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Abstract
Lognormal distribution is one of the parent distributions commonly used in air pollution 
modelling. The nature of lognormal distribution that is skewed to the right makes it suitable 
for non-extreme air pollution data. Parameter estimation is a critical step in getting the best 
prediction result with this distribution since the values of parameters might affect the accuracy 
and errors of the prediction. The main objective of this study is to compare and determine 
the most appropriate estimator to predict the PM10 concentration in suburban area. Using 
PM10 concentrations in Jerantut, Sungai Petani, Muar, and Kuantan, this study assessed 
the performance of four distinct estimators; method of moments, maximum likelihood 
estimation, probability weighted moments, and uniformly minimum variance unbiased 
estimator. The method of moments proved to be the best estimator when five performance 
indicators were used. It is also worth noting that the method of moments has the lowest scale 
parameter value and the highest shape parameter value for both Jerantut and Sungai Petani. 
Not only method of moments show good results, uniformly minimum variance unbiased 
estimator also shows a good result in terms of accuracy of prediction in Muar and Kuantan.
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1. Introduction
Statistical distribution has been widely 

used to model air pollution. It is important 
to understand the characteristics and the 
distribution of air pollutants for a better 
representation of data and also to make sure 
the prediction can be made more precisely. 
It was reported that air pollution has severed 
the health of the world population and caused 
premature deaths of an estimated 4.2 million 
in 2016 (WHO, 2018). These morbidity and 
mortality have a close quantitative relationship 
to the exposure of high concentrations of small 
particulates. 

Predicting major air pollutants such 
as particulate matter can help relevant 
parties especially authorities to have a better 
understanding and draw plans and policies to 
reduce the impact of air pollution. Among the 

harmful pollutants is particulate matter with 
an aerodynamic diameter equal to 10 µm or 
smaller, which known as PM10. Modelling 
using statistical distribution can help in 
prediction of air pollutants (Ul-Saufie et al., 
2015). Many studies have been conducted 
to predict PM10 concentration using various 
parent distributions. Pearson V (Perišić 
et al., 2015; Todorovic et al., 2015), Weibull 
(Giavis et al., 2009; Al-Dhurafi et al., 2016; 
Plocoste et al., 2020), log-logistic (Agarwal 
and Shiva Nagendra, 2016; Menon and S.M, 
2018; Ghavidel et al., 2019), and gamma 
distributions (Ozel and Cakmakyapan, 
2015; Al-Dhurafi et al., 2016; Huerta-Viso 
et al., 2020) have been used to fit the PM10 
concentration. Though previous studies have 
shown that different types of locations such 
as industrial, urban, and suburban, will have 
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different best- fitting distributions (Karaca 
et al., 2005; Noor et al., 2011; Qiu et al., 
2018), lognormal distribution turned out to 
be the best fit distribution to fit and predict 
PM10 concentration in most locations in 
Malaysia (Hamid et al., 2013; Yunus and 
Hasan, 2017). In general, the lognormal 
distribution’s skewed nature makes it suitable 
for data that are not too extreme. The extreme 
value distribution, on the other hand, is more 
appropriate to utilize if the air pollution values 
are excessively high, particularly during the 
high particulate event period.

Fitting lognormal distribution is affected 
by the value of shape and scale parameters. 
These two parameters can be estimated 
by using existing estimators like the 
method of likelihood (MLE) (Maciejewska 
et al., 2015; Todorovic et al., 2015) and the 
method  of moments (MOM) (Mijić et al., 
2009). These two estimators are popular 
and widely used though the selection of 
the estimators is not clear. Some studies 
use only an estimator while others use 
several. The selection of estimators is 
crucial because different estimators can 
affect the accuracy and errors in predicting 
PM10 concentration. A previous study by Lu 
(2002) has shown that MLE yielded more 
accurate results than MOM in predicting 
PM10 concentration in Taiwan. Contrary 
to a study by Md Yusof et al. (2010) that 
showed MOM gave a better estimation for 
two-parameter lognormal distribution for 
the year 2000 – 2002 in Penang Malaysia, 
as compared to MLE.

Though MLE and MOM are commonly 
and widely used, there are other estimators 
as well that are not commonly used like 
probability weighted moments (PWM) 
(Hosking, 1990), uniformly minimum 
variance unbiased estimator (UMVUE) 
(Shen, 1998) and method of fractiles 
(Georgopoulos and Seinfeld,  1982). 
A study by Hamid et al. (2013) showed 
that PWM performs better than MOM 
in predicting PM10 concentration using 
lognormal distribution in Nilai, Negeri 
Sembilan. Wan Deraman et al. (2017) on 
flood frequency analyses using lognormal 
distribution showed that MOM performed 
better than PWM. Mage and Ott (1984) 

on 100 simulated years of lognormally 
distributed air pollution showed that MLE 
performs better than MOM and the method 
of fractiles.

