direct systems in S7Top and these morphisms between them construct a
category denoted by Dir(S T op) . Let (7,§) be a morphism of direct systems. Then
O(f7,g7):@(X", 5%, E*) @y, 1), )
is a soft continuous mapping and preserves an equivalence relation on these direct limits. Then the

mapping @( fe, g“) defines a soft mapping of quotient spaces. We denote the mapping by
lim (/. g):lim (X, E) — lim (Y. £').
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Theorem 8. Let Dir(ST op) be the category of all direct systems in STop and all mappings
between them. Then

lim: Dir(STop) — STop

is a functor.
Proof. The proof is straightforward.m
Theorem 9. Let (},E) be a direct system of soft topological spaces in (5).
a) If each (pZ',qZ’):(X“,r“,E“ ) - (X"',r"’,E“’) is an injective soft mapping, then
(ﬁ“,q“ ) : (X“,T“,E“) - h_m(},f) is also an injective soft mapping.
b) If each (pZ',qZ'):(X“,r“,E“ ) - (X"',r"’,E“’) is a bijective soft mapping, then
(ﬁ“ ,q” ) : (X“,r"‘ , E“) - lgg(},f) is also a bijective soft mapping.
Proof. a) For each soft point x;,y; € (X"‘,r",E“) , let xj: * y; and
(ﬂ“,q“)(xfa ) :(ﬂ“,q“)(y;z ) If x; #y; ,then x* #y“ or e, #e¢, . Hence the soft points x; ,y;
are equivalent. Then there exists e A’ such that (pf, q’ )(xi ) = (p('f,qf )(yja ) Since (pf,qf) is
an injective mapping, x, =y, , i.e. x, =y, and e, =e¢, . Thus, the soft mapping (ﬂ"‘,q") is
injective soft mapping..

b) Let us show that (ﬁ",q”) is an surjective mapping. Let [x][e] e@(_,f) be an
arbitrary soft point. Since the canonical mapping ( p,q) : @(X “,r“,E“) - lgg(},f) is a
surjective mapping, there exists a soft point x; @(X ",r“,E") such that ( p,q)(;c;)z [x][e]. From
the definition of the soft topological sum, we have x; = X e (X “ 1t E "') . In this case
(ﬂ“’,q“')(xe”i ) = [x][e] is satisfied. Let us choose a”"eA such that a”">a,a’ . Since
(pZ”,qZ"):(X“,r"‘,E“)—>(X”‘",T“H,E“") is a soft surjective mapping, there exists a soft point
X, € (X“ , T, E” ) such that (pZ", q” )(x:; ) = (pjy, q” )(x:; ) for soft point

( P .q” )(xf; ) € (X “ 1 ,E “") . Hence the soft points x;, x:‘a are equivalent and
(7" ) (2 ) =(7".q")(x2] ) =[x, =
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