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Third—-Order Perturbation for Weakly Nonlinear
Dielectric Composites of Spherical Inclusions

Mayuree Natenapit’, Akkawuth Chitranondh and Chaivej Thongboonrithi

Department of Physics, Faculty of Science, Chulal ongkorn University, Bangkok 10330, Thailand

ABSTRACT: The field equations and the boundary conditions up to the third—-order perturbation expansion for
electrostatic potential of weakly nonlinear dielectric composites are developed. We consider the electric
displacement and the €electric field relation which includes the third and the fifth-order nonlinear coefficients.
The eectric potential up to the third order of a composite consisting of dilute weakly nonlinear spherical
inclusions embedded randomly in alinear dielectric host medium is obtained and analyzed. This paper provides
the basis for further studies of more complicated nonlinear materials including higher—order nonlinear effective

coefficients.
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INTRODUCTION

The effective properties of nonlinear
composites have been studied in attempts to design
materials with desirable properties™® In this research
the electric response to an externa dectric fidd

Vv
(Eo)of nonlinear composite maerids, consging of

weakly nonlinear spherica inclusons randomly
embedded in a liner medium, are investigated.
Because of the complex nonlinear partial differential
equation describing the electrostatic potential can not
be solved exactly. Thus, we have to estimate the
solution by using an approximation method. There are
severa types of approximation by which the electric
potential can be determined, such as the variational
method, the decoupling technique and the expansion
perturbation method.®®  Second order perturbation
method © ? has been widely used to obtain a closed
form solution for weakly nonlinear composites.
However, there are some errors existing in the
continuity of the norma component of eectric

In this research, the third-order perturbation
expansion and the single inclusion model were used to
obtain the electrostatic potentia in the dilute
inclusions and host medium. We first develope the
theory describing field equations and the boundary
conditions in the theory section, then it is applied to
solve for the electrostatic potential in the electrogtaic
potential section. The results are analyzed in the
andysis of the electrostatic potential section for error
by considering the boundary conditions a the
inclusion surface for various material nonlinear
coefficients. The conclusions of our work are given in
the last section.

THEORY
We consider nonlinear dielectric composites
with the following relation between the electric

displacement (|5i yand the electric field (é‘ )in the
inclusion

. V. V. V.2 V. V. a4 V.
displacement. D' =eE' +c/|E'[ E'+h [E|'E'. .1
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Where €, c; and h, are linear, nonlinear dielectric coefficients in the third and the fifth-orders, respectively.

V. 4 V.2
The weakly nonlinear properties of theinclusions arethat h, |E'| <<e and C, |E'| <<e.

The basi ¢ equations describing the electric fields are'®

NxD=0, @
and

v

" E=0. .0

2«

The dectrostatic potentid in the inclusion (ui ) and host medium (um) are expanded up to the third

order as follows:
u =up+lu 12U+ P, .. (4

u™ =ud Lt 12U+ ... 5
where | is the expansion parameter.

From Eq.(3), é =- Klu, thedectric field can also be written in the form of perturbation expansion

as
\ X X X X
a — A a a 2 a 3 a
E* =- @Nug +1 Nuy +1 °Nu; +1 °Nu; §, ... (6)
or
éa _éa +| éa +| Zéa +| BEVa. — H
=B, 1 2 g,a=mii. . (7)

For convenience, we define
= (Nt ) { R ) @

to denote the sgquare of the electric fields in each region. From Egs. (7) and (8), we obtain

G :||¥a

G* =G +I G +| °G; +1°G?, .. (9
where
a M a 2
Gy =[N3, ... (10.3)
A A
G =2Nu§ Nu; , ... (10.b)
a M a 2 M a M a
G} =|Nuf | +2Nu§ Nug ... (10.0)
G2 = 2Nu? sNu? +2Nu? e . ... (10.d)
The relation between the electric displacement and the electric field in the inclusion and host medium are
V. V. Vo N2 V.
D' =eE' +c,G'E' +h, (G') E', . (1)
and
D" =e E". .. (12)

Substituting E' from Eq. (6) and G' from Eq. (9) in Eq. (1), we obtain
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D' :-eiKIug -1 (eiKIui + biG(',Klu(',) -1 2(eiﬁlu'2 +b, (G(',Klui +Gl'K|u(')) +0, (G(')) Nuy )
30 R id i idd i i i\2 8 i i
-1°(e,Nuj + b, (G{Nu; +GNu; +GyNuy ) +g; ((G;) Nuj +2G,GIN, |),

