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Abstract

In this work, we present the general solution of a functional equation f (ux +vy,uy +vx, zw) =
f(x,y,2)+ f(u,v,w)+ f(x,y,z)f(u,v,w)for all x,y,u,v,w,z e R, which arises from determinant
of some symmetric 3x3 matrices. We also determine the general solution of its Pexiderized
version f (ux +vy,uy +vx, zw) = g(x, Y, z) + h(u,v,w) + £(x, y, Z)n(u,v,w) for all x,y,u,v,w,zeR,

without any regularity assumptions on unknown functions f,g,h,¢,n: R® 5 R.

Keywords: Determinant of matrix, functional equation, logarithmic function, multiplicative
function

1. Introduction
By recognizing the identity
det [UX +Vvy uy+ VX} _ det[x yjdet(u V]’
uy +vxX UX+ vy y X vV u
we obtain an interesting functional equation
f(ux +vy,uy +vx) = f(x,y)f(u,v) (1.2

forall x,y,u,veR. Obviously, f(xy)= det[x yj =x - y2 is a solution of (1.1).
y X

In 2002, Chung and Sahoo [1], have found that the general solution of (1.1) for all
X, ¥,u,v e R and another functional equation

f(ux + vy, uy +vx,zw) = f(x,y,x)f(u,v,w) (1.2)
for all x,y,u,v,w,z e R are given by
f(x,y) =M (x+y)M,(x-y) (13)
and
f(xy,2) =M, (x+y)M,(x=-y)M,(2), (14)
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respectively, where M, .M, M, R Rare multiplicative functions. These two equations are

connected with determinant of some symmetric matrices.
In 2008, Houston and Sahoo [2], have shown that the general solutions of the following

functional equation

f(ux—vy,uy —vx) = f(x,y)+ f(u,v)+ f(x,y)f(u,v) (1.5)
for all x,y,u,v e R and another functional equation
f(ux+vy,uy —vx) = f(x,y)+ f(u,v)+ f(x,y)f(u,v) (1.6)
for all x,y,u,v,w,z e R are given by
foy) =M’ -yH-1 L (17)
and
22
f(X,y):M(X +Yy )_11 (18)

respectively, where M : R — R is a multiplicative function.
Now we consider the following functional equation:
f(ux+vy,uy +vx,zw) = f(x,y,z)+ f(u,v,w) + f(x,y,z) f(u,v,w) (1.9)
for all x,y,u,v,w,z e R.Obviously,
f(xy,2) = (x> —yHz-1 (1.10)
is a solution of (1.9).In this work, we determine the general solution of (1.9)and also treat the

functional equation
f(ux +vy,uy +vx, zw) = g(X, ¥, ) + h(u,v, w) + £(x, y, z)n(u, v, w) (1.12)
for all x,y,u,v,w,zeRwithout any regularity assumptions on unknown functions f,g,h,

/,n: ]R3 — R.
Notice that if g =h=¢=n = f,then the functional equation (1.11) is reduced to (1.9) and

clear that
f(x,y,2) = (6 —y*)z+2

g(x, y,2) = 2[(* - y*)z -1 +1
h(x,y.2) = 2[(x" —y*)z 1] +1 (1.12)
0(x,y,2) = (¢ —y*)z -2

n(x,y,z) = (x2 - y2)z—2

for all x,y,z e R are solutions of the functional equation (1.11).

2. Preliminaries

Let D beaninterval in R such that whenever x,y e D, then xy e D.
e A function M:D >R is said to be a multiplicative function if and only if
M (xy) = M(x)M (y) forall x,y e D.
e A function L:D—>R is said to be a logarithmic function if and only if
L(xy) = L(x)+ L(y) forall x,y e D.
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Remark 1.
1. If M isa constant function, then M =0 or M =1.
2. If0eD, thenL=0.
Lemma 2.1 Let D = R be an interval such that whenever x,y e D, then xy e D. The general

solution f : D® — R of the functional equation

FOXy Y Y, 2w) = F(x Y, 2) + F(X,.y,, W) (2.2)
for all X%, ¥,, Y, W, 2eD is given by
f(xy,2) =L () +L,(y)+L,(2), (2.2)

where L.L,L,:D—>Rare logarithmic functions.

