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Abstract

This research aims to measure a method for estimating the average run length (ARL) of
an exponentially weighted moving average control chart using numerical integration when the
data is a moving average model with exogenous variables. We compare the average run
lengths achieved using three distinct methodologies. The midpoint, trapezoid, and Gaussian
rules are all used. Additionally, we compare the CPU time used by the ARL assessment.
The simulations show that the ARL values obtained from using the midpoint and Gaussian rules
are similar. The result obtained from using the trapezoid approach, on the other hand, is less
different at roughly 1%. Additionally, the midpoint and trapezoid approaches were the fastest
when CPU time was considered, requiring between 4-6 seconds. On the other hand, Gaussian's
rule requires around 37-43 seconds.
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Introduction

Quality control is an essential tool for reducing the many deficiencies throughout the
manufacturing process. Statistical Process Control (SPC) is used to design and enhance
processes. Control charts are a robust process of monitoring or regulating manufacturing
processes in real-time. In 1924, Walter A. Shewhart invented the control chart to help
manufacturers minimize waste and enhance quality. Control charts have since been extensively
utilized for identifying and monitoring effects on the quality of processes in various applications,
including industrial production, public health, computer networking and telecommunications,
finance and economics, environmental research, and others. Nowadays, Shewhart control
charts, cumulative sum charts (CUSUM) and exponentially weighted moving average control
charts (EWMA) are popularly used in industrial processes. Robert (1959) developed the EWMA
control chart to detect a slight change in the mean, suitable for normal distribution. It is now
well accepted that a strong control chart is essential for identifying small and moderate
changes in the process. Control chart performance is often measured by the average run length
(ARL). In most cases, the ARLo indicates that the process is under control, whereas the ARL:
suggests that the process is out of control and should be small. The ARL of EWMA control
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chart may be estimated using the Monte Carlo Simulations (MC) technique, which is the
conventional way to test the validity and compare it to the other methods. However, processing
takes a long time, the Martingale (Sukparangsri & Navikov, 2008), Markov chain (Brook and
Evan, 1972; Lucus & Saccicci, 1990) and integral equation (See Srivastava & Wu, 1997;
Areepong, 2009; Mittitelu et al.,2010; Petcharat et al.,, 2013; Paichit, 2017; Preerajit et al.
,2018).

The serially correlated data may occur in the real world of the data set when the data
are AR(1) and ARMA(1,1) processes. Lu & Reynolds (1999) employed the integral equation
technique to derive the ARL. Some literlature try to evaluate ARL when data set are time series
model. Petcharat et al. (2013) proposed the analytical expression for the ARL of the EWMA
control chart for the moving average of order q (MA(q))process. For the seasonal AR(P).
process. Later, Petcharat (2016) derived the explicit formula of ARL for the EWMA chart and
compared it to the CUSUM control chart and found that the EWMA chart was more sensitive to
detecting small shifts. Paichit (2017) proved the explicit formula of ARL for the EWMA control
chart base on autoregressive with an explanatory variable model. Sunthornwa et al. (2018)
proved exact solution and approximate the numerical of ARL for EWMA control charts using the
seasonal ARFIMA with exponential white noise. Moreover, Suriyakart (2020) studied the
sensitivity of the EWMA control chart for detecting the mean change in processes when
processes are AR(1), ARMA(1,1) and IMA(1) with exponential white noise and found that the
EWMA control chart is good performance for detecting the small change of the process mean.
Sunthornwat & Areepong (2020) derived analytical ARL and approximately the numerical ARL
for the CUSUM control chart for seasonal and non-seasonal moving averages processes.
Recently, Petcharat (2021) presented the exact formula of ARL for the MAX(1,r) process with
exponential white noise, with its existence and uniqueness being proved by Banach's fixed-
point theory.

According to this literature review, the ARL for measuring the efficiency of the EWMA
control chart is very important for comparing control chart performance. In this research, we
extend Petcharat (2021) to evaluate the ARL of the EWMA control chart by using numerical
integration methods for data is the model moving average model with exogenous variables

(MAX(q,r)).