Despite having different best estimators 
for lognormal distribution, parameter 
est imation using MLE can give the 
smallest sampling variance of the estimated 
parameters and the estimated quantiles, thus 
considered efficient, yet may perform poorly 
if the number of parameters is large and the 
sample length is small. Sometimes PWM is 
more accurate than MLE if the estimation 
is from small samples (Tosunoğlu, 2018).

Since there has not been the best 
estimator to estimate the two-parameter 
lognormal distribution, this study focused 
on finding the best estimator to fit lognormal 
distribution in predicting PM10 concentration 
and see how different estimators could affect 
the values of scale and shape parameters. 
This study would also see how the estimation 
values influenced the accuracy and errors in 
prediction.

2. Materials and Methods 

2.1 Data and study area

Data sets of daily average of PM10 
concentrations for the year assessment of 
2016 were obtained from the Department of 
Environment Malaysia (DOE). With a total 
of 8760 secondary data, a prediction will 
be done with the same quantity using the 
estimated parameters before being fitted to 
the distribution. 

This study focused on suburban areas 
since this area usually more into residential 
area. Four monitoring stations in Peninsular 
Malaysia were selected; Sungai Petani, 
Muar, Kuantan and Jerantut as reference 
station. Selected suburban areas are based 
on the similarities in term of surrounding 
condition such as the density, preferred 
as residential area and the distance from 
industrial  area.  The information for 
these stations is given in Table 1. The 
classification of background and suburban 
is determined by DOE. The geographical 
location of the stations on a map is shown 
in Figure 1.
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Table 1. Information for four monitoring stations

Figure 1. The location of the monitoring stations in Peninsular Malaysia
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2.2 Lognormal Distribution

A statistical distribution of logarithmic 
values from a related normal distribution 
is known as a log-normal distribution. 
Using associated logarithmic calculations, 
a log-normal distribution can be converted to 
a normal distribution and vice versa. While 
most people are familiar with the normal 
distribution, the log-normal distribution may 
be unfamiliar. Logarithmic mathematics 
can be used to convert a normal distribution 
to a lognormal distribution. Lognormal 
distribution can only emerge from a normally 
distributed set of random variables, this is 
the primary foundation. There are several 
reasons to use log-normal distributions 
alongside normal distributions. In general, 
most lognormal distributions are obtained by 
using the natural log with e = 2.718 as the base.

The lognormal distribution, on the other 
hand, can be scaled using a different basis, 
which changes the shape of the distribution. In 
the field of air quality, lognormal distributions 
are often used because of their nature which 
is skewed to the right which is suitable for the 
non-extreme data. Several previous studies 
show that lognormal distribution fit the PM10 

concentration in Malaysia (Sansuddin et al., 2011; 
Hamid et al., 2013; Yunus and Hasan, 2017). 

The probability density function (pdf) 
of lognormal distribution is given by Forbes 
et al. (2010) as follows:

 

where 𝜇 is the scale parameter and 𝜎 is 
the shape parameter.

Lognormal distributions are well-known for 
its suitability for non-extreme data modelling. 
Previous research has demonstrated, however, 
that extreme data that occur only infrequently 
have little effect on the performance of the 
lognormal distribution (Jaffar et al., 2018). 
When there is a lot of extreme data or outliers, 
the extreme value distribution (EVD) is 
generally utilized. Because the study area 
consists of suburban areas rather than large 
industrial areas, the lognormal distribution 
was chosen carefully based on past research 
suggestions. 

2.3  Parameter Estimation

To plot a probability density function 
(pdf) graphs of lognormal distribution, 
the scale and shape parameters need to be 
estimated. Scale and shape parameter will 
affect the shape of lognormal distribution. 
Basically, scale parameter will determine 
the shrinks or stretches of the curve while 
the value of shape parameter will affect the 
general shape of the distribution. The process 
of parameter estimation is crucial since 
the estimated values of the parameters can 
affect the accuracy and errors of prediction. 
Thus, it was best to use and compare several 
parameter estimators. In this study, four 
estimators were used to estimate the two-
parameter lognormal distribution, namely 
method of moments (MOM), method of 
likelihood estimation (MLE), probability 
weighted moments (PWM) and uniformly 
minimum variance unbiased estimator 
(UMVUE).

2.4 Performance Indicators

To determine the best estimator, five 
performance indicators were used. Two 
indicators will evaluate the error while 
the other three will assess the accuracy of 
prediction. The indicators are shown in the 
following table. Estimator performance is 
evaluated using two error measurements and 
three accuracy measures. The lowest value 
for error measures implies that the estimator 
performs better than another, whilst the value 
for accuracy measures must approach the 
value one for a good estimator.