Proof. It is easy to check that the solution (2.2) satisfies the functional equation(2.1).

Next, let f:D° > R. Suppose that fis a constant function, say f =c,where cis an
arbitrary constant. Then from (2.1) we have c = 0, so the constant solution of (2.1)is f(x,y,z)=0
for all x,y,z e D, which is included in(2.2).

From now on we suppose that f is a non-constant function. Fix a e D. Then
f(x,y,2)=f(x,y,2)+ f(a,a,a)+2f(a,a,a)-3f(a,a,a)

= f(xa,ya,za)+ f(a,a,a)+ f(a,a,a)-3f(a,a,a)
= f((xa)a, (ya)a,(za)a) + f(a,a,a)—3f(a,a,a)
= f((xaa)a, (yaa)a, (zaa)a) —-3f(a,a,a)
= f(xa(aa),a(yaa),a(zaa)) —-3f(a,a,a)
= f(xa,a,a) + f(aa, yaa,zaa) —3f(a,a,a)
= f(xa,a,a)+ f(a,ya,a)+ f(a,a, za)-3f(a,a,a)
= L1(X) + L2(y) + L3(z)
forall x,y,z e D, where

Ll(x) = f(xa,a,a)- f(a,a,a),

L2(y) =f(a,ya,a)- f(a,a,a),
and
|—3(Z) =f(a,a,za)- f(a,a,a).

Next, we will show that L.L, and L are logarithmic functions in D. Consider
L (xy) = f((xy)a,a,a) - f(a,a a)
= f((xy)a,a,a)+ f(a,a,a)—2f(a,a,a)
= f((xya)a,aa,aa) —2f(a,a,a)
= f((xa)(ya),aa,aa) —2f(a,a,a)
= f(xa,a,a)+ f(ya,a,a)—2f(a,a,a)
= f(xa,a,a)- f(a,a,a)+ f(ya,a,a)— f(a,a,a)

=L )+L (Y.
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Thus, Llisa logarithmic function.Similarly, L, and L, are logarithmic functions.

Remark 2. Notice that if D =R, then f(x,y,z)=0is the only solution of the functional
equation (2.1).
Lemma 2.2 Let D = R be an interval such that whenever x,y e D, then xy e D. The general

solution f : D® — R of the functional equation
F(0 Xy Y Y, 2W) = F(x, Y, 2) T (%, y,, W) (2.3)
for all X%, ¥,. Y, W, 2eD is given by
f(xy,2) =M (M, (Y)M,(2), (24)
where M, .M, .M, :D—>R are multiplicative functions.

Proof. It is easy to check that the solution (2.4) satisfies the functional equation (2.3).

Assume that f is a constant function, say f =c, where c is an arbitrary constant. Then
from (2.3) we havec=0orc=1 so the constant solutions of (2.3)are f(x,y,z)=0o0r
f(x,y,z)=1forall x,y,z e D, which are included in (2.4).

Next, suppose that f is a non-constant function and fix an elementa € D. Let f be such
that it satisfies (2.3) with f(a,a,a) = 0. Then

f(x,y.2) = f(xy.2)f(aaa)f(aaa)f(aaa)’
= f(xa,ya,za)f(a,a,a)f(a,a,a)f(a,a, a)_3
= f((xa)a, (ya)a, (za)a) f (a,a a)f (a,a a) "
= f((xaa)a, (yaa)a, (zaa)a) f (a,a,a)
= f(xa(aa), a(yaa), a(zaa)) f (a, a, a)_?’

f(xa,a,a)f(aa, yaa, zaa)f(a,a, a)*3

f(xa,a,a)f (aa,(ya)a,a(za))f (a,a, a)_3

= f(xa,a,a)f(a,ya,a)f(a, a,za)f(a,a, a)f3
= M, (M, (y)M(2)
forall x,y,z e D, where
M. (x) = f(xa,a,a)f(a,a,a)_l,
M, (y) = f(a,ya,a)f(a,a,a)fl,
and
M,(2) = f(a, a,za)f(a,a,a)_l.