Methods
Exponentially weighted moving average (EWMA) control chart

Robert (1959) initially suggested the EWMA control chart. The recursive equation below
would be used to express the EWMA control chart.

Y= (=AY, +4Z,, t=12,.., (1)

where A is exponential smoothing parameter, 0<A<1. Z, is sequence of process

observations. The control limit of control charts are upper control limit (UCL) and lower control
limit (LCL) as follows,

A
LCL/UCL = u+ Lo /— , 2
7 ) (2)

where u is average or target value, L is the width of the control limit and ois standard
deviation of the process.
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In this research, we present EWMA control chart for the process observations is the
sequence of a moving average process with explanatory variables (MAX(q,r)) with exponential
white noise defined as

Zi=pu+é&—-0¢.,-0,¢, _"'_qut—q +§’Bix“’ G)

where & is exponential white noise : & ~ Exp(er), 6; is moving average coefficient, i=1,2,..q,

;
-1<6 <1, X, is exogenous variable and £, is a coefficient of Xit. &, ~ Zﬂ, Xit
i=1
The corresponding stopping time for (1) define as
r=inf{t>0Y,>b} ,H,=u, b>y. (4)

where b denote control limit.

Let E () denote the expectation under probability density function f(Y,a)that the
change-point occurs at pointw, where w<w. Thus by definition, the ARL for MAX(q,r) process
with an initial value H, =U is as follow

ARL = H (U) = Eqo(73) <. (5)

Numerical integral equation (NIE) of average run length for MAX(q,r) on EWMA
control chart

Let H(U) be the average run length for the EWMA control chart as defined in
eqauation (5). Assume that C, =U be the initial process under in-control. The integral equation

H (U) can be derived by Fredholm integral equation of the second kind denotes as follows:

b
1 —(1-2 d
H (U):l+;j‘h(y) f [%J"ﬂ""ﬂ _ngtfl_ezgtfz _"'_Hqgt—q +Z:Bixitjd(y) r
0

i=1

Such that

I
+&—-0&_1—0 -—Oy&r_g+ - X
y (A HHE =08 06 p—-—byétq I;ﬂ. |t]

b
H(u):1+i‘[h(y)eme la " a d(y), (6)

The integral equation H (U) may be approximated using numerical quadrature procedures.
The Gaussian rule, the midpoint rule, and the trapezoidal rule are all employed in this research.

I. Gaussian Rule
The quadrature rule is used to approximate an integral, and the Gauss—-Legendre

quadrature rule is used to approximate the solution. Suppose the {wj, j=1...,m} is a point on
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the interval [0,b] and set {kJ-, j=1..,m} as kj= b/m>0;j=12,..,m. The quadrature rule
evaluates an integral's approximation as follows:

b m
[KMTWdy~ X a;f(a;),
0 j=1

b( 1 )
where @;=—|i-—]ii=12..,m.

m 2

It can be written R be matrix form as

_ 1m f wk—(l—i)wm r I—
[R]; =N T e s e fertg T R AX | | 11 =12m

Let H G(u) be the numerical approximation for an integral equation solution in equation (6)
which can be found as the linear equations as follows:

1m f
HG(u):1+7j§lij(wk)f(y+gt—ngt_l—...—Hqgt_tz,ﬁixn), 7)
i=1l
b 1) .
where @ = (j—j fj=12,..,m.
m 2

II. Midpoint Rule
By using the midpoint rule, Let m be subinterval on [0,b] and let

@) — (1-4)u r
f(AJ)Z f f—'_ ,Ll+8t—918t_l—...—6q€t_q +I§1ﬁlxlt) .
The approximation for the integral equation solution in equation (6) is given by

