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An Evaluation of Significant Lightness
Difference Effective Term for CIEDE2000

Comparative Image Colour Pixels

Bongkarn Homnan1 , Member and Watit Benjapolakul2 , Non-member

ABSTRACT

As CIEDE2000 standard has developed the colour
difference formula, the colour difference formula of
compared colours in similar colour space has been
evaluated and emphasized in this paper. The
lightness difference effective term has been distinc-
tively separated from the small informative colour-
difference of CIEDE2000. In addition, the power of
the lightness difference effective term can clearly mag-
nify the lightness difference which illustrated cate-
gorized surfaces of the lightness difference effective
term for total colour differences in the CIEDE2000
standard. All projected four categories are classified
by compared image colour pixels based on the colour
space’s three forward transform functions of the light-
ness of the colour, the chroma between red/magenta
and green, and the chroma between yellow and blue.
Results show that the lightness difference effective
term gives mainly three different surfaces in four
categories. Furthermore, in first category, the most
two maximum statistical frequencies can be expressed
with the left side along with the right side of the prob-
ability mass function of the lightness difference effec-
tive term; in third category, the obvious maximum
statistical frequency can be expressed with only the
left side of the probability mass function; and in sec-
ond and fourth categories, the maximum statistical
frequency can be expressed most absolutely with the
left side of the probability mass function.

Keywords: CIEDE2000, Colour, Different, Image,
Lightness

1. INTRODUCTION

1.1 Abbreviations

CIE the International Commission on
Illumination

CIE31 the chromacity model of CIE 1931
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CIE64 the chromacity model of CIE 1964
CIE94 the colour difference model of CIE 1994
CIEDE2000 the colour difference model of CIE 2000
CIELAB the colour difference model of CIE 1976
CIELUV the colour space adopted by CIE 1976
HSL Hue, Saturation, Lightness primaries
RGB Red, Green, Blue primaries
XYZ X,Y, Z primaries

1.2 Symbols

α the slope of the forward
transform function

β the intercept of the forward
transform function

∆θ the angle difference

∆C
′

ab the chroma difference of
CIEDE2000

∆C∗
ab the chroma difference of CIE94

∆E∗
00 the total colour difference of

CIEDE2000
∆E∗

ab the total colour difference of
CIELAB

∆E∗
94 the total colour difference of

CIE94
∆E∗

94(kL : kC : kH) the ratio format of kL : kC : kH
of CIE94

∆H
′
ab the hue difference of

CIEDE2000
∆H∗

ab the hue difference of CIE94

∆h
′
ab the a, b hue difference of

CIEDE2000

∆L
′

the lightness difference of
CIEDE2000

∆L
′
F the lightness difference effective

term
∆L∗ the lightness difference of CIE94
∆x the x difference, x2 − x1

λ the wavelength

A the denominator of
∆L∗

A
or

∆L∗

A
a

′
the a chroma of CIEDE2000

a∗ the a chroma of CIELAB or
CIE94

B the denominator of
∆C∗

ab

B
or
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∆C∗
ab

B
b
′

the b chroma of CIEDE2000
b∗ the b chroma of CIELAB or

CIE94

B the denominator of
∆C∗

ab

B
or

∆C∗
ab

B
∆C

′
ab the a, b chroma of CIEDE2000

∆C∗
ab the a, b chroma of CIE94

D the compensation term for hue
rotation

f(t) the forward transform function of
t

G the gain of the scaling factor for
a∗ of CIE94

∆h
′
ab the a, b hue angle of

CIEDE2000
∆h∗

ab the a, b hue angle of CIE94
K1 the weighting factor for chroma
K2 the weighting factor for hue
kC the weighting factor of the