Now we will show that MM, and M, are multiplicative functions in D. Consider
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M, (xy) = f((9)a,a,2)f (a,a,8)
= f((xy)a,a,a)f(a,a,a)f(a,a, a)_2

= f((xya)a, aa,aa)f(a,a, a)_2

f ((xa)(ya), aa,aa) f (a, a, a)f2

f(xa,a,a)f(ya,a,a)f(a,a, a)_2

= f(xa,a,a)f(a,a,a)_lf(ya,a, a)f(a,a, a)_1
=M, ()M, (y).

Thus, M, is a multiplicative function. Similarly, M, and M, are multiplicative functions.

Lemma 2.3 The general solution f,¢: R® > R of the functional equation
FO0Xy 0 Y Y, 2W) = T (Y 2) + F (XY, W)+ 20X, Y 2) (X, Y, W) (2.5)

for all X %y Y Y, Wz e R is given by
f(x,y, z):52[Ml(x)M2(y)M3(z)—1]

0%, y,2) = 5| M (OM, ()M, (2) -1 ],
where M, .MM, iR >R are multiplicative functions and s is an arbitrary constant.

Proof. It is easy to check that the solution (2.6) satisfies the functional equation (2.5).
Next, suppose that ¢ is a constant function, say ¢ = -5, where & is an arbitrary constant.
Then from (2.5) we have

2
FOX X0 Y, Yo W) = F(X Y, 2) + T (X, Y, W)+ 6 (2.7)
for all XXy, ¥ Y, W, Z € R, Define a function F:R® - R by
F(x,y,2) = f(x,y,2) 162 (2.8)
forall x,y,z e R.Using (2.7) and (2.8) we have
F(x X, Y,Y,, 2W) = F(x, Y, 2) + F(x,.y,, W) (2.9)
for all X[ %, ¥, Y, W, Z € R.BY Remark 2, we obtain that F(x,y,z) =0 is the only solution of the
functional equation (2.9). From (2.8), hence f(x,y,z) = -5% forall x,y,z <R, which is included
in (2.6).
From now on we suppose that ¢ is a non-constant function. Substituting X, =Yy, =w=0
in (2.5) we have
(xy,z7) =af(xy,z) (2.10)

for all x,y,z < Rand for some o < R. Notice that if « =0,then £is a constant function. Hence
a = 0.Next, using (2.10) back into (2.5) we have

2
FO0Xy Y Vg0 2W) = F (XY 2) + (G, Y, W)+ e F(x, Y, 2) T (X, y,, W) (2.12)
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for all XXy, Y0 Y, W, Z € R,
Define a function R R® 5 R by
Fl(x, y,2) = a2 f(x,y,z)+1
forall x,y,z e R. Using (2.11) and (2.12) we obtain
B0 Yy, 2w) = F (X, Y, 2)F (X, y,, W)
for all X, %, Y, Y, W,z € R. By Lemma 2.2, we have
F (xY,2) =M ()M, ()M, (2)
forall x,y,z e R, where M, .M, ,M_(z): R —> Rare multiplicative functions.

Finally, using (2.10), (2.12) and (2.14) we obtain

1
f(x,y,2)=—| M M M -1
(x,y.2) #[ LM, ()M, (2) 1]

1
106y,2) = | M, 0OM, ()M, (2) 1]
forall x,y,z e R, which are the asserted solutions.

Lemma 2.4 The general solution f,¢,n: R® - R of the functional equation
FOXy Yy, 2W) = F(x, Y, 2) + F (X, Y, W)+ £(x, Y 2)N(X,, Y, W)

for all X Xy, ¥). Y, W,z e Rare given by
f(x,y,2)=0,
(X, Y, z)n(u,v,w) =0,

003, 2) = | M, 0OM (M ()1 ]

or

%,y,2) = [ M, 00M, ()M, (2)-1]

n0%Y,2) = [ M, M, ()M () -1],

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

where M, .M, M, iR >R are multiplicative functions and k. k,are arbitrary nonzero constants.