HM(u)=1+1§lkjL(wj)f(Aj) , @)

b 1 b
where @; = (jjand kj=—:j=12,..,m.
m 2 m

II1. Trapezoidal rule
By using the trapezoidal rule, suppose m be subinterval on [0,b]. let
@y —(1-2)u r o
f(Aj):f f-k ﬂ+gt_algt—l_'“_gqgt—q+i§1ﬂixit) . The approximation

for the integral equation solution in equation (6) is given by
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1 m+1
HT(u)=1+szj|_(wj)f(Aj), (9)
j=1
. b . . b
where @; =ik; and kj = —;j=412,..,m-1, in other case, kj=Fb—.
m 2m

Results and discussion

In this part, we compare ARL values for EWMA control chart on MAX(q,r) process with
exponential white noise obtain from NIE methods which are Gaussian Rule, midpoint rule and
Trapezoidal rule according to equation (7) to (9) with m=800 subintervals. We set H, (u) is ARL

from NIE method using the Gaussian rule from explicit formula, H,,(u)is ARL from NIE
method using the midpoint rule and H, (u)is ARL from NIE method using the trapezoidal rule.

Additionally, we compare the computing times of three approaches. The computational time for
the three methods is estimated in seconds by the central processing unit (CPU) time (Windows
8 OEM, Intel(R) core(TM)i5-8265U CPU@1.60GHz 1.80GHz RAM 8.00 GB (7.89 GB usable)).

In Table 1, the parameters value 6 for EWMA control chart was selected by setting 1 =

(0.05, 0.10, 0.20), ARL,= 370 and a0 = 1 in the case of MAX(1,1) with parameter g = 1.0
,0,=(0.15, 0.25, 0.30) and ¢, =(0.10, 0.25, 0.50), respectively.

Table 1 Comparison of ARLo between using numerical integration for MAX)2,2( process with
parameter ao = 1 for ARLo = 370

Hpy (U) HG (u) Hy (u) .
4 91 92 b (Time: (Time: (Time: %Diff
seconds) seconds) seconds)

370.577 370.577 370.286

000 ooteasioqo SO SERT S 0.0785
0.05 015 025  0.022672201 3(‘7‘.07'31;‘ (33789'55115 3(;93;22? 0.0445
0.50  0.029210100 Z%;‘;S 3(‘71(1):‘3‘2)5 zozig? 0.0613
0.10  0.043581900 3(759'2358)2 (34710.63572) 3(203;253? 0.0610
010 025 025  0.050820500 %‘7108?;)7 3("7}?:%7 g?z"l‘gi 0.0607
0.50  0.065747070 3(‘7‘.09'525 (34710.'220638) %;?2'22)5 0.0602
0.10  0.093940200 %‘7‘%2)7 (34710.'723%‘7) %20538; 0.0594
020 03 025  0.110015960 3(‘71.08'%)7 (34710.'256257) *Z?Z'gg? 0.0588
050 0143624000 370392 370392 370177 0.0580

(4.796) (41.188) (5.430)
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As shown in Table 1, from NIE methods using Gaussian and midpoint rules are similar values,
but using trapezoidal rules yield slightly different results on m=800 subintervals. If we take into

Hy (u)—H,; (u)
Hy (u)
note that ARL, values using the trapezoid rule %Diff are less than 0.08% compared to other

methods. However, the CPU time using midpoint and trapezoidal rules are less than the CPU
time using the Gaussian rule.

The ARL values indicate the performance of EWMA control chart for detection change in
the process mean using Gaussian, midpoint, and trapezoidal rules for m=800 subintervals

shown in Table 2 to Table 4. We set the parameter ¢,=1 when process is in-control and the

account the absolute percentage error computed by % Diff = x100. It can

parameter ¢, = &, (1+ ) when process is out of control where shift size (¢') =0.005, 0.02, 0.04,
0.06, 0.08, 0.1, 0.5, and 1.0. In Table 2, the initial ARL = 370 for MAX(2,1) with parameters¢, =
0.35, 4, = 0.6 with= ARL_, the initial In Table 3 =0.01761086. b= 0.05 and A = 2.0, g 370 for
MAX(2,2) with parameters ¢ = 0.15, 4, = 0.25, with4A, = 0.7 3,5, = 0. 5, =0.05 and b =
0.022672201. In Table 4, the initial ARL = 370 for MAX(3,2) with parameters ¢ = 0.15, ¢, =
0.25, 4, = 0.45 with=0.03579842.b=0.05and 2 =10.7, B,=0.5, g