compensation for chroma
kH the weighting factor of the

compensation for hue
kL the weighting factor of the

compensation for lightness

L
′

the lightness of CIEDE2000
L∗ the lightness of CIELAB,

CIELUV, or CIE94
N the normalized factor
RC the 2 time prediction of the a b

chroma of CIELAB C∗
ab

RT the interactive term between
∆C∗

ab and ∆H∗
ab

SC the compensation factor for
chroma

SH the compensation factor for hue
SL the compensation factor for

lightness
T the gain of the scaling factor for

SH of CIE94
x̄ the average value of the variable

x
x◦ the x degree
(L∗, a∗, b∗) the tristimulus values of the L∗,

a∗, b∗ chromaticity coordinate
(R,G,B) the tristimulus values of the RGB

chromaticity coordinate
(r, g, b) the tristimulus values of the norm

RGB chromaticity coordinate
(r(λ), g(λ), b(λ)) the tristimulus values of the

norm RGB chromaticity
coordinate for 2◦ observer in
the environment of the
wavelength λ

(r̄10, ḡ10, b̄10) the average tristimulus values of
the norm RGB chromaticity
coordinate for 10◦ observer

(X,Y, Z) the tristimulus values of the XYZ
chromaticity coordinate

(x, y, z) the tristimulus values of the
norm XYZ chromaticity
coordinate

(x(λ), y(λ), z(λ)) the tristimulus values of the
norm XYZ chromaticity
coordinate for 2◦ observer in
the environment of the
wavelength λ

(x̄10, ȳ10, z̄10) the average tristimulus values of
the norm XYZ chromaticity
coordinate for 10◦ observer

(Xn, Yn, Zn) the tristimulus values of the
reference neutral white point

1.3 Fundamental

The colour distances of colour non-uniformities
are continuing studied because normally human eyes
are still more sensitive to certain colours than other
colours. Forwarding society, the International Com-
mission on Illumination (CIE) met the colour differ-
ence model of CIE 1976 (CIELAB), the colour differ-
ence model of CIE 1994 (CIE94) and the colour dif-
ference model of CIE 2000 (CIEDE2000) standards
have developed and investigated the colour difference
formula [1, 2, 3, 4, 5]. That is, the colour difference
formula depends on only the two compared colours
in similar colour space. The colour difference is very
informative and very important. For example, the
exponential function of an angle difference has been
introduced to use [6]. CIELAB, the first colour differ-
ence formula, has been the colour difference formula
computing the lightness of CIELAB L∗, the a chroma
of CIELAB a∗, and the b chroma of CIELAB b∗. This
colour difference of CIELAB ∆E∗

ab is the Euclidean
distance of two coordinates-compared colours of tris-
timulus values of the L∗, a∗, b∗ chromaticity coordi-
nate (L∗, a∗, b∗). However, this formula rates these
colours too highly as opposed to other colours [3].
Since CIE94 standard did not not adequately deter-
mine the perceptual uniformity problem especially in
the saturated regions even though the hue difference
of CIE94 ∆H∗

ab, the compensation factor for light-
ness SL,the compensation factor for chroma SC , and
the compensation factor for hue SH have been intro-
duced, CIEIDE2000 refined their definition, adding
corrections [1, 3] including 1) a hue rotation term or

the interactive term between ∆C∗
ab and ∆H

′
ab, RT ,

to deal with the problematic blue region of hue angles
in the neighborhoods of 0◦ − 275◦, 2) the compensa-
tion for neutral colours-the a chroma of CIEDE2000
a

′
and the chroma of CIEDE2000 b

′
, 3) the compen-

sation factor for lightness SL, 4) the compensation

factor for chroma SL, including a
′
and chroma b

′
and,

5) the compensation factor for hue SH including h
′

ab.

This paper extends the small informative colour
difference. It has been magnified and expressed in
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the lightness difference effective term ∆L
′

F of the

total colour difference of CIEDE2000 ∆E
′

00. All
projected four categories are classified by compared
image colour pixels based on the colour space’s
three forward transform functions of the lightness
of the colour, the a chroma of CIELAB a∗ between
red/magenta and green, and the b chroma of CIELAB
b∗ between yellow and blue as depicted in Fig. 1. The
paper consists of section 1. Introduction, section 2.
The colour different improvement, section 3. Colour
space transformation, section 4. Experimental results
and analysis, and section 5. Conclusions and future
work.