Proof. It is easy to check that the solutions(2.17) and (2.18) satisfy the functional equation

(2.16).
Next, if ¢(x,y,z)n(u,v,w) = 0, then from (2.16) we have

F Y Y, zw) = F(x Ly, )+ F(X,,y,, W)

(2.19)

for all X[ Xy ¥ Y, W, Z € R, By Remark 2, f(x,y,z)=0is the only solution of the functional

equation (2.16).
If ¢(x,y,2) =n(u,v,w)forall x,y,zeR,then from (2.16) we have
f(xlxz, AN w) = f(xl, Yy Z)+ f(xz, yz,w)+ n(xl, Y, z)n(xz, yz,w)

for all X[ X0 Yy Y, W Z € R, By Lemma 2.3, we obtain
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f(x, Y, z):éz[Ml(X)Mz(y)M3(Z)—1:| (2.21)

£(,y,2) = 5] M, (GOM, ()M (2) 1]
where M, .M, M :R— Rare multiplicative functions and & is an arbitrary constant.
If ¢(x,y,z)#n(x,y,z)and ¢,nare nonzero constant functions, then setting X, =Y, =
w=0in (2.16) we have
% y,2) =k f(xy,2) (2.22)
for all x,y,z e Rand for some k€ R.Clear that if k, =0, then ris a constant function. Hence
k, = 0.Similarly, substituting x, =y, =z=0in (2.16) , we get
n(x,y,z) =k, f(x,y,2) (2.23)
forall x,y,z <R and for some k, # 0.Using (2.22) and (2.23)back into (2.16) , we have
f(xlxz, Y, Y, w) = f(xl, Y, Z)+ f(xz, yz,w)+ klsz(xl, yl,z)f(xz, yz,w) (2.24)

for all X %, Y Y, Wz e R

Define a function F:R® R by

Fxy.2) =kk, f(xy,2)+1 (2.25)
forall x,y,z e R.Using (2.24) and (2.25), we have
F(x X, Y,Y,, W) = F(x, Y, 2)F(X,,y,, W) (2.26)
for all X\ %, Y, Y, W, z € R.By Lemma 2.2, we obtain
F(xy,2) =M, ()M, ()M, (2) (2.27)

forall x,y,z e R, where M, .MM, R Rare multiplicative functions.

Finally, using (2.22), (2.23), (2.25),and (2.27), we obtain
1
00,0 = | My 00M, (M @) -1

0(X,y,7) = %I:Ml(x)Mz(y)MS(z) —1] =k, f(x,y.2) (2.28)

n(x,y,z) = kil[Ml(x)Mz(y)M3(z)—l] =k, f(xy,2)

forall x,y,z e R, which are the asserted solutions.
Next, we will determine the general solution of the functional equation (1.9)and also
determine the general solution of its Pexiderized form.

3. Main Results

Theorem 3.1 The general solution of the functional equation (1.9) is given by
f(xy,2) =M, (x+Y)M, (x= y)M,(2) -1 (3.1)
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for all x,y,z e R,where M, .M, M :R >R are multiplicative functions.

Proof. It is easy to check that the solutions (3.1) satisfies the functional equation (1.9).

Next, suppose that f is a constant function, say f =c,where cis an arbitrary constant.
Then from (1.9)we have c=00r c=-1s0 the constant solutions of (1.9)are f(x,y,z)=00r

f(x,y,2) =-1forall x,y,z e R,which are included in(3.1).

From now on we suppose that fis a non-constant function. Define a function

F:R® 5 Rby
(XY XY
F(x,y,2) = f( > 5 ,z)+1
forall x,y,z e R. Then from (3.2) we have
f(x,y,2)=F(X+y,x-vy,2)-1
for all x,y,z e R.Next, using (3.3)back into (1.9) we obtain
F(x+y)(u+v),(x=y)(u-v),zw) = F(Xx+ Y, X =y, Z)F(u+Vv,u-v,w)
forall x,y,u,v,w,z e R.
Substituting x =x+y, y, =x-y, x, =u+vand y, =u-vin (3.4), we have
FOOX, 0 Y Y, W) = F(X, Y, 2)F (X, Y, W)
forall x,x,,y,,y, w,z e R.Next, setting w=z=1in (35), we get
F(x %, .Y, = F(x, ¥ DF(%,,y,.1)
forall x ,x,,y,,y, e R Letting y =y, =1in (3.6) , we have