C. h.

where b, :I—' and g, =—5 . Comparing Egs. (12) and (13) with

|2

D* =D +1 D? +1 ?D2 +1°D?,
yields

\' X

D =-e,Nuj,

v A A
D =-e,Nu? - b, GiNu; ,

A

D =-e,Nu - b, (GINu +GINu3 ) -g, (G2 ) Nug
and
Va ua a’ua aMa aua azya aaya
D5 =-¢,Nuj - b, (G3Nu +GNu! +G3Nu; ) -g, ((Go) Nu? +2G3 G’ Nuo).
Substituting Egs. (15)-(18) in Eq. (2), we obtain
N?u =0,

12, i INCT T N R
e N2y +b, (GyR2u) +NG; Nu; ) =0,

N iR1200 o R i iRI200 1 R
e,N7u; + b, (GyR2u, +Nuj NG, +G;R2u; +Nu) NG; )

i\2 2, i i X
+g, ((Gh) RPug +2G)Nuy NG} | =0,

and
NE iR12000 o R INCEE TR <1200 R
e,N2u; + b, (GiR2u, +Nuj NG +GN?u; +Nu; NG +G}R%u) +Nuj, NG, )

i2"‘2i iMiM i Pl N iMi v i iMi M i
+g, ((Go) N2ul +2G Nul sNG, + 2G!G!N2u! + 2G Nu} sNG! +2G/Nu!, NG, | =0.

.. (13)

. (14)

.. (15)

.. (16)

. (@7

.. (18)

. (19)

.. (20)

. (21)

(22

Egs. (19)-(22) are the equations describing the dectric potential in the incluson of the zeroth to the third order
which have to be solved. Similarly for the host medium, the equations of the zeroth to the third-order potential

are
N2ul =0,
N°u" =0,
N?u =0,
and
N°ul =0,

which are Laplace equations.
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.. (23)

. (24)

.. (25)

.. (26)
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ELECTROSTATIC POTENTIAL

In order to solve for each order electrostatic potential, the foll owing boundary conditions are imposed:

1. the electrostatic potentia in the host medium at remote distance (r ® ¥).
2. the electrostatic potentia at the center of theinclusion (r =0).

3. the continuity of the tangential of electric field at the inclusion surface (r = R).
4. the continuity of the normal component of electric displacementat r = R.

From the above boundary conditions, we have

ug (r® ¥)=-Eyrcosq, ul"(r® ¥)=0,j=1,23

u (r=04q)= finite, j=0,1,2,3

LT |
—L == j=012
T[q r=R T[q r=R
|,
fir 1. fir |
eiﬂ_ui +biG(‘,ﬂ_uCi> = mﬂul’“ ,
fir |, 1 fir |,
Tu, + &y  Tug| © 2 Ty fug’
My p 6w DY sag (G1) DY =, ,
I Tlr R Ig ’ Tlr R Gl Tlr RE g ( O) TI R ﬂr R
i i i il _ i (T u
o Mol 4b g e 1q T g T §+gi§65)2“i racie Te| Ce, T8
ﬂr R ﬂr R T[r R ﬂr Rﬁ Tlr R Rb ﬂr

The zeroth-order potential

. (@7

.. (29

.. (29)

... (30.2)

... (302)

... (30.3)

... (30.4)

We first determine the zeroth—order electrostatic potential, ug' (r q ) , from Eq. (23) of which the general

solutionis
m éf m,| m -(|+1)
up (r.a)=& (Ayr' +85r )R (cosq)
1=0
where R, (cosq) is Legendre polynomial of order | .

From the boundary condition in Eq. (27), we obtain

uy' (r.q) =- E,r cosq +§ Byt ?P, (cosq ) .

1=0

For linear host medium, u;, also satisfies Laplace equation, Eq. (19) with the general solution

Qlox

u (ra)= (A{)Ir' +B(‘)Ir'('+1)) R (cosq).