Fig.1: CIELAB colour space with lightness axis and
hue including saturation, the a chroma of CIELAB
a∗, and the b chroma of CIELAB b∗ [7] (Artwork:
Karl Schmetzer).

2. THE COLOUR DIFFERENCE IMPROVE-
MENT

As explained in the previous section, the compara-
tive parameters [1, 2, 3, 8] among three colour spaces-
CIELAB, CIE94, and CIEDE2000 can be listed in Ta-
ble 5. CIELAB, the total colour difference model of
CIE 1976, is a chromatic value colour space. A re-
lated colour space, the colour space adoped by CIE
1976 (CIELUV), preserves the lightness of CIELUV
L∗ as in (L∗, a∗, b∗). However, CIELUV has a dif-
ferent representation of the chromaticity components
compared with CIELAB. The total colour difference
of CIE94 listed in Table 5 is the objective function
should be minimized to obtain the improved colour
difference formula. Regarding Table 5, the chroma of
CIE94 C∗

ab of two colour samples, image pixels in an
computer vision ’s work, of a and b is the geomet-
ric average chroma of two colour samples and was
introduced to improve ∆E∗

94. CIE94 still has large
errors in saturated blue colour and for near-neutral
colours [6]. Thus, the a, b hue angle of CIEDE2000

h
′

ab and its average h̄
′

ab and the a, b hue difference

of CIEDE2000 ∆h
′

ab which are in similar degree (◦)
unit were introduced to the total colour difference of
CIEDE2000 ∆E

′

00. And, the final angle based on an
periodic angle 0◦ − 360◦ can be made positive by an
addition of the degree period of 360 if necessary.

Additionally, in CIE94 and CIEDE2000, the
weighting factors of the compensation for lightness,

chroma, and hue kL, kC , and kH are assigned to 1.0.
The ratio format of kL : kC : kH is ∆E∗

94(kL : kC :
kH). Notably, in the textile industry kL is assigned
to 2.0 [1, 9] and it is denoted as ∆E∗

94(2 : 1 : 1).

CIEDE2000 introduced following features- 1) the

interactive term between ∆C∗
ab and ∆H

′

ab, RT , to
deal with the problematic blue region of hue angles
in the neighborhoods of 0◦−275◦ and to improve the
prediction of blue colour difference by increasing |RT |
thus decreasing total colour difference of CIEDE2000
∆E

′

00, 2) the compensation for neutral colours-the

a chroma of CIEDE2000 a
′
and the b chroma of

CIEDE2000 b
′
, by introducing the gain of the scal-

ing factor for a∗ of CIE94, G, to improve the pre-
diction of the near-neutral colour difference by direct
increasing the chroma difference of CIEDE2000 ∆C

′

ab

and indirect increasing RT and the compensation fac-
tor for hue SH , 3) the compensation factor for light-
ness SL, by increasing the unity SL of CIE94 with
the factor relevant to general industrial uses of the
lightness around mean of the lightness range, 50%, of
Hue, Saturation, and Lightness primaries (HSL) [10].
4) the compensation factor for chroma SC , including

the a chorma of CIEDE2000 a
′
and the b chroma of

CIE94 b∗, also by the gain of the scaling factor for a∗

of CIE94, G, and 5) the compensation factor for hue

SH including h
′

ab in the gain of the scaling factor for
SH of CIE94, T , to improve the prediction of the hue
difference by direct increasing SH to decrease ∆E

′

00 .

3. COLOUR SPACE TRANSFORMATION

The transformation recommended by the chromac-
ity model of CIE 1931 (CIE31) [1] was through the
specification of corresponding tristimulus values of
the norm X, Y, Z primaries (XYZ) chromaticity coor-
dinate (x, y, z) of four stimuli of well-defined spectral
distributions-red colour of 700.0 nm, green colour of
546.1 nm, blue colour of 435.8 nm, and source colour
of tristimulus values of the norm Red, Green, Blue
primaries (RGB) chromaticity coordinate (r, g, b).