3. Results and Discussion

Table 4 shows the descriptive statistics 
for PM10 concentrations in Jerantut, Sungai 
Petani, Muar, and Kuantan in 2016. Each 
station’s mean is greater than its median, 
indicating that the data is skewed to the right. 
There were no daily exceedances at any of 
the stations (the threshold limit is 150 µg/m3).
However, with a mean of 64.93 µg/m3, 
Sungai Petani exceeds the yearly limit of 
50 µg/m3 specified by the Malaysian Ambient 
Air Quality Guidelines (MAAQG).
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Table 3. Performance Indicators

Table 4. Descriptive statistics of PM10 concentration in Jerantut, Sungai Petani, Muar and 
Kuantan for the year assessment of 2016

Despite the fact that PM10 concentrations 
in Sungai Petani did not reach the daily limit 
of 150 µg/m3, there were many instances of 
PM10 concentrations surpassing 50 µg/m3
throughout the year, affecting the yearly 
average and exceeding the yearly limit. This 
is most likely due to the activities of recycling 
facilities, including illegal factories that have 
been suspected of burning plastic waste in 
their compounds (Yasina Yusuf et al., 2020).

The selection of the best estimator was 
based on goodness-of-fit of five performance 
indicators namely: the root mean squared error 
(RMSE), the normalized absolute error (NAE), 
the prediction accuracy (PA), the coefficient of 
determination (R2) and the index of agreement 
(IA). All the parameter estimates, as well as 
the performance indicators of the estimates of 
lognormal distribution for the four stations, 
are given in Table 5.
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It can be seen from Table 5 that the best 
estimator can be identified based on the five 
performance indicators. The least values of 
RMSE and NAE indicate that the estimators 
will have the lowest error while the highest 
values of PA, R2 and IA indicate that the 
estimators will have the highest accuracy.

For Jerantut and Sungai Petani stations, 
the best estimator is MOM. MOM performs 
the best for all goodness-fit tests in which it has 
the highest accuracy and lowest error, except 
for NAE at Sungai Petani where UMVUE is 
the lowest. It can be seen that the scale value 
of MOM is the lowest as compared to other 
estimators while the shape value is the highest 
for both stations. These characters somehow 
affect the accuracy and errors tests for the two 
stations. Though findings by Md Yusof et al. 
(2010) showed that MOM performs the best 
when the scale value of MOM is higher than 
the other estimator and the shape value is 
lower for all three years assessment of 2000, 
2001 and 2002. However, the contradictory 
findings are likely based on the location 
of sampling where the previous study was 
focusing on one industrial location only. 

It is also worth mentioning that MLE 
performs the worst for Jerantut and Sungai 
Petani. Contrary to MOM, MLE has the 
highest value of scale parameter and the lowest 
value of shape parameter. MLE has the worst 
accuracy having the lowest value on PA, R2 
and IA as compared to others, and the highest 
value on RMSE and NAE except for NAE 
at Sungai Petani. Study by Sansuddin et al. 
(2011) also found that MLE performed poorly 
when compared to MOM in fitting lognormal 
distribution for PM10 concentration.

For Muar and Kuantan, MOM and 
UMVUE are the best estimators. While MOM 
has the lowest value of RMSE and highest 
value of IA, UMVUE has the highest value 
of accuracy for PA and R2, but performs the 
worst in terms of errors on both RMSE and 
NAE. It can be seen that the scale value of 
UMVUE is the lowest as compared to other 
estimators while the shape value is the highest.

From the values of scale and shape 
parameters obtained from Table 5, the 
probability density function (pdf) graphs of 
PM10 concentration were then plotted and 
compared by stations as shown in Figure 2.

Figure 2. The probability density function plot of PM10 concentration for Jerantut, Sungai 
Petani, Muar and Kuantan
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Figure 3. The cumulative distribution function plot of PM10 concentration for Jerantut, 
Sungai Petani, Muar and Kuantan

The pdf plots in Figure 2 show that the 
distribution for each station is positively 
skewed. From the figures, it can be clearly 
seen that the data fitting using all estimators 
are very close to the observed data in Jerantut. 
Only Muar and Kuantan, the pdf plot for less 
efficient estimators can be clearly seen. Figure 3 
represents graphs for the cumulative distribution 
function (cdf) of PM10 concentration by 
stations. This plot can be used for prediction of 
exceeded and also the return period. From both 
pdf and cdf plots, it can be seen that no stations 
exceeded the daily limit set by MAAQG.

4. Conclusion

This study used and compared four different 
estimators to estimate the scale and shape 
parameters of the lognormal distribution to 
predict PM10 concentration. The estimated 
parameters’ values are then used for prediction, 
then compared by stations and tested for 
goodness of fit. Based on the results, the 
best estimator to estimate the parameters 
of lognormal distribution is the method of 
moments. Method of moments is consistent in 
terms of high accuracy and low errors for all 

stations. It is followed by uniformly minimum 
variance unbiased estimator for Muar and 
Kuantan stations. Based on descriptive statistics, 
the PM10 readings at the Muar and Kuantan 
stations had almost similar descriptive statistical 
values. When the estimated parameter values 
are compared, the method of moments has the 
lowest value of the scale parameter and the 
highest value of the shape parameter for both 
Jerantut and Sungai Petani. For both Muar and 
Kuantan, uniformly minimum variance unbiased 
estimator has the lowest scale value and the 
highest shape value. This study’s findings also 
indicate that UMVUE can be a good estimator 
if the value of its shape parameter is greater than 
that of other estimators.
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