0
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From the boundary condition in Eq. (28), the coefficient B, iszero so

Ayt'R (cosq). .. (34)

Qox

u(r.a)=

0

m

Using the boundary condition in Eq. (29) which can bewritten asuy (R,q) =ug' (R.q), the coefficients By in
Eq. (32) and A}, inEq. (34) can be solved. The solutions are

A =BIR U for11q .. (35)

and
A, =-E,+BJR>. ... (36)
From the boundary condition in Eq. (30.1), and by using Egs. (35)-(36), we obtain

A, =By =0forlt1,

ée -e U

By =E,R%¢ 0 .. (37
= mg (37
and
. te —e |
A&:—Eo"'EoMU' ... (38)
ie, +2e, |

The zeroth—order eectric potentid in the host medium and inclusion are

ur (r,q):-EO(r- br'z)cosq, ... (39)
where
ée -e, U
b:R3" i m o
éei +2emH (40)
and
up (r.q) =- Eycr cosq, ... (4)
where
c= %
s (42

Thefirst-order potential

The general solution of Eq. (24) is

Qox

u” (r,q): ( ! +B]'J“I"(I+l))|:’I (COSC]). - (43)

1=0

Imposing the first boundary condition in Eq. (27), u" (r ® ¥)=0, weget Al =0.

In the nonlinear region, we consider Eq. (20) which is reduced to N?u] = 0 after u}, and
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G, termsare substituted using Egs. (41) and (42). The genera solution u; isin the same form
as Eq. (43) and after imposing the second boundary condition, Eq. (28), we get

Ayr'R (cosq). .. (44)

Qox

u(ra)=

0
By using the third boundary condition in Eq. (29), we get

AR =BPR " ... (45)
Then imposing the fourth boundary condition in Eqg. (30.2), we obtain

A, =B/ =0forl11 ... (46)
and
eByR’- b, (Ec)’ =e, (-2B]R?). .. (47)

FromEq. (45) for | =1,
A, =BiR?, .. (48)

and by using Egs. (47) and (48), the coefficients BJ} and A, are determined and the first-order potentia in the
host medium and inclusion are obtained as

b, (E,c)’ R®
u{“(r,q)z%r'zcosq, ... (49)
and
: b, E,c)’
ul'(f,Q):—e(Jrzoe) r cosq . ... (50)

The second-order potential

The generd solution of Eq. (25) is

u;‘“(r,q):g(Az”fr'+B§?r'('+l))P| (cosq). ... (51)

1=0
Imposing the boundary condition in Eq. (27), ug' (r ® ¥)=0, weget Ay =0.
In the nonlinear region, we consider Eq. (21) which is reduced to N?u) =0 after u), ul, G and G}
terms are substituted using Egs. (41), (42) and (50). The general solution of u}, isthe same form as Eq. (51) and
after imposing the second boundary condition, Eq. (28), we get

Qlox

u, (r.a)=a Ayr'R (cosq). .. (52)

0

By using the third boundary condition in Eq. (29), we get
AR =ByR . .. (53)

We again impose the fourth boundary condition in Eq. (30.3), hence
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A, =B) =0,forlt1 .. (54)
and
3b2 (E,c)’ .-
eiBz”iR'3+%-gi(Eoc)s=em (—2821R3), ... (55)

FromEq. (53) for | =1,
A, =BJR”, .. (56)

and by using Egs. (55) and (56), the coefficients B and A, are determined and the second-
order potentid in the host medium and inclusion are obtained as

um(rq):g 30/ 9 3>(E c)’ R°r? cos (57)
2y g(ei+2em)2 (ei+2em)H 0 qa:
and
€ -3b? g u 5
u,(r,g)==¢6 ' + ' UX E,c) rcosq . ... (58
:(ra) &e +2e,) (ei+29m)H>( o©) 9

Thethird-order potential
The third-order potential satisfying Eg. (26) and the boundary condition Eq. (27),

uy (r® ¥)=0,is

¥
ul (r,q)=8 BIr "B (cosq). ... (59)
1=0

Similarly Eq. (22) isreduced to N?ul =0 &fter u), u;, u,, G, G and G, terms are substituted using Egs.