3.1 Colour Space Matching

The tristimulus values of the norm RGB chro-
maticity coordinate (r, g, b) can be written in (x, y, z)
[1] as

x =
0.49000r + 0.31000g + 0.20000b

0.66697r + 1.13240g + 1.20063b

y =
0.17697r + 0.81240g + 0.01063b

0.66697r + 1.13240g + 1.20063b

z =
0.00000r + 0.01000g + 0.99000b

0.66697r + 1.13240g + 1.20063b

(1)

where parameters can be denoted below:
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(r, g, b) are the tristimulus values of the norm RGB
chromaticity coordinate, in fact, tristimulus
values of the norm RGB chromaticity
coordinate for 2◦ observer in the
environment of the wavelength λ,
(r(λ), g(λ), b(λ)), and

(x, y, z) are the tristimulus values of the norm XYZ
chromaticity coordinate, in fact, tristimulus
values of the norm XYZ chromaticity
coordinate for 2◦ observer in the
environment of the wavelength λ,
(x(λ), y(λ), z(λ)).

The chromacity model of CIE 1964 (CIE64)
supplementary standard colorimetric 10◦ observer
adopted the transform matrix derived by the CIE31
supplementary standard colorimetric 10◦ observer.
To transform the original tristimulus values of the
norm RGB chromaticity coordinate (r, g, b) to the
corresponding tristimulus values of the norm XYZ
chromaticity coordinate (x, y, z), the CIE64 colour
matching matrix can be operated as

xy
z

=N

0.341080 0.189145 0.387529
0.139058 0.837460 0.073316
0.000000 0.039553 2.026200

rg
b

 (2)

where parameters can be denoted below:

(r, g, b) are the tristimulus values of the norm RGB
chromaticity coordinate for 10◦ observer, in
fact, the average tristimulus values of the
norm RGB chromaticity coordinate for 10◦

observer r̄10, ḡ10, b̄10,
(x, y, z) are the tristimulus values of the norm XYZ

chromaticity coordinate for 10◦ observer, in
fact, the average tristimulus values of the
norm XYZ chromaticity coordinate for 10◦

observer x̄10, ȳ10, z̄10, and

N is the norm factor,
X + Y + Z

R+G+B
= 1.

Regarding Table 1 formulas of the lightness of
CIELAB or CIE94 L∗, the a chroma of CIELAB or
CIE94 a∗, the b chroma of CIELAB or CIE94 b∗, the
total colour difference of CIELAB ∆E∗

ab, the total
colour difference of CIE94 ∆E∗

94 , and other param-
eters of CIELAB and CIE94 can be compared with
those of the lightness of CIEDE2000 L, the a chroma
of CIEDE2000 a

′
, the b chroma of CIEDE2000 b

′
, the

total colour difference of CIE00 ∆E∗
00, and other pa-

rameters of CIEDE2000, respectively. Actually, (2)
can match (r, g, b) and corresponding (x, y, ), tris-
timulus values of the RGB chromaticity coordinate
(R,G,B) and corresponding tristimulus values of the
XYZ chromaticity coordinate X,Y, Z appeared in
various formulas in Table 1.

neutral white point Xn, Yn, Zn, the CIE XYZ tris-
timulus values of the reference white point, depends
on syandard illuminants [11, 12], for example, CIE
standard illuminat D55 (Asia), CIE standard illu-

minat D65 (Western Europe/Northern Europe), CIE
standard illuminat E, etc. The standard illuminants
were defined for theoretical source of visible light with
a profile of the spectral power distribution. In ad-
dition, the standard illuminants provide a basis for
comparing images or colours under different light-
ing. CIE31 introduced CIE standard illuminants A,
B, and C, with the intention of representing aver-
age incandescent light, direct sunlight, and average
daylight, respectively. And, CIE standard illumi-
nant D represents phases of daylight, CIE standard
illuminant E represents the equal-energy illuminant,
and CIE stanadrd illuminant F represents fluorescent
lamps of various composition. However, CIE stan-
dard illuminant E has a constant spectral power dis-
tribution inside the visible spectrum. It is useful as
a theoretical reference because this illuminant gives
equal weight to all wavelengths. CIE standard il-
luminant E also has equal tristimulus values of the
XYZ chromaticity coordinate (X,Y, Z), thus tristim-
ulus values of the norm XYZ chromaticity coordinate
(x, y, z) is equal to ( 13 ,