Table 2 ARL values for MAX(2,2) with parameters ¢, = 0.15, 4, = 0.25, with= 0.7, B,=0.5, g
= ARL, for =0.022672201 band =0.05 and A 370

S::t Hy (u) (Time: seconds) Hg (u) (Time: seconds) Hy (u) (Time: seconds)
0 370.315 (4.172) 370.315 (37.062) 370.086 (4.703)
0.005 68.831(4.219) 68.831 (38.047) 68.789 (4.563)
0.02 20.6369 (4.125) 20.6369 (38.578) 20.6248 (4.781)
0.04 11.0660 (4.266) 11.0660 (40.781) 11.0598 (4.906)
0.06 7.75846 (4.328) 7.75846 (41.531) 7.75435 (5.031)
0.08 6.08201 (4.187) 6.08201 (41.406) 6.07893 (5.156)
0.10 5.06887 (4.187) 5.06887 (41.719) 5.06641 (5.031)
0.5 1.7953 (4.250) 1.7953 (37.531) 1.79483 (5.047)
1.0 1.38795 (4.157) 1.38795 (42.422) 1.38772 (5.125)
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Table 3 ARL values for max (2,1) using numerical integral equation method given ¢ = 0.35,
g, = 0.6 with= ARL for =0.01761086 b = 0.05, 2 = 2.0, B 370

s(l;n)*t Hy (u) (Time: seconds) Hg (u) (Time: seconds) Hy (u) (Time: seconds)
0 370.5144 (4.781) 370.5144 (37.422) 370.286 (4.89)
0.005 73.8584 (4.735) 73.8584 (37.984) 73.8135 (4.906)
0.02 22.3826 (4.657) 22.3826 (38.578) 22.3695 (5.219)
0.04 12.0145 (4.735) 12.0145 (39.515) 12.0078 (4.985)
0.06 8.4196 (4.984) 8.4196 (39.172) 8.4151 (4.875)
0.08 6.59482 (4.781) 6.59482 (38.9999) 6.59145 (4.969)
0.10 5.49099 (4.625) 5.49099 (40.235) 5.48829 (5.234)
0.5 1.91019 (4.718) 1.91019 (39.391) 1.909669 (5.469)
1.0 1.45598 (4.828) 1.45598 (40.594) 1.45572 (5.343)

Table 4 ARL values for max (2,2) using numerical integral equation method given ¢ = 0.15,
g, = 0.25, 9, = 0.45 with= ARL, for =0.03579842. b=0.05and 4= 0.7, 3,0.5, = g, 370
Shift

() Hy (u) (Time: seconds) Hg (u) (Time: seconds) Hy (u) (Time: seconds)
0 370.584 (4.781) 370.584 (37.36) 370.358 (5.094)
0.005 85.2404 (4.735) 85.2404 (37.984) 85.1888 (5.172)
0.02 26.4916 (4.657) 26.4916 (38.922) 26.4761 (5.016)
0.04 14.2629 (4.735) 14.2629 (38.922) 14.2549 (5.312)
0.06 9.98991 (4.984) 9.98991 (39.860) 9.9845 (5.719)
0.08 7.8138 (4.781) 7.81380 (37.265) 7.80973 (5.515)
0.10 6.49476 (4.625) 6.49476 (37.157) 6.49149 (5.407)
0.5 2.18525 (4.718) 2.18525 (37.578) 2.18458 (5.437)
1.0 1.62088 (4.828) 1.62088 (37.375) 1.62053 (5.203)
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Figure 1 The CPU times for evaluating ARL values of EWMA control chart : (a) MAX(2,1)
(b) MAX(2,2) (c) MAX(3,2)

Table 2 to Table 4 show that ARL, from the NIE method using Gaussian, midpoint and

trapezoid rules on m=800 subintervals were equally effective in detecting process changes. In
terms of CPU time, we discovered that the midpoint rule takes the least time to calculate, followed
by the trapezoid rule and the Gaussian rule. Refer to Figures 1.