F(x x

X,,1,1) = F(x , L)F(x,,1,1)

for all XX, € R.
Define a function M ‘R—>R by
Ml(x) =F(x,11)
for all xe R.Then using (3.7) and (3.8) , we obtain
M, (xx,) =M, (x M, (x,)
for all XX, €R,80 M 1R >R is a multiplicative.
Similarly, setting x = x, =1in (3.6), we get
FLyy,D=FLy, . DFLy,.1)
for all y ¥, R. Define a function M,:R—>R by

MZ(Y) = F(lv y,l)

forall ye R.Thenusing (3.10)and (3.11), we obtain that M, : R — R is a multiplicative.

Next, letting x, =y, =1in (3.6) , we have
F(x,y,,1)=F(x,L)FQy,.1)

forall x,y, e R.Using(3.8), (3.11) and (3.12), we obtain
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F(x.Y,.1) =M (x)M,(y,) (3.13)
for all X.Y,€R.
Setting x, =x, =y, =y, =1in (3.5), we have
F@L1zw) = F(@Q1 2)F@L1w) (3.14)
forall w,z e R. Define a function M, : R — R by
M,(2) =F(L12) (3.15)
for all z e R. Then we obtain that M,:R—->R is a multiplicative.
Letting x, =y, =z=1in (3.5), we have
F(x, ¥, w) = F(x,y DF L1 w) (3.16)
forall x .y ,we Rand using(3.13), (3.15)and (3.16), we obtain
F(x, ¥, w) =M (X )M, (y, )M, (W) (3.17)
for all XY, WeR.
Finally, using (3.3)and (3.17), we have
f(xy,2) =M, (x+Y)M, (x= y)M,(2) -1 (3.18)
forall x,y,z e R,which is a general solution of (1.9).

Now we will determine the general solution of the functional equation (1.11).
Theorem 3.2 The general solution of the functional equation (1.11) are given by

f(xY.2) = a,f, +a, + 5
9(xy.2) = ¢,
h(X,Y.2) = @, 8, + B, - a,n(x,y. 2) (3.19)
(xy.2) = a,

n(x,y,z) is arbitrary,

or
f(x,y,2) = azﬂz +a +ﬂ1
9(% y,2) = a, B, +a, - B,0(x.Y.2)
h(x,y.2) = B, (3.20)
£(x,y,z) is arbitrary
n(x,y,2) = 4,,
or
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g(X! yr Z) :7

n(x,y,z) =

00y = |
il

M, (X+ Y, (x = )M, (2) 1 |
f—[M O+ M, (- YD) -1 ] +

0 Y,2) = | M, O M, (=M ) -1
M, 0 M, - My @ -1,

£09,2) = | M, M, (= M (-1 ]+
il

M, (X M, (X~ V)M (2) -1 |+ 5,

M, (x+y)M, (x - y)M3(z)—1]+o:1 +p +a,p,

(3.22)

where M _, M,.M,:R >R are multiplicative functions, « . B and p,are arbitrary constants,

1

and k. k, arenonzero arbitrary constants.
Proof. It is easy to check that the solutions(3.19) - (3.21) satisfy the functional equation (1.11).

Next, we will show that the general solutions of (1.11) have above forms.

First, we define functions F,G,H,L, N :R® >R by

forall x,y,z e R. Then we have

F(x,y,z)=f x+ylx y z)
G(X,y,Z) (T

52
L(xyz)_I(Ty %z)
N (X, yz)—n(Ty X;zyz)
f(x,y,2) =F(x+y,x-v,2)
g(X,y,Z)=G(X+y,X—y,Z)
h(x,y,z) =H(x+y,x-Y,2)

(X, y,2)=L(X+Yy,Xx-Y,2)
n(x,y,z) = N(X+y,x-y,2)

for all x, y, z € R. Next, using (3.23) back into(1.11) , we obtain

F(X+Y)u+v),(x=y)(u-v),.zw) =G(X+Yy,Xx-Yy,z)+ H(u+v,u

(3.22)

(3.23)

-V, W)

(3.24)