1
3 ,

1
3 ). This reference neutral

white point is by design and suitable for the equal-
energy illuminant and application designs.

Typically, the CIE standard illuminant E is not a
black body and does not have a colour temperature.
Approximated by a CIE standard illuminants D, D
series, with a correlated colour temperature of 5455
K, manufacturers sometimes compare light sources
against CIE standard illuminant E to calculate the
excitation purity [12, 14]. The CIE standard illumi-
nant E is beneath the Planckian locus of the conven-
tional CIE31 colour space chromaticity diagram [15,
16] as depicted in Fig. 2, and closed isothermal with
CIE standard illuminant D55 giving lower colour tem-
perature [12, 17, 18] or warmer colours of red/yellow
than CIE standard illuminant D65.

Fig.2: CIE31 colour space chromaticity diagram
with CIE standard illuminants A, B, C, D, and E
[15].
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3.2 Lightness Difference

This subsection describes and proposes the light-
ness difference effective term ∆L

′

F of the total colour

difference of CIEDE2000 ∆E
′

00 listed in Table 1 as

∆L
′

F =

(
∆L

′

A

)2

(3)

where parameters can be denoted below:
∆L

′
is the lightness difference of CIEDE2000,

∆L
′
= ∆L

′

2 −∆L
′

1,

A is the denominator of
∆L,

A
,

kLSL = kL

(
1 +

0.015(L̄− 50)2√
20 + (L̄− 50)2

)
kL is the weighting factor of the compensation

for lightness used as the defined reference
constant for lightness [1, 9]

L′ is the average value of the variable L
′
,

L′ = 0.5(L
′

1 + L
′

2),

L
′

is the lightness of CIEDE2000,

L
′
116f(t)− 16, t =

Y

Yn
, the

tristimulus values of the reference neutral
white point (Xn, Yn, Zn)=

1
3
1
3
1
3 were

selected under CIE standard illuminant E [12]
as described above, and

f(t) is the forward transform function,

f(t) =


t

1

3 , t >

(
6

29

)3

≈ 0.008856,

αt+ β, t ≤ 0.008856,

α =
1

3

(
116

24

)2

, β
16

116
,

note: α ≈ 7.787 and β ≈ 0.1379.
When kL = kC = kH = 1, CIE94 and CIEDE2000

formulas can be applied for general industrial uses
[1, 8], for example, graphic works K1 = 0.045 and
K2 = 0.015. And in sensitive case, when kL =
2, kc = kH = 1,K1 = 0.048 and K2 = 0.014, CIE94
and CIEDE2000 formulas can be applied for allow-
able colour differences in the textile industry.

The proposed term, the lightness difference ef-
fective term ∆L

′

F of the total colour difference of

CIEDE2000 ∆E
′

00, (3), can be rewritten into only

L
′

1 and L
′

2 terms as

∆L
′

F =
(L

′

1 − L
′

2)
2kL

1 +
0.015

(
L
′
1+L

′
2

2 −50

)2

(
20+

(
L
′
1+L

′
2

2 −50

)2
)0.5




2 . (4)

Consequently, (4) can be rewritten into four cate-

gories classified by t1 and t2, respectively replacing L
′

1

and L
′

2,with their forward transform functions f(t1)
and f(t2). In first category of t1 > 0.008856 and

t2 > 0.008856, expressed in (5), sensitively, the im-
pact term is (t31− t32)

2 which has the exponent of 2 of
t3 giving the 6th power.