Conclusion

This paper proposes the numerical integration method using Gaussian, midpoint and
trapezoid rules of ARL for moving average process with explanatory variables (MAX(q,r)) on the
EWMA control chart. The results found that ARL values from the three methods are close
together. The computational times for using midpoint and trapezoid rules take less than 6
seconds. Besides, using the Gaussian rule takes more CPU times, around 37 - 43 seconds. As a
result, employing midpoint and trapezoid rules may significantly reduce computing time
compared to the Gaussian rule.

Acknowledgement
This research was funded by Faculty of Applied Science, King Mongkut’s University of
Technology North Bangkok Contract no. 641081.



The Journal of Applied Science Vol. 21 No. 1 [2022]: 247274
NsAFINeAENTUsTE NG doi: 10.14416/j.appsci.2022.01.005

References

Areepong, Y. (2009) An integral equation Aapproach for analysis of control charts. (PhD.
Thesis), University of Technology, Australia.

Brook, D. & Evans, D. A. (1972). An approach to the probability distribution of CUSUM run
lengths. Biometrika, 59:539-548.

Shewhart, W. A. (1931). Economic control of quality of manufactured product. Van Nostrand,
New York.

Lu, C. W. & Reynolds, M.R. (1999) EWMA control charts for monitoring the mean of
autocorrelated processes. Journal of Quality Technology. 31:166-188.

Lucas, J. M. & Saccucci, M.S. (1990). Exponentially weighted moving average control schemes:
properties and enhancements. Technometrics, 32(1):1-29.

Paichit, P. (2017). Exact expression for average run length of control chart of ARX(p)
procedure. KKU Science Journal. 45(4):948-958.

Peerajit, W., Areepong, Y., & Sukparungsee, S. (2018). Numerical integral equation method for
ARL of CUSUM chart for long-memory process with non-seasonal and seasonal ARFIMA
models, Thailand Statistician. 16(1):26-37.

Petcharat, K., Areepong, Y., Sukparungsee, S. & Mititelu, G. (2013). Exact solution of average
run length of EWMA chart for MA(q) processes. Far East Journal of Mathematical
Sciences, 78(2):291-300.

Petcharat, K. (2016) Explicit formula of ARL for SMA(Q)L with exponential white noise on EWMA
chart. International Journal of Applied Physics and Mathematics. 6(4):218-255.
doi:10.17706/ijapm.2016.6.4.218-225.

Petcharat, K. (2021). The performance of EWMA control chart for MAX(1,r) process. pp.111-
115. In Proceedings of The International MultiConference of Engineers and Computer
Scientists, 20-22 October, 2021, Hong Kong.

Robert, S. W. (1959). Control chart tests based on geometric moving average. 7echnometrics,

411-430.

Sukparungsee, S. & Novikov, A.A. (2008) Analytical approximations for detection of a change-
point in case of light-tailed distributions. Journal of Quality Measurement and Analysis, 4:
49-56. https://www.ukm.my/jgma/v4_2/IQMA-4-2-05-abstractrefs.pdf

Sunthornwat, R., Areepong, Y. & Sukparungsee, S. (2018). Average run length of cumulative
sum control charts for SARMA(1,1). models. Thailand Statistician. 15,(2):184-195.

Sunthornwat, R. & Areepong, Y. (2020). Average run length on CUSUM control chart for
seasonal and non-seasonal moving average processes with exogenous variables.
Symmetry. (online) 12(1). 173. https://doi.org/10.3390/sym12010173.

Suriyakat, W. (2020). On sensitivity of control chart for monitoring serially correlated data.
Interdisciplinary Research Review. 15(3):44 — 47.


http://dx.doi.org/10.17706/ijapm.2016.6.4.218-225