(41), (42), (50), (58), (10.8), (10.b) and (10.c). After imposing the second boundary condition, Eqg. (28), to
us (r.q) weget

Ayr'R (cosq) . ... (60)

Qo

U (ra)=

0

By using the third boundary condition in Eq. (29), we get
AR =ByR (. .. (61)

Imposing the fourth boundary condition in Eq. (30.4), we get

A, =BJ =0, for 111 ... (62)
and
mp-3 é - 3gi 12bi2 L‘:l 7 5bigi 7 - mp-3, ... (63
eB'R*- bigei+29m+(ei+26m)ngoc) e (E,c)’ =- 2, B"R (63)
FromEq. (61) for | =1,
A, =BIR?, .. (64)
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and by using Egs. (63) and (64), BJ and Al, are determined and thethird order potential in the

host medium and inclusion are obtained as

¢ 12b? 8bg, U v,
u(r, a 2 R3(E,c)'r? cosq .. (65)
O e v
and
. é 12p3 8bg U 7
ui(r,q)=a I 2 __(E,c)'rcosq - .. (66)
) e e e ) e
Combining al the solutions, the zeroth up to the third-order potentid, in Egs. (4)
and (5), weobtain
g = c, s € 32 h
w(ra)={ E°C+ei+29m(E°C) é(ei+2em)2 e +2 H(EOC)
é 3 h. U
+é 12C, - 8C|h| 2(|(EOC)7}rcosq , . (67)
é(ei +2em) (ei +2em) g
and
(r )__ Eor CoS +{E0b+ (Eoc)3_ g 3Ci2R3 _ h R3 D(EOC)
b : e +Ze é(ei+2em)2 & +2e,§
é 12¢°R° 8ch,R® U
4o G COR (B} . (68)
S+ 20, ) (o +2e,) 8
3, R(e -e,)
where = and b=—F————~.
e +2e (e +2¢,)

Note that our resultsin Egs. (67) and (68) agree with those of Yu et al.* ? obtained by using the power series
method. Therefore, the third-order fidd equations and the boundary conditions in Sec. Il are applicable and
useful for further studies of more complicated nonlinear materials such as nonlinear materias with nonlinear
spherical or cylindrical inclusions embedded in different nonlinear materials.

ANALYSISOF THE ELECTROSTATIC POTENTIAL
Since we used the perturbation expansion method, which is an approximate means, to help solve the
electrostatic potential, the results were andyzed as to whether the continuity condition of the electric

displacement in normal direction on the inclusion surface (D:]/Dr:“ =1) are satisfied. From Eq. (1),

E', ... (69)

where k = S and p= h—' are relative nonlinear coefficients which denote the nonlinearity of the inclusions.
e e

Theratio of On _gEril +k‘|¥i‘2E; + p‘l\E/irEi U
o "¢ en uf

0for varying e, /e,, are determined
o]
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for various values of k and p in unit of E;* and E;*, respectively. It was found that more deviation of
D; / D, from one occurs with increasing nonlinearity (k and p are larger), as expected. Furthermore it was
observed that the deviation of D! / D;" from one was reduced in the range of very large or smal values of
e, /e,, Whichisthe case of high contrast materials.

We aso note that the electrostatic potential, including the third-order potential, was generaly more
accurate than the result having only the first and the second-orders. This is the reason we expanded the

electrostatic potential up to the third order. From all cases of our study, the perturbation method is vaid for
weakly nonlinear inclusion with the relative nonlinear coefficients in which the third and the fifth order

(k and p) are lessthan 0.4.

From Eq. (67), if ¢, and h, are negative the electric field inside the inclusion is greater than the
corresponding field in thelinear case and the nonlinear electric response is enhanced.

CONCLUSIONS

We developed the field equations and the
boundary conditions based on the third—order
perturbation expansion for weakly nonlinear
composite materials with the electric displacement and
the electric fiedld relation including the fifth-order
nonlinear coefficient. The simple case of dilute
nonlinear spherical inclusions embedded randomly in
a linear host medium subjected to a uniform externa
electric field was considered. We obtained the
electrostatic potential in the incluson and host
medium which are required to predict the effective
property of the composite materials. Furthermore, the
results were analyzed for validity. The electric
response enhancement was also predicted for negative
vaues of the third and the fifth-order nonlinear
coefficients. The third—order field equation and the
boundary condition given in this work are useful for
further studies of more complicated composite
materials of which higher—order effective nonlinear
properties can not be ignored.®®*?
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