∆L
′

F =



1

kL

 116(t31 − t32)(
1 +

0.015[58(t31+t32)−66]2

(20+[58(t31+t32)−66]2)0.5

)
2

,

t1 > 0.008856, t2 > 0.008856,

1

kL

 116(t31 − αt2 − β)(
1 +

0.015[58(t31+αt2+β)−66]2

(20+[58(t31+αt2+β)−66]2)0.5

)
2

,

t1 > 0.008856, t2 ≤ 0.008856,

1

kL

 116α(t1 − t2)(
1 + 0.015[58(α(t1+t2)+2β)−66]2

(20+[58(α(t1+t2)+2β)−66]2)0.5

)
2

,

t1 ≤ 0.008856, t2 ≤ 0.008856,

1

kL

 116(αt1 + β − t32)(
1 +

0.015[58(αt1+β+t32)−66]2

(20+[58(αt1+β+t32)−66]2)0.5

)
2

,

t1 ≤ 0.008856, t2 > 0.008856,
(5)

In second category of t1 > 0.008856 and t2 >
0.008856, due to low value of t2, the impact term
is (t31 − αt2 − β)2 which also has the exponent of
2 of t3 giving the 6th power. In third category of
t1 ≤ 0.008856 and t2 ≤ 0.008856, sensitively, the im-
pact term is (t1 − t2) which has the exponent of 2 of
t giving the 2th power.

In addition, in fourth category of t1 > 0.008856
and t2 > 0.008856, in fact, similar to the third cate-
gory by switching L

′

1 and L
′

2 accompanied with f(t1)
and f(t2). Thus, due to low value of t1, the impact
term is the denominator which can close to zero. As
a result, the proposed term, the lightness difference
effective term ∆L

′

F of the total colour difference of

CIEDE2000 ∆E
′

00, (3), can neglect the problem of

sign because ∆L
′

F has only positive value by the ex-
ponent of 2. In addition the exponent of 2 can mag-
nify the lightness difference of CIEDE2000 ∆L

′
as the

2th power.

4. EXPERIMENTAL RESULTS AND ANAL-
YSIS

Regarding (5), the lightness difference effec-

tive term ∆L
′

F of the total colour difference of

CIEDE2000 ∆E
′

00 can be categorized into four cat-
egories by t1 and t2, more described details in next
subsection. In addition, this section also illustrates
their probability masses of ∆L

′

F .

4.1 ∆L
′

F Surfaces

In first category of t1 > 0.008856 and t2 >
0.008856 , the lightness difference effective term ∆L

′

F

surface can be illustrated in Fig. 3. The values of t1
and t2 below around 0.5, the first interval starting
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values having the impact term of (t31− t32)
2, give very

low ∆L
′

F . These first interval values of t gives very
small light differences between two colour samples,
experimental image colour pixels, due to effects of
white colour in tint colours around the the reference
neutral white point (Xn, Yn, Zn). However, values of

∆L
′

F in first interval values of t can be optionally
immensely magnified by the logarithm function.

The ∆L
′

F surface has an even function property
around t1 = t2 asymptote of equal two compared
colours. In addition, values of t1(low t2) or t2 (low
t1) above around 66

58 = 1.1379 ≈ 1.0, are affected by

(20+[58(t31+t32)−66]2)0.5. And, t ≈ 1.0, t = Y
Yn

, gives

Y closed to Yn in tristimulus values of (Xn, Yn, Zn) of
CIE standard illuminant E, (Xn, Yn, Zn) = ( 13 ,

1
3 ,

1
3 )

as described in lightness difference subsection. As a
result, values of t1 (low t2) or t2 (low t1) above around

1.0 still give very high ∆L
′

F due to the impact term of
(t31−t32)

2. Notably, in Fig. 2, values of t above around
1.0 relevant to Y above around 1

3 includes high val-
ues of bluish green, high values of bluish green, green,
yellowish green, yellow green, yellow, orange yellow,
orange, high values of yellowish pink, and high values
of reddish orange. In addition, the maximum y in
tristimulus values of the norm XYZ chromaticity co-
ordinate (x, y, z) was recorded [19] and processed in
this experiment equal to 0.8341, thus, the maximum
t is 0.8341·3=2.5023 for the wavelength λ between
520-522 nm.