+L(X+Yy,X=Yy,Z)N(U+V,u—-v,w)
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X, Y,u,v,w,z € R.
Substituting x =x+y, y, =x-y, x, =u+vand y, =u-vin (3.24), we have
F OG0 Y, Y,0 2W) = GG Y, 2) 5 H (X, W)+ L0G Yy IN(X,, Y, W)
XXy Yy Y, W,z € R. Letting X =Yy,=1 =1in (3.25), we get
F(xz, yz,w) =G(LL1)+H (x2, yz,w) + L(1,1,1)N(x2, y2,w)
Xy, Y,y W E R.Setting G(1,1,1) = a and L(1,1,1) = a, in (3.26), we obtain
F(X,. Y, W) = H(X,, Y, W)+ a,N(X,,y,, W) +
X1 Yy WeE R.
Similarly, setting x, =y, =w=1in (3.25), we get
F(xl, Yy 7) = G(xl, Y, 2)+H@LLY) + L(X1’ Y, Z)N(L,11)
Xy, zeR Letting H(1,1,1) = g and N(1,1,1) = 3, in (3.28), we obtain
FOG Y, 2) = G0, Y, 2) + ByL(x, ¥, 2) +
XY,z € R. Next, using (3.27)and (3.29) back into (3.25), we have
F(XX,0 Y, Y, 2W) = F(X Y, 2) + F (X, Y, W) + L(X, Y, 2)N(X,, Y, W)
_ﬂZL(Xl’ ylvz)_azN(le yzlw)_al_ﬁl
. . o3
XX Y0 Yy W, Z € R Define functions F.L.N R >R by
Fl(x, y,z) =F(X,y,2) -—a B -a,p,
Ll(x, y,z) = L(x,y, z)—oz2
Nl(X, Y, Z) =N (Xv Y, Z) _ﬂz
X, ¥,z € R.Next, using (3.31) back into (3.30), we get
Fl(xlxz, Y Y, w) = Fl(xl, Yy Z)+ Fl(xz, yz,w)+ Ll(xl, Yy z)Nl(xz, yz,w)
X[ Xy ¥y Y, W Z € R By Lemma 2.4, we obtain
Fl(x, y,z) =0,

Ll(x, y,z)Nl(u,v,w) =0,

F00%,2) = [ ML 0OM, ()M (2) 1

Ly 2) = [ M, 00M, ()M, () -1]

N, 60%.2) = [ ML 0OM, ()M (2) -1

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

Where M, .M,,M, R Rare multiplicative functions and k. k,are arbitrary nonzero constants.

Next, using (3.22), (3.27), (3.29), (3.31),and (3.33), we have
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F(x,Y.2) = @, +a, +
9(x.v.9) =
h(x, ¥,2) = a8, + B, ~ a,n(x,Y,7) (3.35)
(xy.2)=a,

n(x,y,z) is arbitrary,

or
f(x,y,2)= azﬂz +a +ﬁ1
9(% ¥.2) = @, 5, +a = BH(.¥.2)
h(x,y.2) = B, (3.36)
L(x,y,z) is arbitrary
n(xy.2) = 5,
or

f(x,y,2) = azﬂz +a +ﬂ1

9(x,Y,2) = a,

h(x,y,2) = B, (3.37)
(xy.2)=a,

n(xy,2) = 6,

for all x,y,z e R. Notice that the equation (3.37)is included in (3.35)and (3.36).
Finally, using (3.22), (3.27), (3.29), (3.31) and (3.34), we obtain

009 2) = e [ M0 M, M@ -1 4+,
g(x,y,2) = &[Ml(x+ YIM, (x - y)Ma(z)_l:I
[, M, M@ -1 v

h(x, y,z)=&[Ml(x+y)M2(x—y)Ms(z)—l] (3.38)

—%[Ml(x+ M, (x - y)Ms(z)—1:|+ﬂ1

(X, y,2) = Ml(x+y)Mz(x—y)Ms(z)—l}La2

wl
il

Ml(x+y)M2(x—y)Mg(z)—1]+ﬂ2,

n(x,y,z)= !
1

for all x,y,z e R. Notice that the equations (3.35)and (3.36) are included in (3.38), which are the
asserted solutions.
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