Fig.3: Values of ∆L
′

F of first category of t1 and t2.

Additionally, t1(t2) between around 0.5 and 1.0

can give sharply very low to very high ∆L
′

F due to
the effect of (0.015[58(t31+t32)−66]2/20+[58(t31+t32)−
66]2)0.5 = 0. In addition, values of t1 and t2 around
between the t1 = t2 locus of closed two compared
colour samples and the values of t1(t2) above 1.0 can

give sensitively very low to very high ∆L
′

F . Notably,
resemble colours around the centroid expressed by the
colour discrimination ellipses, on the CIE31 colour
space chromaticity diagram can be depicted in the

Brown and MacAdam ellipses diagram [20, 21]. In ad-
dition, there are wide differences in the discrimination
based on adjustments taking place within context by
context and the formula predicting sizes and orienta-
tions of those various sizes’ ellipses depending on the
chromaticity point of a colour has not been proposed.
In fact, the total colour difference of CIELAB ∆E∗

ab

generally can be represented by a perfect circle [22]
for every couple saturation and hue on the CIELAB
colour space. More precisely, the shape of the colour
discrimination threshold of the human eye is bounded
by an ellipse [22], on the a∗b∗ plane perpendicular to
the lightness axis.

In second category of t1 ≤ 0.008856 and t2 ≤
0.008856, the lightness difference effective term ∆L

′

F

surface can be illustrated in Fig. 4. The values
of t1 below around 0.5, the first interval starting
values having the impact term of (t31 − αt2 − β)2,

give very low ∆L
′

F due to effects of white colour in
tint colours around the the reference neutral white
point (Xn, Yn, Zn). And, values of t1 above around
66
58 = 1.1379 ≈ 1.0, are affected by (20 + [58(t31 +
αt2 + β) − 66]2)05. And, values of t1 above around

1.0 still give very high ∆L
′

F due to the impact term
of (t31 − αt2 − β)2 especially 3rd power of t31 and
very low values of t2. In addition, higher values of
t2 can give smaller values of ∆L

′

F . Additionally,
t1(t2) between around 0.5 and 1.0 can give sharply

very low to very high ∆L
′

F due to the effect of
(0.015[58(t31+t32)−66]2/20+[58(t31+t32)−66]2)0.5 = 0.

Fig.4: Values of ∆L
′

F of second category of t1 and
t2.

In third category of t1 ≤ 0.008856 and t2 ≤
0.008856, the lightness difference effective term ∆L

′

F

surface can be illustrated in Fig. 5. The ∆L
′

F sur-
face has an even function property around t1 = t2
asymptote of equal two compared colours, obtained
from the impact term (t1 − t2) and its 2nd power,

certainly with very low positive ∆L
′

F . And, values of
t1 and t2 around between the t1 = t2 locus of closed
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two compared colour samples and the values of t1(t2)

can give very low to high ∆L
′

F . Notably, the denom-
inator of third category in (5) always gives smaller
values along t1 or t2. In addition, in Fig. 2, values
of t = Y

Yn
below 0.008856 relevant to Y below 0.0266

includes high values of blue, high values of purplish
blue, high values of violet, and high values of purple.

In addition, in fourth category of t1 ≤ 0.008856
and t2 ≤ 0.008856, ∆L

′

F surface is resemble to Fig.
4 due to the effect of the 2nd power of its category
in (5) except replacing t1 with t2 and vice versa as
previously explained about this category of (5).

Fig.5: Values of ∆L
′

F of third category of t1 and t2.

4.2 Probability Mass Functions

All values of the lightness difference effective term
∆L

′

F surfaces of first to third categories in Fig. 3 to
Fig. 5 can respectively reveal their probability mass
functions [23] in Fig. 6 (a) to Fig. 6 (c) to express
thier possible events.

In first category of t1 > 0.008856 and t2 >
0.008856, the probability mass function illustrated in
Fig. 6 (a) expresses its values in a domain of 0.00 to

1.80×104 of ∆L
′

F . The maximum value of a probabil-
ity mass function is closed to 0.30 while the minimum
value is closed to 0.05. The most two maximum val-
ues of 0.293 and 0.250 are respectively on the left side
and the right side of possible events depicted with the
probability mass function. Moreover, the least mini-
mum value of 0.042 similarly are of the 4th and 5th
bars of a 10-bar normalized histogram of alike uni-
form distribution between left and right bars, repre-
sented in the probability mass function. Respectively,
mean and standard deviation of the probability mass
function in first category are 0.85×104 and 0.66×104.

In second category of t1 > 0.008856 and t2 >
0.008856, (fourth category of t1 ≤ 0.008856 and
t2 ≤ 0.008856) the probability mass illustrated in
Fig. 6 (b) expresses its values in a domain of 0.00

Fig.6: Probability mass functions of ∆L
′

F of (a)
first category, (b) second (fourth) category, and (c)
third category.

to 1.70 × 104 of ∆L
′

F . The maximum value of the
probability mass function is closed to 0.35 while the
minimum value is above 0.022. The most two max-
imum values 0.342 and 0.320 are respectively on the
left side and the right side of possible events depicted
with the probability mass function. Moreover, the
least minimum value 0.022 is on the 4th bar of a
10-bar normalized histogram increasing their values,
conformed to two dimemsional summations of the sec-
ond category of (5), from 2nd to 10th bars represented
in the probability mass function. Respectively, mean
and standard deviation of the probability mass func-
tion in second (fourth) category are 0.94 × 104 and
0.68× 104.

In third category of t1 ≤ 0.008856 and t2 ≤
0.008856, the probability mass function illustrated in
Fig. 6 (c) expresses its values in a domain of 0.00 to

15.00 of ∆L
′

F . The maximum value of the probability
mass function is 0.53 on the left side while the mini-
mum value is 0.03 on the right side of the probability
mass function. Moreover, values of the probability
mass function gradually decreases from 2nd to 10th
bars of a 10-bar normalized histogram represented in
the probability mass function. Respectively, mean
and standard deviation of ∆L

′

F in third category are
3.12 and 3.52 units in magnified scale of 0− 105 rel-
evant to the lightness scale of 0 − 100 in HSL. Nev-
ertheless, exact means and standard deviations of all
categories should exclude the colour region out of the
gamut of tristimulus values of the norm XYZ chor-
maticity coordinate (x, y, z) with dependent t1 and
t2, in fact, only two comparative image colour pixels.

5. CONCLUSION

Among four categories of compared colours cate-
gorized by t1 and t2, domains of the forward trans-
form function f(t) transform tristimulus values of the
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XYZ chormaticity coordinate (X,Y, Z) to tristimu-
lus values of the L∗, a∗, b∗ chormaticity coordinate
(L∗, a∗, b∗). The lightness difference effective term

∆L
′

F surfaces of first category and the third cate-
gory have an even function around t1 = t2 asymp-
tote. And, there are insensitive zone and sensitive
zone of very low to very high ∆L

′

F , in addition, sat-

urated zone only in the first category. The ∆L
′

F sur-
faces of second (fourth) category has sharply sensi-

tive values from very low to very high ∆L
′

F including
along t1(t2). Among four categories of related prob-
ability mass functions, the maximum probabilities of
four categories are normally on the left side of thier
probability mass function, very low ∆L

′

F . However,
first and second (fourth) categories give the maxi-
mum probabilities on the right side of their probabil-
ity mass function, very high ∆L

′

F . As a result, the

third category gives very low ∆L
′

F .
In future work, the complicated lightness differ-

ence transform in three dimensional colour space with
helpful equations retrieved from boundary chromatic-
ity coordinates for observer in the environment of
wavelengths will be more investigated to improve the
lightness difference formula.
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